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Abstract

Bioinformatics (or Computational Molecular Biology) is an emerginginter-
disciplinary �eld between Computer Scienceand Molecular Biology. This
new �eld encompassesthe study of a number of computational problems
arising from the huge amount of biological data that is publicly available
nowadays. The �nal goal is to designe�cien t algorithmic solutions to such
problemsor to identify which problemscannotbesolvede�cien tly. This the-
sis explorestwo fundamental computational problemsarising from the need
of studying biological data: sequencecomparisonand phylogeny analysis.

One of the most widely adoptedapproachesto sequencecomparisonthat
have been introduced in literature is sequencealignment. The problem of
Mul tiple Sequence Alignment is studied deeply in this thesis, in par-
ticular the SP-scoreversion,wherethe cost of a global alignment is the sum
of the costs of all pairwise alignments of two sequences.Initially the NP-
hardnessof the problemis proved,evenin the restricted caseof metric scoring
function and binary alphabet [18], then it is proved the APX -hardnessof the
casewhere at most a constant number of spacescan be inserted in each
sequence[61]. The restrictions studied are of particular relevancein Biology.

Notwithstanding such results, which state that someof the variants of
Mul tiple Sequence Alignment cannot be e�cien tly solved, we are able
to obtain somealgorithmic improvements on a di�eren t version. We study
the restriction of the problemwherethe ratio betweenthe minimum andmax-
imum possiblecostsof pairwisealignments is upper boundedby a constant,
and we devisea polynomial-time approximation schemefor such restriction
[61], basedon the smooth polynomial programming technique.

A di�eren t versionof multiple sequencealignment, calledTra ce Align-
ment , is studied: more preciselywe prove the APX -hardnessof such prob-
lem. This new formulation hasparticular relevancein practice, sinceit aims
at pointing out the highly conserved subregionsthat are present in the se-
quences;such regionsare of great interest among biologists, since they are
more likely to encode proteins whoseexistenceis fundamental for the species
studied.
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Another approach to sequencecomparison is based on the notions of
subsequenceand supersequence.More precisely, two di�eren t measuresof
sequencesimilarit y (notably the Longest Common Subsequence and
the Shor test Common Supersequence ) are studied. An approximation
algorithm is described for each of such problems,and the performanceof the
algorithm proposedis studied experimentally [17, 22]. In the experimental
analysisboth the length of the sequencescomputedand a measureexpressing
how much the solution computed is similar to the optimum one are consid-
ered: the analysis is focusedon instanceswhich simulates the evolution of
speciesaccordingto the well-known Jukes-Cantor model.

The secondpart of this thesis is devoted to two problems arising when
the analysisof biological data is focusedon the discovery and representation
of evolutionary events: phylogeny comparisonand phylogeny reconstruction.
Among the possibleformulations of phylogeny comparison,in this thesiswe
investigatethe approximation complexity of computing the Maximum Iso-
morphic Agreement Subtree of a setof evolutionary trees,proving that
therecannotexist a polynomial-time constant-ratio approximation algorithm
even in the caseof instancescontaining exactly three trees. Such negative
results is successively strengthened[21].

Someof the most commonmethods for inferring evolutionary trees rely
on the notion of quartet. Algorithms which arebasedon such technique take
into account the information associated to each subsetof four species(a quar-
tet) and exploit such information to construct the whole tree. Unfortunately
the information contained in all quartets is not necessarilyconsistent, hence
the need for identifying and correcting discrepanciesamong quartets. The
�rst framework for correcting such errors introduced in literature is called
quartet cleaning. We describe two new algorithms that improve the previ-
ously known results, with respect to the number of errors recoveredand the
time complexity [31].

Computer Scienceis all about automated problem solving. Clearly solv-
ing a probelm requiresanalyzingcloselysuch problem, identifying a suitable
and preciseformulation for it, sothat designingan e�cien t algorith is easier.
Recent advancesin technology have given an impressive boost to research
in Molecular Biology: one well-known project is that �eld is to fully under-
stand the function and the inner working of each portion of DNA in human
beings. Sincethe human genomeconsistsof approximately 3 billions bases,
such analysis could not be carried on without the fundamental support of
computers.

In order to givee�cien t solutionsto the problemsarisingin thoseprojects,
someknowledgeof both Molecular Biology and Computer Scienceis neces-
sary, such needhasgiven birth to Bioinformatics (also calledComputational
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Molecular Biology), which is a new and emerginginterdisciplinary �eld be-
tweenComputer Scienceand Biology. As stated previously, oneof the tasks
that must be accomplished,in order to give e�cien t solutions, is �nding a
suitable formulation, ascombinatorial problem, of real-world problem we are
studying.

The recent announcement of the completion of the sequencingof the hu-
man genomeis all but the �nal answer to the questionsin this �eld. Just to
point out that someof most important biologicalproblemsarequite far from
getting a de�nitiv e solution, biologists still do not have a clear idea of how
di�eren t genesinteract with each other, that is they arenot ableto determine
the so called generegulatory network built upon the inhibit/activ ate rela-
tions. Another novel problem is that of comparingsequencesin order to �nd
homologies,that is regionsthat are highly conserved among the genomeof
di�eren t species.Sinceanalogiesbetweenbiological sequencesare commonly
believed to lead to functional similarities such homologiesare of primary
interest amongresearchers in the �eld.

This thesis contains a brief introduction to the �eld of Computational
Molecular Biology and de�nes someof the most intriguing problems in the
�eld, such asmultiple sequencealignment and reconstructionof evolutionary
trees. Wewill study someformulations of the Mul tiple Sequence Align-
ment , the Longest Common Subsequence and the Shor test Common
Supersequence problmes, which model the comparisonamong biological
sequences.More preciselywe will prove that someof such problemscannot
besolvede�cien tly, while wewill describee�cien t approximation algorithms
for someof thoseproblems.

We will analyze a formulation of the comparisonof evolutionary trees
called Maximum Isomorphic Agreement Subtree , proving that such
problem is hard to approximate.

Finally we will study the problem of inferring phylogenies,in particular
within the quartet-based paradigm, designing two e�cien t algorithms for
quartet cleaning, which is a technique to improve the quality of the trees
computedaccordingto such paradigm.



viii CONTENTS



Chapter 1

In tro duction

Technologicaladvanceshave lead to tremendousimprovements in Molecular
Biology, sonowadays researchersin the �eld haveaccessto an amount of data
that wasnot possibleto think of two decadesago. The following sentenceis
an excerpt from [48]:

In a short time it will be hard to realizehow we managedwithout
the sequencedata. Biology will never be the sameagain. [99]

Molecular biologistshave accessto a number of data basesover the Inter-
net (among others SwissProtand EMBL), moreover new deviceshave been
developed to help researchers in obtaining biological sequences(i.e. DNA,
RNA or proteins). Recently the completion of the sequencingof the whole
human genome(which is madeof about 3 billion bases)hasbeenannounced.
This hugeamount of data makesthe needfor e�cien t algorithms to analyze
biological data even more stringent than before.

In order to give good solutions to the problems that arise in this �eld,
it is necessaryto have a working knowledgeof the fundaments of Molecular
Biology as well as Computer Science. This necessity has lead to the birth
of Bioinformatics. In this thesis two of the most important problemsin the
�eld are investigated: sequence comparison and phylogenyanalysis.

The comparisonof sequencesis a well-known problem in Computer Sci-
ence,in fact a number of de�nitions of distancebetweentwo sequenceshave
appearedin literature, such as the Hamming distanceand the edit distance
[73, 85], and variousalgorithms for computing such distanceshave beenpre-
sented.

Moreover the notion of distanceamong strings �nds a number of appli-
cations outsideof Bioinformatics, for examplethe di� Unix commandrelies
on a speci�c notion of distance,basedon the de�nition of longest common
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2 CHAPTER 1. INTR ODUCTION

subsequenceof two strings. Sequencecomparisonis at the core of Bioinfor-
matics, as in biomolecularsequences(DNA, RNA, or amino acid sequences)
high sequencesimilarit y usually implies signi�cant functional or structural
similarit y.

In fact \similarit y" is a central phenomenonin biology. But sequence
similarit y is not a de�nitiv e tool for biologists: even though hemoglobin is
the sameprotein in 
ies asin human beings,it comesasno surprisethat 
ies
and humansdo di�er. This meansthat human genomehave someconserved
regions when compared to the genomeof 
ies, while some other regions
are completely di�eren t. Such conserved regionsare usually referred to as
homologieswhich meansinferred commonancestry, although it is commonly
misusedto meansimilarit y [52]. This abuseof languageis dueto the fact that
similarit y betweensequencesis an observation and can be quanti�ed, while
the fact that there is a commonancestorcannot be measured.Moreover it
is possible,asa �rst approximation, to state that sequencesimilarit y implies
functional similarit y which, in turn, is likely to point out a commonancestor.

Even though the objects to compareare not necessarilyrestricted to be
sequences,it is usually easierto acquireand examinesequences,than to ana-
lyze the phenotypesor to investigatebiochemicalproperties. Someproblems
on sequenceshave been studied even before the advent of Bioinformatics,
hencestudying biological data at the sequencelevel allows to use someof
the results already presented in literature.

Frequently biologists need to look for a given sequencein a data base.
Sincethe amount of data involved in such a data basesearch is sohuge(due
to the length of the sequencesand the number of sequencesstored in the
data bases)having e�cien t methods to comparesequencesis of fundamen-
tal relevance. In order to get more preciseinformation about how much a
sequenceis homologousto somesequencestored in a data basewe must be
able to comparequickly a set of sequences,that is to compute a multiple
sequencecomparison.

Evolutionary history is often represented by an evolutionary tree (or phy-
logeny) whereknown sequencesof extant speciesarerepresented at the leaves
of the tree, and their unknown ancestorsare represented at internal nodes
of the tree. When the tree is known (from previous data and deduction)
the problem is to deducethe sequencesfor the internal nodesoptimizing an
objective function depending on the tree.

This is a particular version of a more general problem in Biology: to
determine the evolutionary history of a set of extant species. One of the
most intriguing aspectsof such problemsis to determinethe topology of the
tree representing such history. The method that is usedmore frequently in
practice for inferring phylogeniesis that of reconstructionfrom quartets [39].
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This method is basedon the observation that it is feasibleto determineex-
perimentally the evolutionary history of small subsetsof the extant species
(usually subsetsof 4 species,called quartets), but this leavesopen the prob-
lem of computing an evolutionary tree that is compatible with the results of
all experiments.

Advancesin Molecular Biology have led to an explosionin the amount of
data available for analysis,and in the sizeof thesedata sets. Nowadays it is
no longer possibleto assemble data and build trees by hand, hencethere is
a growing needfor sophisticatedtechniquesto analyzeand understanddata,
balancedby the needof recognizingwhich problemsare simply too di�cult
for our current resources.

Sincesuch amount of available data allows to compute inexpensively dif-
ferent treesfor the samespeciesset (for instancetaking into account di�eren t
DNA sites), the needfor computing a commonevolutionary history inferred
from a set of phylogeniesnaturally arises: such new biological problem can
have a number of di�eren t, but sound,combinatorial formulations.

In Chapter 3 we study someformulations of the Mul tiple Sequence
Alignment problems;more preciselywe focus on somerestriction of great
biological relevance,proving that all such formulations cannot be solved ex-
actly e�cien tly, for someof such formulations we alsoprove that they cannot
be approximated arbitrarily e�cien tly.

In Chapter 4 we cope partially with such negative results providing an
approximation schemefor an interestingrestriction of Mul tiple Sequence
Alignment when the number of spacesthat can be inserted is bounded.

The results stated in thesechapters have beendescribed in previouspa-
pers or manuscripts coauthoredwith P. Bonizzoni, T. Jiang, W. Just and
G. Mauri [18, 61, 19].

In Chapter 5 we proposetwo di�eren t approximation algorithms for two
related problems: the Longest Common Subsequence and the Shor t-
est Common Supersequence problems,studying their experimental be-
haviour. Such studies have beenpresented previously in [17, 22, 11], coau-
thored with P. Bonizzoni and G. Mauri.

In Chapter 6 the approximation complexity of computing the Maxi-
mum Isomorphic Agreement Subtree is investigated,showing that such
problem is hard to approximate. Such resultsappearedalsoin [20, 21], coau-
thored with P. Bonizzoni and G. Mauri.

Finally in Chapter 7 two newalgorithms for computing the Local Ver-
tex Cleaning aredescribed,showing that oneof the algorithm hasoptimal
time complexity, while the secondone is able to recover an optimal number
of errors. These algorithms have not been published previously and are a
joint work with H. T. Wareham[31].
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Chapter 2

Basic De�nitions

2.1 Computational Complexit y

This thesisfocuseson designinge�cien t solutionsfor someproblems,or prov-
ing that such problemsare hard (that is they cannot be solved e�cien tly).
The mathematical model that we will assumefor describinga computation
is the RAM (see[79]). It seemsnatural to begin with the formal de�nition
of problem.

De�nition 2.1.1 (Problem). An optimization problem,or simply problem,
consistsof 3 distinct components:

� a set I of instances, that is the set of objects on which the problem is
applied;

� a formulation of feasiblesolutionsof a giveninstance. Such formulation
must be checkable by a RAM;

� a goal that is the objective function (usually denotedby cost or value)
from the setof feasiblesolutionsto R, and whetherwewant to minimize
or maximize such objective function

A feasiblesolution that minimize (maximize) the objective function is
called optimal solution. In Appendix A we have listed the problemswe deal
with in the thesis. Sometimesit is interesting even to determine if a given
instancehasat leastonefeasiblesolution: wewill call such problemsdecision
problems.

The formal description of how to solve a problem as a sequenceof op-
erations is called algorithm. It is possibleto seean algorithm for a given
problem P as a function from the instancesof P to the set of the feasible

5



6 CHAPTER 2. BASIC DEFINITIONS

solutions (in the caseof decisionproblemssuch function returns either yes
or no).

As customary we will use the term time complexity of an algorithm, to
identify the worst-caserunning time of an algorithm as function of the size
of the instance.

A computational class is a set of problem sharing somecommonproper-
ties, such ashaving similar worst-casetime or spacecomplexity. An example
of computational classis P, that is the classof all problems for which an
optimal solution (that is an exact solution) can be computed in polynomial
time, i.e. O(nk) time for someconstant k. AnalogouslyNP is the classof the
problemswhereboth checking if a solution is feasibleand the objective func-
tion can be computed in polynomial time. In the classicalbook by Garey
and Johnson [44] the relevance of the computational classesP and NP is
amazingly pointed out.

A fundamental notion that allows to compare the hardnessof solving
di�eren t problemsis that of reduction (seeFig. 2.1):

De�nition 2.1.2 (Reduction). Let P1 and P2 be two optimization prob-
lems, then a reduction from P1 to P2 is a pair hf; gi of algorithms, where f
receivesasinput an instancex of P1 and outputs an instancef(x) of P2, and
g receivesas input a solution y of P2 and outputs a solution g(y) such that
if y is an optimal solution of f(x) then g(y) is an optimal solution of x.

Problem P1x

yg(y)

f(x)

Problem P2

Instances Solutions

f

g

Figure 2.1: Representation of reduction

Usually the sum of the time complexities of f and g is called the time
complexity of the reduction. It is immediate to note that, if P1 is reduced
to P2 and A is the best time complexity known algorithm for P2, then the
time complexity of P1 is at most the sum of the time complexitiesof A and
that of the reduction.
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A commonly consideredconjectureis that NP � P, the notion of reduc-
tion allowsto point out someof the evidencessuggestingthat such conjecture
is true, more preciselyit allows to identify a set of problemsthat are not be-
lieved to be in P: the NP-hard problems.

De�nition 2.1.3 (NP-hardness). Let P be a problem in NP. Then P is
NP-hard if all problemsin NP can be reducedto P in polynomial-time.

An immediate consequenceof Def. 2.1.3is that no NP-hard problem can
be solved in polynomial time, unlessP = NP. In practice this meansthat
computing an exact solution of a NP-hard problem is consideredintractable.

While it is not betractable to solveexactly NP-hard problems,it still may
be possibleto determinea near-optimal solution. We now needto introduce
a formal de�nition of near-optimal solution.

De�nition 2.1.4 (Appro ximation ratio). Let P bean optimization prob-
lem, let A be an algorithm for such problem, let I be an instanceof P and let
Opt(I ) be the optimum value of I . Then the approximation ratio achieved
by A on I is:

maxf
cost(A(I ))

Opt(I )
;

Opt(I )
cost(A(I ))

g

Pleasenote that such ratio is always at least 1, and the lower such ratio
is, the better the solution computed by the algorithm is. The guaranteed
approximation ratio (or simply approximation ratio) of an algorithm is an
upper bound on the approximation ratio over all instances.Consequently we
are interested in e�cien t algorithms whoseapproximation ratio is as small
as possible.

A target that is highly desirableis to describe polynomial-time algorithm
with constant approximation ratio: the computational classcontaining ex-
actly such problems is called APX . Clearly not all problems in NPare in
APX , nonethelesssomethingthat is even better than a constant approxima-
tion ratio algorithm sometimescan be described: an approximation scheme.

De�nition 2.1.5 (Appro ximation Scheme). Given a problem P, an al-
gorithm for P with guaranteed approximation ratio 1 + � and polynomial
time complexity for each �xed constant � > 0 is called polynomial-time ap-
proximation scheme, or shortly ptas.

The typical time complexity of a ptas resembles O(n1=� ) or O(f (� )nk).
The computational classthat contains exactly the problemsadmitting a ptas
is denoted by PTAS. In Fig. 2.2 are represented the relations among the
computational classesintroduced so far where all inclusions are commonly
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believed to be strict. By elaborating on the de�nition of reduction it is pos-
sible to generalizethe notion of NP-hard problem introducing the notion of
\hard" problemswith respect to an inclusionbetweencomputational classes.
In order to formalize such notion we exploit the de�nition of reduction.

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

P

PTAS

APX

NP

Figure 2.2: Inclusionsbetweencomputational classes

De�nition 2.1.6 (L-reduction). A polynomial-time reduction is an L-
reduction if maxf cost(g(y))

Opt( x) ; Opt (x)
cost(g(y)) g � � maxf cost(y)

Opt (f (x)) ; Opt( f (x))
cost(y) g, for a given

constant � > 0 and for each instancex of P1,

De�nition 2.1.7 (APX -hardness). Let P be a problem in APX . Then P
is APX -hard if all problemsin APX can be L-reducedto P.

Just as in the caseof the NP � P conjecture, it is widely believed that
APX � PTAS (actually, thanks to a celebratedresult by Arora et.al. [9] the
latter inclusion is strict if and only if the former oneis strict). Henceproving
that a problem is APX -hard is consideredequivalent to proving that it does
not admit a ptas.

In [8] a technique to devisepolynomial-time approximation schemeshas
been introduced: such technique is called smooth polynomial programming.
We will brie
y recall the relevant material from that paper. A c-smooth
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polynomial integer program (or PIP) is a problem of the form

minimize p0(x1; : : : ; xn ) (2.1)

subject to l j � pi (x1; : : : ; xn ) � uj

x i 2 f 0; 1g for i = f 1; : : : ; ng

where each pj is an n-variate polynomial of maximum degreed, and each
coe�cien t of each degree` monomial (term) is at most c � nd� ` .

The fundamental result is Theorem1.10of [8]:

Theorem 2.1.1. There is a randomized polynomial-time algorithm that ap-
proximately solvessmooth PIPs, in the following sense.

� Given a feasiblec-smooth degree d PIP with n variables,objective func-
tion p0 and K constraints, the algorithm �nds a 0=1 solution z satisfy-
ing

p(z0; : : : ; zn ) � OPT + � nd;

where OPT is the optimum of the PIP.

� This solution z also satis�es each degree d0 constraint to within an
additive factor of � nd0

for d0 > 1, and satis�es each linear constraint to
within an additive error of O(�

p
n logn).

� The running time of the algorithm is O((dK nd)t ), where t = 4c2e2d2=� 2

(hence t = O(1=� 2)).

� The algorithm can be derandomized (i.e., made deterministic), while
increasing the running time by only a polynomial factor.

2.2 Graph-Theoretic Notions

De�nition 2.2.1 (Graph). Let V be a �nite set and let E � V � V. Then
the pair hV; E i is called graph with vertex set V and edgeset E.

Givena graph G we denotewith V(T) and E(T) setof verticesand edges
of G respectively. An edgeof the form (v; v) is calledloop, a looplessgraph is
calledsimple graph. Let G = hV; Ei be a graph such that (v1; v2) 2 E if and
only if (v2; v1) 2 E for every two verticesv1; v2 2 V, then G is an undirected
graph, otherwiseG is called directed. Unlessstated otherwisethe graphs in
this thesisare assumedto be simple and undirected.

De�nition 2.2.2 (Subgraph). Let G = hV; Ei ; G1 = hV1; E1i be two
graphs. Then G1 is a subgraphof G if and only if V1 � V and E1 � E .
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Let G = hV; Ei be a graph, and let V1 � V , then the subgraph of G
inducedby V1 is hV1; E \ (V1 � V1)i . A sequencev0; e1; v1; e2; : : : ; el ; vl where
each vi 2 V and each ei = (vi � 1; vi ) 2 E, is called a path from vo to vl . The
length of a path is the number of edgesin it. A cycle is a path from a vertex
to itself. A graph is connected if for every two verticesv1; v2 there is a path
from v1 to v2. The degree of a vertex is the number of edgesthat are incident
on such edge.

Let G = hV; Ei be a graph and let e = (vi ; wj ) be an edgeof G, then e
is incident on vi and vj , while vi and vj are the endpoints of e. Moreover we
will say that vi and vj are adjacent. Let v be a vertex of G, then by G� v we
denotethe subgraphof G obtained by removing from G the vertex v and all
edgesincident on v.

De�nition 2.2.3 (T ree). A tree is a connectedgraph with no cycles.

The vertices of a tree with degreeone are called leaves, while the other
verticesare called internal nodes. A tree is rooted if there is a distinguished
internal node called root. An unrooted tree is called binary if all its internal
nodeshave degreethree.

De�nition 2.2.4 (Isomorphism). Let G1 = hV1; E1i and G2 = hV2; E2i
be two graphs. Then G1 and G2 are isomorphic if there exists a bijection
f : V1 ! V2 such that (vi ; vj ) 2 E1 if and only if (f (vi ); f (vj )) 2 E2.

De�nition 2.2.5 (Homeomorphic contraction). Let G = hV; Ei be a
graph, let v be a vertex of G with degree2 and let w1; w2 be the two vertices
of G adjacent to v. Then the result of the homeomorphic contraction of
v in G is the graph G1 = hV1; E1i where V1 = V � f vg and E1 = E �
f (v; w1); (v; w2)g [ f (w1; w2)g.

Two graphsG1; G2 are homeomorphic if a sequenceof contractions of G1

and G2 givesthe samegraph.

2.3 Sequences and alignmen t

Let � be a �nite set calledalphabet. The elements of � are calledsymbols of
characters.

De�nition 2.3.1 (Sequence). A juxtaposition s = s1s2 � � � sm of symbols
of � is called sequence over �. Moreover m is the length of s and is denoted
by jsj.
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We will use s[i ] to denote the i -th symbol of the sequences. A distin-
guished symbol of the alphabet � is the spacesymbol and is denoted by
�. In this thesis all sequencesare assumedto be over an alphabet �, with
� 2 �.

De�nition 2.3.2 (Subsequence). Let a = a1; : : : ; an and b = b1; : : : ; bm

be two sequencesover the alphabet �. Then a is a subsequence of b if it is
possibleto obtain a from b by removing some(eventually zero) symbols.

For instanceACCTGTGis a subsequenceof ACTCCTGCTAG. If a is a subse-
quenceof b then, conversely, we will say that b is a supersequence of a.

Let A be a set of sequencesand let b be a sequence.Then b is a common
subsequenceof A if b is a subsequenceof each sequencein A. Analogously
we can introducethe notion of commonsupersequence.

Now we shift our attention to the notion of alignment of sequences,as
such notion allows to comparemore preciselya set of sequences,in order to
�nd homologies,that is patterns conserved during evolution.

De�nition 2.3.3 (Multiple sequence alignmen t). Let S = hs1; : : : ; sn i
be an ordered set of n sequencesover the alphabet �. Then a multiple
sequence alignment, or shortly msa of S is an ordered set has1; : : : ; asn i of
equal length sequences,whereeach asi can be obtained from si by inserting
somespaces.

The sequenceshas1; : : : ; asn i are called aligned sequences.Sometimes
given a set hs1; : : : ; sn i of sequenceswe will describe an alignment of such set
as a matrix A of n rows, where in each cell there is an element of � and in
the i -th row there is the sequenceasi .

Giventwo sequencess1 and s2 in the alignment, then each symbol as1[i ] is
opposite to as2[i ]. By abuseof language,we will write that the s1[i ] is oppo-
site to s2[j ] under an alignment A, actually meaningthat the corresponding
symbols in at1; at2 areopposite. A matchoccurswheretwo identical symbols
are opposite in the two sequencesas1 and as2, otherwise two non-identical
opposingsymbolsgive a mismatchwhich canbe thought of asa replacement.
The insertion of a spacein a sequenceopposing a symbol � of a secondse-
quence,is viewed as the deletion in the �rst sequenceof the symbol � or an
insertion of � into the secondone.

De�nition 2.3.4 (Score). A score is a function d : (j� [ f � gj) � (j� [
f � gj) ! N that assignsa cost to each pair of symbols.

Following the de�nition, a scorecan be intuitiv ely described by a matrix.
The following mathematical properties characterizesomeinteresting subsets
of scorematrices [27]:
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(i) d(a;a) = 0, for every a 2 � [ f � g,

(ii) d(a;b) = 0 implies that a = b, for every a;b2 � [ f � g,

(iii) d(a;b) = d(b;a), for every a;b2 � [ f � g,

(iv) d(a;c) � d(a;b) + d(b;c), for every a;b;c 2 � [ f � g,

(v) d(a;c) � maxf d(a;b); d(b;c)g, for every a;b;c 2 � [ f � g.

A scorescheme that satis�es properties (i) { (iii) is a semi-metric, the
score is a metric if property (iv) is also satis�ed and is an ultrametric if
all above speci�ed properties hold. By meansof a score scheme a value
is assignedto a multiple alignment. A very popular scorescheme, called
SP-score,is de�ned as follows:

De�nition 2.3.5 (SP-score). Let A be an alignment with m rows and k
columns, and let si , sj be respectively the i th and j th rows of A. Then
the cost of the pairwise alignment in A of si and sj , denoted as dA(si ; sj )
is

P
1� l � k d(si [l ]; sj [l ]), wheresi [l ] (sj [l ]) is the l-th symbols of si (sj respec-

tiv ely). The SP-score (or cost) of A is de�ned as the following summation
X

1� i<j � m

dA(si ; sj ) =
X

1� i<j � m

d(asi ; asj )

Alternativ ely we may think that the cost of a multiple alignment is the
sum of the scoresof all columns,wherethe scoreof each column is the sum
of the scoresof all distinct unorderedpairs of symbols in the column. Then,
the value of the alignment of a column x of height l is

P
1� i<j � l d(x[i ]; x[j ]),

wherex[i ] is the symbol in i -th row of column x and d(x[i ]; x[j ]) is the score
betweenthe two symbols x[i ] and x[j ]. We assumethat an alignment cannot
contain a column of only �'s.

Sometimesit is useful, from a biological point of view, to penalizealign-
ments that present a large number of gaps, that is consecutive runs of space
symbols. Let g be a constant calledgapopening penalty, then we modify the
de�nition of cost of an alignment as follows:

De�nition 2.3.6. Let as1 = has1[1]; : : : ; as1[m]i ; as2 = has2[1]; : : : ; as2[m]i
be the alignment, of length m, of two sequencess1; s2, then the cost of the
alignment is d(s1; s2) = g(G1 + G2) +

P m
i=1 dM (as1[i ]; as2[i ]), whereGj is the

number of gapsin sj .

A space-L alignment A of a set hs1; : : : ; sk i of sequencesis an alignment
has1; : : : ; ask i of hs1; : : : ; sk i such that jasi j � jsi j + L for each sequencesi .
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Note that space-L-alignments exist only if the length of the shortestof these
sequencesis at least n � L, wheren is the length of the longestamongthe
sequencess1; : : : ; sk . Pleasealso note that there are no restriction about
wherethe spacesymbols can be inserted.

Let B be a subsetof a set S of sequencesand A an alignment of S. Then,
by AB we denote the array consistingof all rows of A containing sequences
in B (in this casein AB there may be somecolumnscontaining only �'s).

De�nition 2.3.7 (Alignmen t graph). An alignment graph G = hV; E; F i
for a set S of sequencesis a graph whoseverticesV correspond to the char-
actersof the sequencesin S, F is a setof directededges(called special edges)
such that (v; w) 2 F if and only if v immediately precedesw in a sequence
of S. Moreover E is a set of weighted undirected edges(called alignment
edges)such that two vertices incident on an alignment edgecannot belong
to the samesequencein S.

It is possibleto describe the notion of alignment graph purely with graph-
theoretic notions, without referring to sequences.In this caselet V be a
�nite set and let � be a partial order over V. By � � we denotethe re
exiv e
transitiv e closureof � . Then a graph G = hV; E; F i is an alignment graph
for V; � if the following conditions hold for each pair of verticesv; w:

� the setsf z 2 V : z � � vg and f z 2 V : z � � wg are disjoint or one of
them is contained into the other one;

� (v; w) 2 F if and only if v � w;

� (v; w) 2 E implies that v 6�� w.

Moreover a weight function w : E ! Q+ is given as part of the alignment
graph. Whenever all edgeshave weight one, we will not explicitly state the
weight function.

For consistencywith the terminology usedin [33] we will call special the
cyclesintersectingat least an oriented edge.

De�nition 2.3.8. A multiple sequencetrace alignment of an alignment
graph G = hV; E; F i is a graph G1 = hV; E1; F i such that E1 � E and
there is no cycle including any special edge.

2.4 Phylogenies

An interesting �eld of Computational Biology is phylogenetics,whoseaim
is to determine the evolutionary history of a set of species. Such history
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is usually represented by meansof a tree. In this section we will introduce
someconventions and notions that will be usedthroughout this thesis: we
will denotea set of speciesby S, and the cardinality of S by n.

De�nition 2.4.1. Let S be a set of species,then an evolutionary tree or
phylogeny over S is a tree T whoseleavesare exactly the membersof S.

Givena tree T with leaf setS, a quartet from S, or equivalently a quartet
of T, is any subsetof S of 4 elements. A quartet topology is a partition of
a quartet into two subsetsof two elements each, written in the form abjcd.
The quartet topology or quartet resolution induced by a quartet f a;b;c;dg
in T is abjcd if and only if in T a is closer to b than to c or d. , the set
of quartets of T is the set In the following we will denoteby QT the set of
quartet topologiesinducedin T togetherwith their resolutions,it is not hard
to seethat it is possibleto reconstruct T given the set QT of all the quartet
topologiesinduced in T.

ba d e

c f

g

h i

Figure 2.3: Example of evolutionary tree

Let T be an evolutionary tree over S, then each internal node v induces
a tripartition (Av; Bv; Cv) of S where T� v consistsof three trees whoseset
of leavesare Av, Bv, Cv. By Q(Av; Bv; Cv) (or QT (v)) we denote the set of
quartets f a;b;c;dg such that a 2 Av; b 2 Bv; c 2 Cv: each such quartet is
called acrossthe vertex v. Similarly given an edgee of an evolutionary tree
T wewill say that e inducesthe bipartition (Ae; Be) whereremoving the edge
e from T givestwo treeswith leavesAe and Be respectively.

De�nition 2.4.2 (Induced partitions). Let T be a phylogeny. Then the
set of all bipartitions induced in T is [ e2 E (T )(Ae; Be), while the set of all
tripartitions induced in T is [ v2 V (T )(Av; Bv; Cv).
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A set of bipartitions (or tripartition) is called compatible if there exists
a phylogeny inducing such set of partitions (pleasenote that the phylogeny
may induce somepartition not in the set). In [25] it has been shown how
to compute e�cien tly the tree inducing a given set of compatible biparti-
tions. Such result can be immediately extendedto the casewhere a set of
tripartitions is given as input, instead of bipartitions.

A quartet f a;b;c;dg is acrossthe edgee (or acrosshAe; Bei ) if and only
if jAe \ f a;b;c;dgj = 2. In Fig. 2.4 two quartets regarding an evolutionary
tree are represented.

ba d e

c f

g

h i

v

ba d e

c f

g

h i

v

Figure 2.4: Quartet (a;b;h; i ) is acrossv and (a;b;c;g) is not acrossv

Let Q be a complete set of quartet topologiesover S (that is the reso-
lutions for all possiblequartets over S) and let T be a phylogeny over S.
A quartet f a;b;c;dg over S is a quartet error for T if its resolution in Q
is di�eren t from that in QT . The number of quartets acrossa vertex v is
1
2(jSj � 3)jAv jjBv jjCv j, clearly this is alsoan upper boundsfor the number of
quartet errors acrossa vertex.

Let T be a tree and let a;b be two nodes of T, then we will denote by
dT (a;b) the distance betweena and b in T, that is the number of edgesin
the unique simple path from a to b in T. Let T be a rooted tree, and let t
be a node of T, then the depth of t in T is the distanceof t from the root of
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T. The depth of a tree T, denotedby depth(T), is the maximum amongthe
depths of its nodes. Given two leavesa;b of T we de�ne the least common
ancestor, of a and b in T, denotedby lcaT (a;b), asthe maximum depth node
of T which is ancestorof both a and b.



Chapter 3

Comparing Sequences:
Hardness of Aligning

3.1 In tro duction

Mul tiple sequence alignment is oneof the most popular and important
problems in Computational Biology [68]. It �nds di�eren t applications in
Molecular Biology, mainly in two related areas: �nding information about
the secondarystructure of the molecules,such as residueconservation along
sequences,and estimatethe evolutionary distancebetweenspeciesfrom their
associated sequences.

The similarit y of sequencesin the alignment is measuredby using dif-
ferent scoresor distances betweenelements of the matrix. A popular (and
mathematically sound)assumptionin MolecularEvolution is to measureevo-
lutionary distanceby meansof a molecularclock, that is the number of mu-
tations is roughly proportional to the time: this justi�es to consideronly
metric scores,that is scoreswhere the distance between identical letters is
zero and it satis�es the triangle inequality. Among di�eren t scoreschemes,
the sum of all pairs score,in short the SP-score(Def. 2.3.5), is the onethat
has received more attention. By meansof the SP-scorea value is assigned
to a multiple alignment; an optimal alignment is the onethat minimizes the
value over all possiblealignments.

Several methods have been developed for multiple sequencealignment
[27, 26], but no e�cien t methods are known to �nd the optimal alignment.
Recently, a polynomial time approximation algorithm for the problem has
beenproposedby Gus�eld [47] who achieved a 2� 2=k approximation factor
by assembling an alignment of k sequencesfrom optimal alignment of pairs
of sequences.The approximation ratio hasbeenimproved to a 2� l=k factor,

17
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for any �xed l, by Bafna, Lawler and Pevzner[10]. But, besidestheseresults
it was an open questionwhether the problem is NP-complete. The compu-
tational complexity of multiple sequencealignment hasbeeninvestigatedin
[97] whereis given a simple proof of NP-completenessof the alignment with
scoreschemeover a �xed alphabet of four letters that satis�es the triangle
inequality, and assignsa non zero distance between identical letters. But,
this result leavesopen the problem of analyzingthe complexity of computing
optimal SP-scoremultiple sequencealignments for instancesof this problem
which are of practical biological relevance. Mainly, the result in [97] does
not consideran important requirement for scoreschemes([41, 98]) which is
the property of metricity : this one implies a zerodistancebetweenidentical
letters.

Here, we prove the intractabilit y of multiple sequencealignment in the
very restricted casein which sequencesare over a binary alphabet and the
scoreis a metric. The signi�cance of the intractabilit y in this caseis that
it establishesthe NP-completenessfor all casesencountered in practice, as
well as for generalinstancesof the alignment problem in which j� j > 2 and
the distanceveri�es speci�c properties. Then we strengthensuch results by
showing that the problemis APX -hard if the costof a gap(that is a substring
of spacesinserted in an alignment) is �xed, and the number of spacesthat
can be inserted is boundedby a constant.

3.2 Preliminaries

Various notions of cost of an alignment have beenproposed,in this chapter
we will focusmainly on the SP (sum of pairs) formulation. This meansthat
the cost of an alignment is the sum of the costsof all pairwise alignments.
By cost(A) we will denote the cost of an alignment A of a set of sequences,
and by A[i ], we denote the column of A of index i . Let B and C be two
disjoint subsetsof sequencesof S, and let B(i ) and C(i ) be the i -th sequence
in B and C, respectively, then by cost(AB ;C ) we denote

P
i;j dA(B (i ); C(j )).

We prove that multiple sequencealignment is NP-completeover a �xed
scoreschemethat is a metric, by usinga reduction from the Ver tex Cover
problem (VC, Problem 10) which is NP-complete[44].

The decisionversionsof the problems Ver tex Cover and Mul tiple
Sequence Alignment are de�ned in the following, the readercan �nd the
optimization versionsin Appendix A.

Problem 1 (V ertex Cover).
Instance: an unoriented graph G = hV; Ei and an integer k.
Solution: a cover of G of k vertices, that is a subset C � V such that C
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contains at least oneof the endpoints of each edgee 2 E and jCj = k.
Goal: to minimize the cardinality of the cover.

Problem 2 (Multiple Sequence Alignmen t).
Instance: A set S = f s1; � � � ; sng of �nite sequencesover a �xed alphabet �,
a SP-scored and an integer c.
Solution: a multiple alignment of the sequencesin S of cost c or less.
Goal: to minimize the cost of the alignment.

A variant of Mul tiple Sequence Alignment is whenthe costof a gap
(that is a maximal substring containing spaces)is �xed to a constant: such
problem is called Fixed-Gap Mul tiple Sequence Alignment . We will
alsoinvestigatethe computational complexity of the Fixed-Gap Mul tiple
Sequence Alignment problem when the number of spacesthat can be
inserted in a sequenceis bounded,showing that the problem is APX -hard.
The last section of this chapter dealswith a di�eren t formulation of MSA
called Maximum Weight Tra ce Alignment : we prove here that the
problem is APX -hard.

3.3 Multiple Sequence Alignmen t Over Al-
phab et of Size 6

We �rst describe a reduction from the Ver tex Cover problem on graphs
[44] to Mul tiple sequence alignment over an alphabet of size6. Then,
wegeneralizethe ideaof this reduction to the caseof a SP-scoreover a binary
alphabet.

Now we are able to prove sometechnical results that will be usedin our
NP-hardnessproofs.

Lemma 3.3.1. Let s1; s2 be two sequences over � such that l1 = js1j, l2 =
js2j, l2 � l1 and there are m symbols of s1 that are not in s2. Then any
alignment of the set f s1; s2g hasat least m + l2 � l1 mismatches.

The following two properties hold for every alignment over a scorewhich
is a metric and hasnon null valuesgreater or equal to 1.

Corollary 3.3.2. Let s1; s2 be two sequences over � , such that l1 = js1j,
l2 = js2j, l2 � l1 and there are m symbols of s1 that are not in s2. Then for
any alignment of the set f s1; s2g, cost(Af s1 ;s2g) � m + l2 � l1.

Proof. It follows from Lemma 3.3.1.
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Lemma 3.3.3. Let U be a subsetof a set S of sequences over � such that
U contains only identical sequences, and let A be an optimal alignment of S.
Then cost(AU ) = 0.

Proof. Assume to the contrary that A is an optimal alignment of S and
that cost(AU ) > 0. Let u 2 U be the sequencethat minimizes the value
cost(Af ug;S� U ). Then, let A1 be the alignment obtained from A by assum-
ing that all sequencesin S � U are aligned as in A (i.e. AS� U = A1S� U ),
while all sequencesin U are aligned identically to the alignment of u in A.
Sincecost(AS� U ) = cost(A1S� U ) and cost(A1U ) < cost(AU ), it follows that
cost(A1) < cost(A), which is a contradiction.

The SP-scorefor multiple alignment over alphabet � = f a;b;c;d;e;f g is
the onedescribed in the following Table 3.1.

a b e f c d �
a 0 1 1 1 1 2 2
b 1 1 2 0 1 1 2
c 1 2 0 2 2 2 1
d 2 1 2 1 2 0 2
e 1 2 2 1 0 2 2
f 1 0 2 1 2 1 2
� 2 2 1 2 2 2 0

Table 3.1: SP-scorefor alphabet of size6

The transformation from VC to MSA consistsof constructing a set S of
sequencesencoding the graph G and a value c, depending on k and on the
number m of edgesof G, such that c is an upper bound for the value of an
optimal alignment of S if and only if k is the sizeof a vertex cover for G.

Let G = hV; Ei be a graph with V = f v1; : : : ; vng and E = f e1; : : : ; emg.
Now we construct an encoding for the edgesof the graph that givesthe set
of sequenceswhich is instanceof the alignment problem.

Given an edgee = (vi ; vj ), wherewe assumethat i < j , we construct an
encoding of such an edgewith a sequence,called edgesequence constructed
as follows:

s(i; j ) = a3i ba3(j � i )� 2ba3(n� j )+3 :

Note that for each edge(vi ; vj ) the edgesequences(i; j ) haslength 3n+ 3.
Moreover, we construct a templatesequence t of length 3n + 4:

t = c(eef)neec
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We alsoconstruct the test sequence x(k) of the form:

x(k) = cdkc

Note that the test sequencedependson k. The set of sequencesthat is
instance of the alignment problem associated to the instance (G; k) of the
VC problem, is the set S = Y [ T [ X , where Y = f s(i; j ) : (vi ; vj ) 2 Eg,
T contains K 2 sequencest and X contains K 1 sequencesx(k). In Fig. 3.1 is
represented an alignment of the encoding of a graph G.

De�nition 3.3.1 (Standard alignmen t). Let A be an alignment of S.
Then A is a standard alignment if it satis�es the following properties:

(i) there are no �s in AT ;

(ii) all �'s in AS are aligned with cs of AT ;

(iii) all d's of AX are aligned with f s of AT ;

(iv) all c's of AX are aligned with cs of AT ;

(v) no column of AX contains both �s and ds.

The main idea on which the encoding of S is based,is that an optimal
alignment A of S is obtained when A is a standard alignment.

In the following we will prove a fundamental property of standard align-
ments, that is their valuesare boundedby a given value c only when G has
a vertex cover of a given sizek. This fact is obtained by forcing ds of the
test sequencesto be opposite to bs of the edge-sequences.By construction,
only one b of each edgesequencecan be opposite to a d, and the number
of such bs determinesthe value of the alignment. If the total number of bs
opposite to ds is equal to the number of edges,which is possibleonly if there
are k verticeswhich cover one end of each edgesequence,then cost(A) < c,
otherwisecost(A) > c.

It follows easily that each standard alignment has exactly r = 3n + 4
columns. Note that in Fig. 3.1 is represented a standard alignment of S
where,for simplicity, all �s are not shown.

In the following we give someuseful properties of standard alignments:

Prop osition 3.3.4. Let A be a standard alignment of S. Then for each
edge sequence encoding the edge (vi ; vj ), the b encoding one end vertex vh,
for h 2 f i; j g, is opposite to the h-th f of each templatesequence, while the
other b is opposite to es of the templatesequences.
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Figure 3.1: An exampleof the encoding of a graph

Lemma 3.3.5. Let A be an optimal alignment of S and let A1 be a stan-
dard alignment of S. Then cost(AX ;T ) is minimum over all possiblealign-
ments of S if and only if cost(AX ;T ) = cost(A1X ;T ), otherwisecost(AX ;T ) �
cost(A1X ;T ) + K 2.

Proof. Assumethat cost(AX ;T ) is minimum over all possiblealignments of
S. Then, Af x;t g contains exactly r � 2 mismatches of value 1, for every
x 2 X and t 2 T. In fact, sincethe mismatches(d; f ) have a value 1, while
the mismatches (d;e), (d; �), (d;c) all have value 2 it is advantageousto
align all ds of x with f s of t. By the SP-scored(c;c) = 0, d(c;�) = 1,
d(c;e) = d(c;f ) = d(� ; e) = d(� ; f ) = 2, it follows that it is advantageous
to align the cs of x with the cs of t. Note that any other alignment of f x; tg
cannot be optimal. It is immediate to verify that cost(AX ;T ) � cost(A1X ;T ).

Now, assumethat cost(AX ;T ) 6= cost(A1X ;T ). Since for every sequence
x 2 X and t 2 T, A1f x;t g contains exactly r � 2 mismatches of value 1,
then there is a sequencex1 such that Af x1 ;tg must contain at least r � 1
mismatches. Since,by Lemma 3.3.3,cost(AX ) = 0, cost(AT ) = 0, and jTj =
K 2, it follows that cost(AX ;T ) = K 2jX j cost(Af x1 ;tg). Consequently, since
cost(A1X ;T ) = K 2jX j cost(A1f x1 ;tg), it followsthat cost(AX ;T ) � cost(A1X ;T )+
K 2, as required.

Lemma 3.3.6. Let A be an optimal alignment of S and let A1 be a standard
alignmentof S. Then D(AS;T ) is minimum overall possiblealignmentsof S if
and only if cost(AS;T ) = cost(A1S;T ), otherwisecost(AS;T ) � cost(A1S;T )+ K 2.
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Proof. Assumethat cost(AS;T ) is minimum over all possiblealignments of S.
Then, Af s;tg contains exactly r mismatchesof value 1, for every s 2 S and
t 2 T. In fact, by Corollary 3.3.2,sincethere is no symbol commonto both
sequencess and t, and jtj = r , jsj = r � 1 it follows that every alignment A0

for S is such that cost(A0
f s;tg) � r . By construction of standard alignment

and by the SP-score,it follows easily that cost(A1f s;tg) = r .
Now, assumethat cost(AS;T ) 6= cost(A1S;T ). Then, there is a sequence

s1 2 S such that Af s1 ;tg must contain either at leastr + 1 mismatchesor r mis-
matchesoneof which is of value2. Since,by Lemma3.3.3,cost(AT ) = 0, and
jTj = K 2, it follows that cost(AS;T ) = K 2 cost(Af s1 ;tg) + cost(AS�f s1g;T ). But,
cost(A1S;T ) = K 2 cost(A1f s1 ;tg)+ cost(A1S�f s1g;T ). It follows that cost(AS;T ) �
cost(A1S;T ) + K 2, as required.

Lemma 3.3.7. Let A be a standard alignmentof S. Then all valuescost(AX ),
cost(AT ), cost(AX ;T ) and cost(AS;T ) are �xed and minimum over all possible
alignments.

Proof. By de�nition of standard alignment and by Lemmata 3.3.5,3.3.6,the
proof is immediate.

In the following by costSD we denote the sum cost(AX ) + cost(AT ) +
cost(AX ;T ) + cost(AS;T ) over a standard alignment A of S.

Lemma 3.3.8. Let A be a standard alignment of S. Then cost(AS) < 8l2r
and cost(AS;X ) < 4K 1l r .

Proof. It follows easilyfrom the SP-scoreand the fact that a standard align-
ment consistsof r columns.

We will denotesuch upper bounds for cost(AS) and cost(AS;X ) with UY

and UY;X respectively. By Lemma 3.3.7 and Lemma 3.3.8 it follows easily
that each standard alignment (henceeach optimal alignment) hasvalue not
greater than costSD + UY + UY;X . We will assumethat K 1 > UY and K 2 >
UY + UY;X .

In the following we will prove that an optimal alignment must be a stan-
dard one.

Lemma 3.3.9. Let A be an optimal alignment of S. Then A must be a
standard alignment.

Proof. Let A1 be a standard alignment of S. If A does not satisfy one of
the properties (i) { (iv) of standard alignment, it is immediate to verify that
cost(AX ;T ) 6= cost(A1X ;T ) or cost(AS;T ) 6= cost(A1S;T ). By Lemmata 3.3.5,
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3.3.6,it follows that cost(AX ;T )+ cost(AS;T ) � cost(A1X ;T )+ cost(A1S;T )+ K 2.
SinceK 2 > UY + UY;X , by Lemma 3.3.7 if follows that A is not optimal.

Assumenow that A doesnot satisfy property (v) of standard alignment.
Then by Lemma 3.3.3, A cannot be optimal. Consequently, A must be a
standard alignment.

We are now able to prove that the multiple alignment problem is NP-
completewith a �xed SP-scorethat is a metric and with an alphabet of six
symbols. In the following, if A is an alignment of S, by n� (i ) we denotethe
number of � 's occurring in the column of index i of A.

Theorem 3.3.10. Let (G; k) be an instance of the VC problemand let S be
the encoding of suchinstance. Then:

(i) if G has a vertex cover of size k, then there existsa standard alignment
A of S suchthat cost(AS;X ) � K 1(l + 2l(r � 2));

(ii) if G has a minimum vertex cover of sizek1 > k, then for each standard
alignment A of S it holdsthat cost(AS;X ) > UY + K 1(l + 2l(r � 2)).

Proof. Let A be a standard alignment of S, and let I be the set of indices
of the columnsof A containing someds. By the de�nition of standard align-
ment the value cost(AS;X ) can be computed as the sum of the value of the
column of index 1 and r and the value of all other columnsof AS[ X . Then,
cost(AS;X ) = K 1(ld(c;�) + ld(c;a)) + K 1(

P
i 2 I (d(d;b)nb(i )+ d(d;a)( l � nb(i )))

+
P

i =2 I [f 1;r g(d(� ; b)nb(i )+ d(� ; a)( l � nb(i )))) = K 1(2l+ 2l(r � 2)�
P

i 2 I nb(i )).
Let usassumethat G hasa vertex cover C of sizek, then wewill construct

a standard alignment A such that cost(AS;X ) � K 1(l + 2l(r � 2)). From the
vertex cover C weconstruct the setK 1 consistingof the indicesof the columns
in AT that contain the f s encoding the vertices in C. SinceC is a vertex
cover of G each edge(vi ; vj ) hasat leastan endvertex vh in C, for h 2 f i; j g,
moreover it is possibleto align, in each edgesequence,the b encoding the
vertex vh with the h-th 1 of each template sequence.The alignment of the
test sequencesin AS[ X is obtained by aligning the ds exactly in the columns
whoseindex is in K 1. By Proposition 3.3.4, since only a b for each edge
sequencecan be aligned with a f of each template sequence.It follows thatP

i 2 I nb(i ) = l. Substituting this value in the above relation for cost(AS;X ),
then (i ) easily follows.

Let us assumethat G has a vertex cover of minimum size k1 > k. By
Proposition 3.3.4 for each edgesequenceencoding the edge(vi ; vj ), one b of
each edgesequence,encoding the endvertex vh, for h 2 f i; j g, is alignedwith
the h-th f of each template sequence,hencetheremust beat leastk1 columns
of A that contain somef 's of the template sequencesand at least a b of the
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a b �
a 0 1 2
b 1 0 1
� 2 1 0

Table 3.2: SP-scorefor binary alphabet

edgesequences.By properties (i ), (iii ) and (v) of standard alignment, in all
test sequenceeach d is aligned with distinct f 's of the template sequences:
it follows that there is at least one edgesequencesuch that both b's are in
columnsof AS[ X that do not contain any d's. Consequently, given I the set
of indices of the columns of A that contain somed's of the test sequences,P

i 2 I nb(i ) � l � 1, hencecost(AS;X ) � K 1(l + 2l(r � 2)). SinceK 1 > UY we
obtain that cost(AS;X ) > UY + K 1(l + 2l(r � 2) + 1), which proves(ii ).

Corollary 3.3.11. The graph G has a vertex cover of size k if and only if
the setS hasan optimal alignmentA of valuecost(A) < costSD + UY + K 1(l +
2l(r � 2)).

Proof. Let A be an optimal alignment of S. By Lemma 3.3.9, A is a stan-
dard alignment. Then cost(A) = costSD + cost(AS) + cost(AS;X ). By Theo-
rem 3.3.10,if G hasa vertex cover of sizek, then cost(AS;X ) � K 1(l + 2l(r �
2)).

Assume now that G has a minimum vertex cover of size k1 > k: by
Theorem3.3.10,cost(AS;X ) > UY + K 1(l+ 2l(r � 2)). Consequently, cost(A) >
costSD + UY + K 1(l + 2l(r � 2)), which proveswhat required.

3.4 Multiple Alignmen t Over Binary Alpha-
bet

In this section,we show that the mul tiple sequence alignment problem
is NP-completeevenif the sequencesareover a binary alphabet and the score
scheme,which is a metric, is given in Table 3.2:

The proof consistsof showing a reduction from Ver tex Cover to Mul-
tiple Sequence Alignment . The technique used to build the reduc-
tion is similar to the one illustrated in the caseof j� j = 6. Given (G; k)
the VC instance, where G is the graph hV; Ei , with V = f v1; � � � ; vng and
E = f e1; � � � ; emg, while 1 � k � n, we construct the following sequences
over alphabet � = f a;bg:

the edgesequence s(i; j ) of length 3(n + 1), for each edge(vi ; vj ),
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s(i; j ) = a3i ba3(j � i )� 2ba3(n+1 � j )

the templatesequence t of length 3(n + 1) + 1,

t = b((a2)b)n (a2)b

the �xed sequence q of length 3(n + 1) + 1,

q = ba3n+2 b;

the test sequence x(k), given k the integer of the VC instance,

x(k) = a3n+2 � k :

Then, let Y bethe setf s(i; j ) : (vi ; vj ) 2 Eg of all possibleedgesequences,
T the setof K 1 template sequencest, Q the setof K 2 �xed sequencesq and X
the set of K 3 test sequencesx(k). The constants K 1; K 2 and K 3 are related
to the number of edges,and will be �xed later in the section.

Finally, the sequencesin Y [ T [ Q [ X give the set S that is instanceof
the alignment problem.
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Figure 3.2: Alignment A for S in the caseof binary alphabet

In the following, we give someproperties that allow us to show that a
vertex cover for G is of size k if and only if the cost of an alignment of S
can be boundedby a value C, dependingon k and on the graph G, asstated
in Theorem 3.4.12. By this result, the proof that the construction of the
instance(S; C) for the alignment problem is a reduction is immediate.
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De�nition 3.4.1. An alignment A of the set S of sequencesis a standard
alignment if it satis�es properties (i ), (ii ), (iii ) and (iv ):

(i) all columnsof AT [ Q containing some�s are such that they contain only
�s in AT [ Q[ X and contain no as in AY ;

(ii) all �s in AY are opposite only to �s or to bs in AQ;

(iii) in AX there is no column with both as and �s, and the �rst and last
column of AX consistof �s;

(iv) the �s of AX are contained only in columnsthat do not contain any as
of AT .

We will show that an optimal alignment must be a standard alignment;
the propertiesof de�nition 3.4.1will allow us to relate the valueof the align-
ment to the sizeof the vertex cover of the graph.

Let A be a standard alignment. Then, by the previous de�nition, it is
immediate to verify that conditions (i) and (ii) imply that in A, all �'s in
internal columns of AY have a mismatch only with bs of sequencesin S.
Moreover, �s in the �rst and last column of AS mismatch only with bs of
AQ, otherwiseby condition (i), (ii) and (iv), there is a column in A of only
�s, which is not possible. By this fact and de�nition 3.4.1, the Proposition
3.4.1easily follows.

Prop osition 3.4.1. Let A be an alignment of S that satis�es properties (i )
and (ii ) of a standard alignment. For each edgesequence s(i; j ) in Y, one
of the two bs encoding one end vertex vh of the edge(vi ; vj ) is aligned in A
with the (h + 1)-th b of each template sequence in T, while the other b of
s(i; j ) has a mismatch with each symbol of the template sequences to which
it is opposite.

Lemma 3.4.2. Let A be a standard alignment of S. Then cost(AY ) < 6l2,
cost(AY;X ) < 8lkK 3 and cost(AY;T ) < 4l2K 1.

Proof. Let us �rst prove the upper bound for cost(AY ). By condition (i) and
(ii) of de�nition 3.4.1, �s in internal columnsof AY have a mismatch only
with bs. Then, mismatchesoccur only in columns with bs. Sincethere are
exactly 2l bs, it follows that the cost of all internal columns is boundedby
2l2, while the cost of the �rst and last column of AY is boundedby 4l2, as in
such columns�s have mismatch with as. Consequently, cost(AY ) < 6l2.

Now, let us prove that cost(AY;X ) < 8lkK 3. Let y and x be two arbitrary
sequencesin Y and X , respectively. By condition (i), (ii) and (iii), �s in A Y



28 CHAPTER 3. HARDNESS OF ALIGNING

are opposite only to �s of AX . Sincejyj = 3(n + 1), while jxj = 3n + 2 � k
and y contains two bs which are not in x, it follows that Af y;xg contains at
most k + 3 mismatches,from which we prove that cost(AY;X ) < 2(k + 3)lK 3.
Thus the required bound follows.

By Proposition 3.4.1and just as in the above proof, it easily follows that
cost(AY;T ) < 4l2K 1.

In the rest of this section, the upper bounds given in Lemma 3.4.2, we
will be denotedrespectively as UY , UY;X and UY;T . posethat K 1 > l, K 2 >
UY + UY;X + UY;T and K 3 > UY .

Lemma 3.4.3. Let y; q be two sequences with y 2 Y, q 2 Q and let A
be an alignment of Y. Then Af y;qg contains at least four mismatches(and
cost(Af y;qg) � 4). Moreover if A is a standard alignment, then Af y;qg contains
exactly four mismatchesand cost(Af y;qg) = 4.

Proof. By construction of sequencesy; q, and by de�nition of standard align-
ment, it is immediate to note that, in a standard alignment A1, both bs in y
have a mismatch with someas or �s of A1f qg, and both bs in q have a mis-
match with someas or �s of A1f yg. By the SP-scorecost(A f y;qg) = 4. Along
the sameline it is immediate to note that if Af y;qg is an arbitrary alignment
whereall bs have a mismatch, then cost(A f y;qg) � 4.

Assumenow that in a non standard alignment a b of y and a b of q are
aligned in the samecolumn; we will prove that cost(A f y;qg) > 4. Clearly, the
smallestnumber of mismatches is given by assumingthat the �rst b of y is
alignedwith the �rst b of q, or the secondb of y is alignedwith the last b of
q. Then, by construction of y and q the �rst three or last three as of y have
a mismatch with some�s, hencecost(A f y;qg) � 6.

The following lemmata are direct consequencesof De�nition 3.4.1 and
Lemma 3.4.3.

Lemma 3.4.4. Let A be a standard alignmentof S. Then cost(AX ), cost(AT ),
cost(AT;Q), cost(AQ), cost(AX ;T [ Q) and cost(AY;Q) are �xed and minimum
over all possiblealignments.

Lemma 3.4.5. Let A be a standard alignment of S. Then in AY [ X there are
K 3l (k + 1) mismatchesof the form (� ; �) , where � 2 AY and � 2 AX .

Proof. Let x and y be respectively a test sequenceand an edgesequence,
and let us considerthe alignment Af y;xg. By properties (i ), (ii ) and (iii ) of
standard alignment each �s in Af yg is opposite only to �s of Af xg in Af y;xg.
Since,by construction, each edgesequencecontains k + 1 symbols more than
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each test sequence,it follows that in each test sequencex there are exactly
k+ 1 �s that havea mismatch with a symbol of y in Af y;xg. The claim follows
immediately.

Lemma 3.4.6. Let A be a standard alignment of S. Then cost(AX [ T [ Q) +
cost(AY;T [ Q) is �xed over all possiblestandard alignmentsof S.

Proof. By Lemma 3.4.4, cost(AX [ T [ Q) and cost(AY;Q) are �xed. Let y; t
be respectively an edgesequenceand a template sequence,and let A be a
standard alignment of S. Since in t there is one symbol more than in y it
follows that in Af yg there is one � more than in A f tg. By Proposition 3.4.1,
all bsof t, exceptfor one,havea mismatch with the symbol of y to which they
are opposite. Moreover, by Proposition 3.4.1, there is an a or a � inserted
in t that hasa mismatch with a b of y. By de�nition of standard alignment,
there cannot be any other mismatch in Af y;tg.

By previousLemma 3.4.6, the sum cost(AX [ T [ Q) + cost(AY;T [ Q) is �xed
for every standard alignment A; in the following we will denote such sum
costSD . Moreover, by Lemma 3.4.2 it is immediate that every standard
alignment A and hence every optimal alignment has a value cost(A) �
costSD + UY + UY;X .

Lemma 3.4.7. Let A be an optimal alignment of S. Then A must satisfy
property (i ) of a standard alignment.

Proof. Let A1 be an arbitrary standard alignment and let A be an optimal
alignment of S that doesnot satisfyproperty (i) of standardalignment. Then
the following casesmust be considered.

1. There is a columnin AQ containing some�s andsome� s, for � 2 f a;bg.
By Lemma 3.3.3,A cannot be optimal.

2. Let us assumethat there is a column of AT [ Q that contains at least a
symbol � and �. Clearly, if � is in AT , then a symbol � must be in
AQ. By case1, sinceeach column of AQ contains either as or bs or �s,
it follows that there is a mismatch (� ; � ) in A T [ Q, consistingof a � in
AQ and a � in AT , that occurs in the i -th column of A.

Then, we can show that cost(AT;Q) � cost(A1T;Q) + K 2. In fact, let t
be the sequenceof T that contains the symbol � in the i -th column
and let q be an arbitrary sequencein Q. Then, Af t;qg contains at least
n + 1 mismatches, as jtj = jqj and t contains n + 2 bs, while Af qg

contains 2 bs and a � not in Af tg. Clearly, A1f t;qg contains exactly n
mismatches,all of value1. SincejQj = K 2, it follows that cost(AT;Q) �
cost(A1T;Q) + K 2.
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3. Assumenow that every column containing �s in AT [ Q hasonly �s in
AT [ Q, but at least one a in AX . Let y be the sequencein X that has
at least onea in such column and let q be a sequencein Q. SinceAf qg

contains at leasta � oppositeto an a in Af y;qg, while y hasat leastk+ 2
�s, it followsthat Af y;qg contains at leastk+ 3 mismatches,of which two
are of value 1, while the other onesare of value 2. By condition (i) of
standard alignment, for any arbitrary sequencex 2 X , A1f x;qg contains
exactly k+ 2 mismatches. It followsthat cost(AX ;Q) � cost(A1X ;Q)+ K 2.

4. Each column containing �s in AT [ Q consistsof only �s in AT [ Q[ X and
has at least an a in AY . We are now able to show that cost(AS;Q) �
cost(A1S;Q) + K 2. By Lemma3.4.3,for each sequencey 2 Y and q 2 Q,
cost(A1f y;qg) = 4.

Let y1 be a sequencein Y that contains an a in a column wherethere
are only �s in AT [ Q[ X . Then Af y1 ;qg must contain at least a mismatch
(a; �) besidesfour mismatchesof value 1. Hencecost(Af y1 ;qg) � 5. It
follows that cost(AY;Q) � cost(A1Y;Q) + K 2.

By previous cases,Lemma 3.4.4 and Lemma 3.4.2, since K 2 > UY;T +
UY;X + UY the Lemma follows.

Lemma 3.4.8. Let A be an optimal alignment of S. Then A must satisfy
property (ii ) of a standard alignment.

Proof. By Lemma3.4.7,A must satisfy property (i ). Assumethat A satis�es
property (i ) and assumeto the contrary that A doesnot have property (ii ).
Let A1 be a standard alignment. As in the proof of Lemma 3.4.7,case4, it
is easyto show that cost(AY;Q) � cost(A1Y;Q) + K 2. SinceK 2 > UY;T + UY +
UY;X , it follows that cost(AY;T [ Q) > cost(A1Y;T [ Q) + UY + UY;X . By applying
Lemma 3.4.4and Lemma 3.4.2,we obtain that cost(A) > cost(A1), which is
a contradiction.

Lemma 3.4.9. Let A be an optimal alignment of S. Then A must satisfy
property (iii ) of a standard alignment.

Proof. By Lemma 3.3.3, there is no column of AX containing �s and as.
Moreover, by the SP-score,in an optimal alignment it is more advantageous
that �s of AX are opposite to bs of AT [ Q. Consequently, in the �rst and last
column of AX there are only �s.

Lemma 3.4.10. Let A be an optimal alignment of S. Then A must satisfy
property (iv ) of a standard alignment.
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Proof. By Lemmata 3.4.7,3.4.8and 3.4.9,A must satisfy properties (i ), (ii )
and (iii ). Consequently, if (iv ) doesnot hold, it meansthat there is a column
of index l1 in A containing only �s of X and only as of T [ Q, and eventually
bs of S. Moreover, since for each sequencex, x 2 X , jxj = 3n + 2 � k,
while for each sequencet 2 T, t contains n + 2 bs, it follows that there is a
column of index l2 in A containing as of each test sequencein X and bs of
the template sequences.Then let A1 be the alignment obtained from A as
follows: in AX substitute the �s in the column of index l1 with the as in the
column with index l2 and vice versa.

By construction of A1, cost(A) � cost(A1) is equalto the sumcost(A[l1]) �
cost(A1[l1])+ cost(A[l2])� cost(A1[l2]). Wewill provethat cost(A)� cost(A1) >
0, thus obtaining a contradiction with the assumptionthat A is an optimal
alignment of S. In the following, by n� (l i ) we will denote the number of �
symbols in the column of index l i of AY . By construction of the sequences,
and by the SP-scoreit is easyto note that:

cost(A[l1]) =( K 1 + K 2 + na(l1))nb(l1)d(a;b) + (K 1 + K 2 + na(l1))K 3d(a; �)

+ nb(l1)K 3d(� ; b)

cost(A[l2]) =( K 1 + nb(l2))( K 2 + K 3 + na(l2))d(a;b)

cost(A1[l1]) =( K 1 + K 2 + K 3 + na(l1))nb(l1)d(a;b)

cost(A1[l2]) =( K 1 + nb(l2))( K 2 + na(l2))d(a;b) + (K 2 + na(l2))K 3d(a; �)+

(K 1 + nb(l2))K 3d(� ; b)

Consequently cost(A) � cost(A1) = 2K 3(K 1 � (na(l2) � na(l1))). Since
na(l2) � na(l1) � l , it follows cost(A) � cost(A1) � 2K 3(K 1 � l ). By posing
K 1 > l, we obtain that cost(A 1) < cost(A), which contradicts the fact that
A is optimal.

Thus, A must satis�es property (iv ).

By Lemmata 3.4.7,3.4.8,3.4.9and 3.4.10it follows directly that:

Corollary 3.4.11. An optimal alignment of S is a standard alignment.

The result of Theorem 3.4.12,relates the value of an alignment of S to
the sizeof a vertex cover.

Theorem 3.4.12. Let G be a graph and S the encoding of G. Then:

(1) if G hasa vertexcover of sizek, then there is a standard alignment A of
S suchthat cost(AY;X ) � 2lK 3 + 2lkK 3,

(2) if G hasa minimum vertex cover of sizek1 > k, then for everystandard
alignment A of S it holdsthat cost(AY;X ) > UY + 2lK 3 + 2lkK 3.
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Proof. Assume�rst that G hasa vertex cover of sizek. Let A be a standard
alignment of S, wherethe sequencesin Y [ X arealignedasfollows: AY does
not contain �s in internal columns. For each test sequencethe �rst and last
�s are respectively aligned in the �rst and last column of AY . Moreover, for
each edgesequences(i; j ) encoding the edgee, e = (vi ; vj ), one of the two
bs encoding one end vertex of e is aligned in a column of A containing �s
of each test sequencex(k). Such an alignment is possiblesince each edge
hasoneend in the vertex cover, and the number of �s in each test sequence
is equal to k + 2, where k is the size of a vertex cover. In fact, if the set
C of vertices, with C = f vi 1 ; � � � ; vi k g is a vertex cover for G, then A can
be obtained by aligning for each 1 � h � k, the (h + 1)th �s of each test
sequencewith the (i h + 1)th b of each template sequence,and with a b of
an edgesequence.In fact, every edgesequenceencodesan edge(vi ; vj ) such
that either vi 2 C or vj 2 C, (Fig. 3.2). It follows, by Proposition 3.4.1,that
the total number of bs in AY opposing �s in AX is equal to the number l of
edgesof the graph.

Let us determinecost(AY;X ). Let I be the set of indicesof the columnsof
A containing �s of X and let n� (i ) bethe number of � s in the columnof AY [ X

of index i . Moreover, let r bethe number of columnsin A. Then cost(AY;X ) =P
i 2 I �f 1;r g K 3(d(� ; b)nb(i )+ d(� ; a)( l � nb(i )) +

P
i 62I [f 1;r g K 3d(a;b)nb(i ) +

cost(AS;X [1])+ cost(AS;X [r ]). Consequently cost(AS;X ) = 2klK 3 + 2lK 3, sinceP
i 2 I nb(i ) = l.

Now, assumethat G hasa minimum vertex cover of sizek1, with k1 > k.
Let A be an arbitrary standard alignment of S. Let us compute cost(AY;X ):
since G has a vertex cover of size k1 > k and, by Proposition 3.4.1, for
each edgesequences(i; j ) encoding the edge(vi ; vj ), exactly one b of s(i; j )
encoding an end vertex vh is aligned with the (h + 1)th b of each tem-
plate sequence,there must be at least k1 columns of A that contain bs of
the template sequencesopposing one b of at least an edgesequence. By
properties (iii ) and (iv ) of standard alignment, in AX [ T , each � of AX

is aligned with a b of AT . Since AX contains k �s internal columns, it
follows that there is at least one edge sequencesuch that no one of the
two bs of these sequencesis in a column of AY [ X containing �s of X .
Consequently, given I 1 the set of indices of the columns of A that con-
tain �s of the test sequences,

P
i 2 I 1

nb(i ) � l � 1. Clearly, D(AY;X ) =
K 3(

P
i 2 I 1

(d(� ; a)na(i ) + d(� ; b)nb(i ))+
P

i =2 I 1
(d(a; �) n� (i ) + d(a;b)nb(i )).

By Lemma 3.4.5 the number of mismatches (� ; �), where � 2 AX is
K 3l (k + 1). Consequently, there are K 3l (k + 1) � K 3

P
i 2 I 1

nb(i ) mismatches
(a; �). It followsthat cost(AY;X ) = K 3(2l(k+ 1)� 2

P
i 2 I 1

nb(i )+
P

i 2 I 1
nb(i )+P

i =2 I 1
nb(i )+ 2

P
i =2 I n� (i )) � 2lkK 3+ 2lK 3+ 2K 3, asby properties(i ) and (ii )
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of standard alignment
P

i =2 I n� (i ) = 0 and
P

i nb(i ) = 2l. By Lemma 3.4.6,
sinceK 3 > UY it follows that cost(AY;X ) > UY + 2lK 3 + 2lkK 3.

By Corollary 3.4.11andTheorem3.4.12,the following result is immediate.

Corollary 3.4.13. The graph G has a vertex cover of size k if and only
if the set S has an optimal alignment A of value cost(A), with cost(A) <
costSD + UY + 2lK 3 + 2lkK 3.

By the previous result it follows that the construction of the set S of
sequencesfrom an instanceG and k of VC is a reduction to sequencealign-
ment.

Theorem 3.4.14. Multiple alignment with SP-score that is a metric is NP-
completeevenover a binary alphabet.

3.5 Fixing the Cost of a Gap

Following the resultspresented in the previoussectionof this chapter, several
such modi�cations of the Mul tiple Sequence Alignment problem were
studied, most notably in [60] the Gap-0 Alignment problem, wherespaces
may beinsertedat the beginningandat the endof sequences,but not between
characters from �, and the Gap-0-1 Alignment problem, which is the
restriction of Gap-0 Alignment whereat most one spacecan be inserted
in each sequencehave beenstudied. Anyway most scoringschemesusedin
practicearea�ne , i.e., they specify a �xed gapopeningpenalty g (possibly0)
that is addedto the scorecalculatedaccordingto dM for each newly created
gap in the alignment. In this context, the numbers dM (s; �) for s 2 � are
called gap extensionpenalties. Note that if all gap extensionpenalties are
zero,then we have a scoringschemewith �xed gappenalties. If dM (s; �) > 0
for all s 2 �, then we will say that the scoring scheme speci�es strictly
positive gap extensionpenalties. In [60] all the problems mentioned above
have beenproved to be NP-hard for practically every a�ne scoringscheme
with strictly positive gap extension penalties used by molecular biologists
[60]. This left open the caseof other ways of calculating the gap penalties
that are sometimesusedin Molecular Biology, in particular, the interesting
caseof �xed gap penalties,where all gapsare penalizedequally, no matter
wherethey occur and how long they are.

In this section, as well as in Chapter 4, we will study a formulation
of Mul tiple Sequence Alignment that captures to some extent the
pattern of spaceinsertions observed in real biomolecular sequencesand is
di�eren t from the restrictions studied in [60]. A space-L alignment A of a set
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� A C T
� 0 0 0 0
A 0 0 0 1
C 0 0 0 0
T 0 1 0 0

< t1; : : : ; tk > of sequencesis an alignment < at1; : : : ; atk > of < t1; : : : ; tk >
such that jati j � jt i j + L for each sequencet i . Note that space-L-alignments
exist only if the length of the shortest of thesesequencesis at least n � L,
where n is the length of the longestamong the sequencest1; : : : ; tk . Please
also note that there are no restrictions about where the spacesymbols can
be inserted.

In this section we will prove that the Space-L Mul tiple Sequence
Alignment problem is APX -hard even if L is restricted to be a constant.
The formal de�nition of Space-L Mul tiple Alignment is:

Problem 3 (Min Space-L Multiple Alignmen t).
Instance: a set of sequencesht1; : : : ; tk i and a scoringscheme(dM ; g).
Solution: a space-L multiple alignment A of ht1; : : : ; tk i .
Goal: to minimize the SP-scoreof A.

The main result in this sectionis the following:

Theorem 3.5.1. There existsa scoring scheme(M ; g) with �xed gappenal-
ties suchthat:
(a) For the scoring scheme(M ; g) and for every L > 0 the Space-L Mul-
tiple Alignment problemis APX -hard.
(b) For the scoring scheme(M ; g) the Gap-0 Mul tiple Alignment prob-
lem is APX -hard.
(c) For the scoring scheme(M ; g), the Mul tiple Alignment problem is
APX -hard.

Hereis the scoringschemementioned in the abovetheorem. The alphabet
will be � = f A; C; Tg, the gapopeningpenalty will be g = 2, and the scoring
matrix M is representated in Fig. 3.5

Proof. We will prove Theorem 3.5.1 by reducing the Max Cut problem
(Pb. 8 at page99) on cubic graphs- such problemis denotedby 3-Max Cut
- to the respective multiple alignment problems. Recall that an instanceof
sizek of the 3-Max Cut problem is a simple graph G = hV; Ei such that
jV j = k and each vertex of G has degreeexactly 3. The problem is to �nd
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t[2(d� kem + 1)] t[2d� kè + 2(h � 1)k3]t[2d� kè + 2(i � 1)k3]
# # #

th: ... A C A C A ... A C A C A C ... C C C C C ...
t i : ... T C T C T ... C C C C C C ... A C A C A ...
tk+ h: ... C C C C C ... T C T C T C ... C C C C C ...
tk+ i : ... C C C C C ... C C C C C C ... T C T C T ...

a partition of the set of verticesV into disjoint setsV0 and V1 such that the
number of edgesthat connecta vertex in V0 with a vertex in V1, i.e., the size
of the cut determined by hV0; V1i , is as large as possible. It is well known
that the 3-Max Cut problem is APX -hard, for our purposes,it is most
important to note that the latter implies that there exists a real � > 0 such
that no polynomial-time approximation algorithm can �nd a cut such that
the number of edgesthat are NOT cut is within an additive constant of �k
of minimum.

Given a cubic graph G = hV; Ei with k vertices, we de�ne a 2k-tuple
�tG = ht1; : : : ; t2k i of sequencesas follows: Enumerate V = f v1; : : : ; vkg, E =
f e0; : : : ; è � 1g. Each sequencet i will have length 2(k4 + d� kè ), where � is
a constant that will be de�ned below. Intuitiv ely speaking, for 1 � i � k,
the sequencet i will encode the vertex vi . Edgeem = f vi ; vhg will be encoded
by characters th[j ]; t i [j ], where j = 2(d� kem + 1); : : : ; 2d� ke(m + 1). More
precisely, we de�ne t i [j ], the j -th character in t i , as follows. For 1 � m � `,
em = f vh; vi g, h < i , d� kem < j < d� ke(m + 1) we put: th[2j ] = A,
t i [2j ] = T, and tp[2j ] = C for p =2 f i; hg.

The sequencetk+ i will act as a \mirror image" of t i . The purpose of
mirror imagesis to neutralize the e�ects of unbalancedcuts on the scoresof
alignments. For 1 � i � k and d� kè + ik 3 < j < d� kè + (i + 1)k3 we put:
t i [2j ] = A, tk+ i [2j ] = T, tp[2j ] = C for p =2 f i; k + ig.

For all p; j , we let tp[2j � 1] = C. Let us illustrate this construction with
a picture. In Fig. 3.5 we exhibit a situation whereem = f vh; vi g.

Let us de�ne a \b enchmark alignment" of the above sequences.We will
de�ne this alignment by partitioning the sequencesinto two sets L and R
and inserting one spaceto the left of each sequencein L and one spaceto
the right of each sequencein R. Let hV1; V2i be a cut of G. We will show
how to associate a benchmark alignment to such cut. For each 1 � i � k we
let t i 2 L if and only if tk+ i 2 R. Moreover for each 1 � i � k we let t i 2 L
if and only if vi 2 V1.

Note that the scorefor the benchmark alignment is 4k2 + � kU, whereU
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is the number of edgesthat are not in the cut hV1; V2i . Moreover, the bench-
mark alignment is a gap-0-1alignment, and henceboth a gap-0 alignment
and a space-1alignment.

We will show that there exists a �xed � > 0 such that if an alignment a
of the above sequencesis found that scoreswithin a factor of (1 + � ) of the
benchmark alignment, then it will be possibleto reconstruct, in polynomial
time, from this alignment a partition of the vertex set that inducesa cut
whosesizeis within a additive constant of �k of maximum. Supposewe have
any alignment a that scoreswithin 1+ � of our benchmark alignment, where
� is su�cien tly small and will bedeterminedlater. Let ussay that a sequence
pair htp; tqi is static in a if there is no spacein the inducedpairwisealignment
hbtp; btqi . Being static in a is easilyseento be an equivalencerelation. Let T1

and T2 denotethe two largestequivalenceclassesof the \static" relation, and
let T3 denotethe set of sequencesthat are neither in T1 nor in T2. Note that
noneof the sequencepairs ht i ; tk+ i i can be static in a, otherwisethe cost of
the alignment of i t i ; tk+ i i is too large. Thus the sizeof T1 and T2 is at most
k. Let jT1j = k � k1, jT2j = k � k2. Then jT3j = k1 + k2. Sinceeach pair of
sequencesfrom di�eren t equivalenceclassesadds at least 4 to the SP-score
of a, we have

SP(hat1; : : : ; at2k i ) �

� 4((k � k1)(k � k2) + (k � k1)(k1 + k2) + (k � k2)(k1 + k2)) =

= 4(k2 + k1k2 + k(k1 + k2) � (k1 + k2)2) = 4(k2 + k1k2 + (k � jT3j)jT3j):

Thus the numbers k1 and k2 must be such that k1k2 + (k � jT3j)jT3j <
� k2 + � � kU, whereU is the number of edgesthat arenot cut by the partition
usedin the benchmark alignment. Note that U � 3k. Wewill choose� < ��

100.
It followsthat aslong as� is su�cien tly small, wecanassumethat jT3j < k �

6.
Now let � , � be asabove, and let Vi be the set of all verticessuch that t i 2 Ti

for i 2 f 1; 2g. Consider the partition hV1; VnV1i . Let W be the number of
edgesof G that are not cut by hV1; VnV1i . Note that this number di�ers
from the number Z of edgesf vi ; vj g such that ht i ; t j i is static by at most
3jT3j, sinceevery edgein the di�erence must have an endpoint in T3 and the
degreeof the graph is 3. If the SP-scoreof the alignment is within a factor
of (1 + � ) of that of the benchmark alignment, then we have:

4k2 + � kW � 4k2 + � k(Z + k
�
2

) � (1 + � )(4k2 + � kU) + �
�
2

k2:

By the choiceof � and sinceU � 3k, we get

� kW � � kU < 4� k2 + � � kU + �
�
2

k2:
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Assuming,as we may, that � � 1, and noting that U � 3k, our choiceof �
gives:

W � U < 4
�

100
k + 3

�
100

� k +
�
2

k < �k :

3.6 Maxim um Trace Alignmen t is APX -hard

The formulations of Mul tiple Sequence Alignment that have beenpre-
sented previously have somedrawbacks, namely the cost of two symbols is
the samein the whole alignment, since it is de�ned as the weight assigned
to each pair of symbols of the alphabet. Consequently it is not possibleto
have di�eren t costs when the samealphabet symbols are aligned with dif-
ferent occurrencesof such symbols. Moreover it is not always true that the
SP alignment of maximum cost is the one that is more interesting from the
biologicalpoint of view. For exampleit is well known that in DNA sequences
the encoding part (exons)are relatively short and sparsewith respect to the
non-encoding parts (introns), henceit seemsnatural to penalizedi�erences
betweenencoding regionsmore than onesin non-encoding regions,while the
fact that exonsrelatively short and sparsewith respect to introns makesthe
latter onesmore relevant in determining the optimum alignment.

In this sectionwe study a di�eren t formulation of Mul tiple Sequence
Alignment that has beengiven by Kececioglu[68] as Maximum Tra ce
Alignment , wherethe setof k sequencesis represented asa k-partite graph
(see[96] for another application of k-partite graphsto sequencealignment),
and the edgesconnect two symbols in di�eren t sequences.The edgesare
weighted and the goal is to compute an alignment maximizing the sum of
the weights of the edgesconnectingtwo vertices in the samecolumn. Even
though the problem is NP-complete,somealgorithms for computing an op-
timal solution have been described [68, 69], but such algorithms still can
require exponential time in the worst cases.

This formulation of multiple sequencealignment allows to model situa-
tions where alignments of segments are taken into account. A segment is
a substring of a sequence,and we would like to have segments completely
aligned with each other, while aligning only partially the two segments has
the samecost as not aligning the two segments at all (seeFig. 3.3, in the
ellipsesthere are the two segments we want to align perfectly). This can
be viewed as a more generalscoring schemewhere the distance is not only
betweensymbols, but betweensubstringsof the given sequences.There is an
increasingtrend in usingthesescoreschemes[3, 77] for computing alignment
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1

1
23

2

Figure 3.3: Example of trace alignment

of biological sequences.
In this section we focus on approximation complexity of the problem

proving that Max Tra ce Alignment is APX -hard, henceruling out the
possibility of polynomial time approximation scheme[9].

In the following we will introduce the formal de�nitions of the problems
with which we will deal in this section.

The Max Weighted Tra ce Alignment problem (MT A , Pb. 19) [68]
asks for maximum weight trace alignment, given an alignment graph G =
hV; E; F i . The Max Tra ce Alignment problemis the restriction of MT A
when all edgeshave weight one.

The Max 2 Satisfiability B-Bounded problem (Max2Sa t-B ) is
a restriction of Max Sat (Pb. 9), and has as instance a set of clauses
f c1; : : : ; ckg over the variables v1; : : : ; vn such that each variable appears in
at most B clausesand each clausecontains 2 variables (possibly negated)
and asksfor a truth assignment of the variablesthat maximizesthe number
of satis�ed clauses.The problem Max2Sat-Bis APX -hard for B � 5 [78, 79].

Givenan instanceof Max2Sa t-B , wewill build a corresponding instance
G = < V; E; F > of MT A .

In the following we will denote with X = f x1; : : : ; xng the set of the
variables and with C = f c1; : : : ; ckg the set of clausesof the instance of
Max2Sa t-B . Pleasenote the in an instanceS of the problem Max2Sa t-B ,
k � Bn, and henceOpt(S) � Bn from the boundednessof the problem.
Moreover each clausecl can be expressedas

x lexp( l )
lvar( l ) _ xrexp( l )

rvar( l )

with 1 � lvar(l) < rvar(l) � n and lexp(l); rexp(l) 2 f true, falseg, and
where x false

i stands for : x i and x true
i stands for x i , this meansthat we can

describea clausecl asa fourtuple hlvar(l); rvar(l); lexp(l); rexp(l)i . The graph
obtained in the reduction has vertex set f Ti ; Fi ; X i : 1 � i � ng [ f D i;j :
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D1,1

D1,2

assignment
edges

Dn,1 Dn,22,1D D2,2

nX

1 1T F T Fn nT F2

X X1 2

D
D Dn,2B+12,2B+1

1,2B+1

Figure 3.4: the encoding of a set of variables

jL

X i jX

T i jF

iR

left upper edge right upper edge

left lower edge right lower edge

Figure 3.5: the encoding of the clausex i _ : x j

1 � j � n, 1 � i � 2B + 1g [ f L i ; Ri : 1 � i � kg, moreover we will
call a pair of vertices L l ; Rl the pair of clause vertices of cl . The set F
is f (Ti ; Fi ) : 1 � i � ng [ f (Fi ; Ti +1 ) : 1 � i � n � 1g [ f (X i ; X i +1 ) :
� i � n � 1g [ f (L i ; Ri ) : 1 � i � kg.

The set E of undirectededgescontains the assignmentedges,f (D i;j ; Ti ) :
1 � i � n; 1 � j � 2B + 1g [ f (D i;j ; Ti ) : 1 � i � n; 1 � j � 2B + 1g, the
set of internal edgesf (X i ; D i;j ) : 1 � i � n; 1 � j � 2B + 1g. Moreover to
each clausecl we associate two right edgesand two left edges,all of weight
one. The right edgesare (L l ; X rvar(l )) and (L l ; P(rvar(l); rexp(l))), and the
left edgesare (Rl ; X lvar(l )) and (Rl ; P(lvar(l); lexp(l))) where P(i; j ) = Ti if
j = true, otherwiseP(i; j ) = Fi . The two edges(L l ; X rvar( l )) and (Rl ; X lvar(l ))
are called upper edges,while the other onesare called lower edges.

In Fig. 3.6 it is represented the encoding of the set of n variables,while
in Fig. 3.6 it is represented the encoding of the clausecl = x i _ : x j .

The following results are fundamental in proving the correctnessof our
reduction.

Lemma 3.6.1. Let G = hV; E; F i be a graph obtained reducing an instance
of Max2Sa t-B , let x i be a variableof suchinstance and let G1 = hV; E1; F i
be a trace alignment of G. Then in G1 there cannot be both assignmentedges
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(D i;j ; Ti ) and (D i;j ; Fi )

Proof. An immediate consequenceof the fact that hTi ; (Ti ; Fi ); Fi ; (Fi ; D i;j );
D i;j ; (D i;j ; Ti ):Ti i is a special cycle in G.

Lemma 3.6.1 allows us to reconstruct an assignment from a trace align-
ment; in fact we can assignto x i the value true if D i; 1 is adjacent to Ti in
the trace alignment, while we assignto x i the value false if and only if D i; 1

is adjacent to Fi . We still have to prove that D i; 1 is adjacent to Ti or to Fi ,
and to show how we can relate the cost of the trace alignment to the number
of satis�ed clauses.

Given a clausecl = (x �
i ; x �

j ), hX j ; (X j ; L l ), L l ; (L l ; Rl ), Rl ; (Rl ; X i ; ); X i ,
(X i ; X i +1 ); : : : ; (X j � 1; X j ), X j i and hP(rvar(l); rexp(l)) ; (P(rvar(l); rexp(l)) ;
L l ); L l ; (L l ; Rl ), Rl , (Rl ; P(lvar(l); lexp(l))), : : : ; Ti +1 , (Ti +1 ; Fi +1 ), Fi +1 , : : :,
(Tj � 1; Fj � 1), : : :, P(lvar(l); lexp(l)), (P(lvar(l); lexp(l)) ; F j ), Fj i are two cy-
clesin G, hencethe following Lemma holds:

Lemma 3.6.2. Let G = hV; E; F i be a graph obtained reducing an instance
of Max2Sa t-B , let cl be a clauseof such instance and let G1 = hV; E1; F i
be a trace alignment of G. Then in G1 there are not both upper edgesand
there are not both lower edges.

An immediate consequenceis that in a trace alignment there are at most
2 edgesadjacent to the verticesencoding each clause.

Lemma 3.6.3. Let G = hV; E; F i a graph obtained reducing an instance of
Max2Sa t-B , and let G1 = hV; E1; F i be a trace alignment of G. Then it is
possibleto compute (in polynomial time) a trace alignment G2 = hV; E2; F i
such that weight( G1) � weight( G2) and for each variable x i exactly 2B + 1
internal edgesand 2B + 1 assignmentedges(D i;j ; Ti ), (D i;j ; Fi ) are in E2.
Moreover for each i , either all D i;j are adjacent to Ti or all D i;j are adjacent
to Fi .

Proof. Let G1 = hV; E1; F i be a trace alignment, let C(i ) be the set f X i g [
f D(i; j ) : 1 � j � 2B + 1g, and let I be the setof all i such that C(i ) doesnot
satisfy the Lemma. Then repeat the following procedurefor each i 2 I . Let k
be an index such that the subgraphof G1 inducedby the set f X i ; D i;k ; Ti ; Fi g
has the maximum number of edgesamongall f X i ; D i;j ; Ti ; Fi g, for 1 � j �
2B + 1. Then (X i ; D i;j ) 2 E2 i� (X i ; D i;k ) 2 E1, (D i;j ; Ti ) 2 E2 if and only if
(D i;k ; Ti ) 2 E1, (D i;j ; Fi ) 2 E2 i� (D i;k ; Fi ) 2 E1 for 1 � j � 2B + 1, that is
in G2 the setsf X i ; D i;j ; Ti ; Fi g are all isomorphic,while all other edgesof G2

are the sameas in G1. Note that G2 cannot contain any special cycle, and
that in G2 there areeither 2B + 1 or no internal edgeswhile, by Lemma3.6.1
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there areeither 2B + 1 or no assignment edges.If G2 has2B + 1 internal and
2B + 1 assignment edgesthen the lemmais proved,otherwiselet E2 bethe set
obtained from E1 removing all edgesincident on X i , on Fi or on Ti , adding
all internal edgesand all edges(D i;j ; Ti ) for each 1 � j � 2B + 1. Note that
all subgraphsinduced by the sets f X i ; D i;j ; Ti ; Fi g for 1 � j � 2B + 1 are
isomorphic, hencethere is no path from X i to Ti or to Fi in G1, otherwise
there would be 2B + 1 internal edgesand 2B + 1 assignment edges.. The
number of edgesincident on X i , Fi or Ti is at most 2B from the boundedness
of Max2Sa t-B , henceweight(G2) � weight( G1). It is immediate to note
that all cyclesin hV; E2; F i are also in hV; E1; F i , since in G2 there cannot
be any special cycle including edgesin C(i ). This is due to the fact that
when we add someinternal or assignment edges,we remove all other edges
incident on Ti or Fi . Sincewe have not creatednew cycles,the �nal graph
G2 is a trace alignment of G = hV; E; F i .

From Lemma 3.6.3 we can always get a truth assignment from a trace
alignment.

Lemma 3.6.4. Let G = hV; E; F i be a graph obtained reducing an instance
of Max2Sa t-B , and let G1 = hV; E1; F i be a trace alignment of G such
that all vertices D i;j are adjacent to Ti or are all adjacent to Fi . Then it is
possibleto compute (in polynomial time) a trace alignment G2 = hV; E2; F i
suchthat weight(G1) � weight( G2) and for each clausecl there is at least an
undirected edgeincident on one of the vertices encoding suchclause.

Proof. Let G1 = hV; E1; F i be a trace alignment, and poseinitially E2 equal
to E1. For each clausecl such that the corresponding clauseverticesare not
incident on any undirectededgesadd the left lower edgeto E2. Sincethere is
only oneedgeincident on L i and no edgeincident on Ri , there are no cycles
including L i or Ri .

Lemmata 3.6.3,3.6.4allow us to take into account only trace alignments
whereall vertices D i;j are adjacent to Ti or to Fi , and each pair of vertices
Ti ; Fi hasat least an undirected edgeincident on such pair. In the following
we will call such a trace alignment a canonical alignment. An immediate
consequenceof such Lemmata is that there existsan optimal alignment that
is canonical. We have already stated that a canonicalassignment encodesa
truth assignment, in the following we will prove that a clausehave two undi-
rectededgesincident on the verticesencoding it only if such clauseis satis�ed
by the assignment. In order to prove that we needtwo useful properties of
canonicalalignments.
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X i

F iT i

L l Rl

Figure 3.6: Cycle of the proof of Lemma 3.6.5

Prop osition 3.6.5. Let G = hV; E; F i be a graph obtained reducing an in-
stance of Max2Sa t-B , and let G1 = hV; E1; F i be a canonical trace align-
ment of G. Let cl be a clausewhosecorresponding pair has two undirected
edgesincident on it in G1. Then such edgesare both left edgesor are both
right edges.

Proof. Assumeto the contrary that cl is a clausesuch that L l and Rl are
both adjacent to an undirected edge in G1. By Lemma 3.6.2 such edges
cannot be both upper edgesor both lower edges. W.l.o.g. we can assume
that (L l ; X rvar( l )); (Rl ; Tlvar(l )) 2 E1. SinceG1 is a canonicalalignment then
(D rvar(l );1; Tlvar(l )) 2 E1 or (D rvar(l );1; Flvar(l )) 2 E1. If (D rvar(l );1; Tlvar(l )) 2
E1, hL l ; (L l ; Rl ); Rl ; (Rl ; Tlvar(l )), Tlvar( l ) ; (Tlvar(l ) ; D lvar(l );1); D lvar( l );1, (D lvar( l );1;
X lvar(l )), X lvar( l ) , : : : ; X rvar(l ) , (X rvar( l ) ; L l ), L l i is a cycle in G1, otherwise
hL l ; (L l ; Rl ); Rl ; (Rl ; Tlvar(l )); Tlvar( l ) , (Tlvar( l ) ; Flvar(l )), Flvar( l ) , (Flvar(l ) ; D lvar( l );1);
D lvar( l );1, (D lvar( l );1; X lvar(l )), X lvar( l ) , : : : ; X rvar( l ) , (X rvar(l ) ; L l ), L l i is a cycle in
G1; in both casescontradicting the assumptionthat G1 is an alignment.

Prop osition 3.6.6. Let G = hV; E; F i a graphobtained reducingan instance
of Max2Sa t-B , and let G1 = hV; E1; F i be a canonical trace alignment
of G. Let cl be a clausewhoseleft edgesare in G1. Then (D lvar( l );1; P(l ;
lexp(l))) 2 E1.

Proof. Assumeto the contrary that (D rvar(l );1; P(l ; rexp(l))) =2 E1. Whenever
P(l; rexp(l)) = true, then hRl ; (Rl ; Tlvar(l )); Tlvar(l ) ; (Tlvar( l ) ; Flvar(l )); Flvar( l ) ;
(Flvar( l ) ; D lvar(l );1); D lvar( l );1, (D lvar(l );1; X lvar(l )), X lvar( l ) , (X lvar( l ) ; Rl ), Rl i is a
cycle, otherwiseP(l; rexp(l)) = false. In such casehRl ; (Rl ; X lvar(l )), X lvar(l ) ,
(X lvar( l ) ; D lvar( l );1); D lvar( l );1; (X lvar( l ) ; Tlvar(l )); Tlvar( l ) ; (Tlvar(l ) ; Flvar( l )); Flvar( l ) ;
(Flvar( l ) ; Rl ); Rl i is a special cycle.
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Along the samelines it is immediate to prove that if both right edgesof
a clausecl are in G1, then (X rvar( l ) ; P(l ; rexp(l))) 2 E1.

Prop. 3.6.6relatesthe cost of the trace alignment with the truth assign-
ment. More precisely it says that for each clausethat has two undirected
edgesincident on its vertices,sinceby Lemma 3.6.5such edgesare incident
on oneof the two clausevertices,such vertex encodesa variable that makes
such clausesatis�ed.

From Prop. 3.6.6and Lemma 3.6.1follows a fundamental corollary:

Corollary 3.6.7. Let x i be a variable that appears positive and negative in
an instance of Max2Sa t-B , let G = hV; E; F i be the associated instance of
MT A and let G1 be trace alignment for G. Let c1; c2 be two clausessuch
that x i appears positive in c1 and negative in c2. Then there cannot be two
undirected edgesincident on both verticesencoding the two occurrencesof x i .

This allows us to state that the cost of the trace alignment implies an
upper bound over the number of clausesthat aresatis�ed by the assignment.

From Corollary 3.6.7 it is immediate to prove that

Opt(G1) = 2(2B + 1)n + k + opt(S) � (4B + 9) Opt(S) (3.1)

where the equality, together with the fact that G1 is optimal, follows from
Lemma3.6.6and the inequality follows from the fact that Opt(S) � k=2 and
n � k=2.

The next step is to reconstruct a truth assignment � from a feasible
solution of MT A . By Lemmata 3.6.3,3.6.4we can assumethat such feasible
solution is a canonical trace alignment. Let G1 = hV; E1; F i be a canonical
trace alignment of G = hV; E; F i , we will construct an assignment � for S.
SinceG1 is a canonicaltrace alignment D i; 1 is adjacent either to Ti or to Fi .
Then � (x i ) = true if and only if D i; 1 is adjacent to Ti . By Lemma 3.6.6,
it is immediate to prove that for each clausepair such that both left edges
or both right edgesare in E1, the corresponding clauseis satis�ed by the
assignment � . It follows directly that

Opt(S) � cost(� ) � Opt(G) � cost(G1) (3.2)

To prove that our reduction is an L-reduction we have to prove that
Opt (S)� cost(� )

Opt (S) � � Opt (G)� cost(G1 )
Opt( G) for a certain constant � .

From (3.1) and (3.2) posing � = 4B + 9 su�ces.
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Chapter 4

Comparing Sequences:
Appro ximating the Alignmen t

4.1 In tro duction

In Chapter 3 we have shown somenegative results on the possibility of de-
signinge�cien t exactor approximate solutionsto the Mul tiple Sequence
Alignment problem. In this chapter we will instead focusour attention to
a restricted versionof the problem which hasstrong biological relevanceand
we will describe a polynomial-time approximation schemefor such problem.
In [58], Jiang et al. ask whether a particular restriction of the Mul tiple
Sequence Alignment problem, namely the caseof metric scoringmatrix
that we proved to be NP-hard, is in PTAS. In this chapter we will give a
positive answer to a closelyrelated questionby showing that a restriction of
Space-L Mul tiple Sequence Alignment doesadmit a polynomial-time
approximation scheme; more precisely, such a polynomial-time approxima-
tion schemeexists when the ratio of the costsbetweeneach pairwise align-
ment is in a �xed interval.

Since Theorem 3.5.1 states that the Space-L Mul tiple Sequence
Alignment is APX -hard, we need to introduce a restriction in order to
describe a PTAS.

De�nition 4.1.1 (V ariabilit y). Let I = hht1; : : : ; tk i ; (dM ; g)i be an in-
stanceof the Space-L Mul tiple Alignment problem, then the variability
of I , denotedby v(I ), is

v(I ) = maxf
n� (M ) + Lg

dopt
M ;L (t i ; t j )

: 1 � i < j � kg

45
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where� (M ) is the maximum valuedM (a1; a2) betweentwo di�eren t symbols
a1; a2 2 � [ f � g.

Pleasenote that the value v(I ) of the instance I can be computed in
polynomial time. The Space-L Mul tiple Alignment (� ) problem is the
restriction of the Space-L Mul tiple Alignment problem to instancesI
with s(I ) � � .

A fewcomments arein order. The mostcommonmultiple alignment prob-
lem in Molecular Biology is the alignment of homologousprotein sequences
from di�eren t species.For a pair ht i ; t j i of such sequences,the corresponding
aligned sequencesha(i; j )t i ; a(i; j )t j i will be small only if the original se-
quencest i ; t j are very similar, which usually happensonly if the two species
of origin have a relatively recent (in the time scaleof evolution) common
ancestor,and will be closeto the averagedistanceof random sequencesif the
speciesdivergeda long time ago, or if the optimal alignment requiresmore
than L spaces.For scoringmatricesusedin practice, the averagedistanceof
random sequencesis usually a number of about the sameorder of magnitude
as n� (M ). The algorithms usedin practice for multiple sequencealignment
tend to perform well if all sequencesare closelyrelated to each other, while
our �rst theoremcoversoneof the casesthat aredi�cult in practiceand quite
common,namely the casewherenone of the sequencesare closelyrelated to
each other.

4.2 The Appro ximation Scheme

The main results of this sectionis the following:

Theorem 4.2.1. The Space-L Mul tiple Alignment (� ) problemhas a
ptas for all constants � .

Note that in the above theorem,the scoringscheme(dM ; g) is considered
part of the input, thus the theorem works for all a�ne scoringschemes,no
matter whether the scoring function is a metric and the gap penalties are
�xed or variable. This doesnot contradict the results about APX -hardness
from [60] though, since the variabilit y of the instancesused to obtain the
latter results was not bounded.

Theorem4.2.1will be provedby reformulating it asa kind of facility loca-
tion problem. To seethe connection,supposea communication network is to
be set up in a country that consistsof k regions. In each region, there should
be oneswitchboard of the network, and each switchboard is to be connected
by expensive, high quality cable to every other switchboard. If in each re-
gion there are several possiblelocations for the switchboard that are equally
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good for the operation of the network within this region, then the locations
of switchboards should be chosenin such a way as to minimize overall cost
of cable betweenthem. The question of choosing optimal locations for the
switchboardscan then be formalizedas follows. The Switchbo ard Loca-
tion problem [Pb. 25] has as instance somedisjoint sets R1; : : : ; Rk called
regions, as well as a distancefunction d betweenall pairs of points x i ; x j in
R1 [ � � � [ Rk . The distancefunction givesstrictly positive valueswhenever
the two points are distinct. A feasiblesolution is a set hx1 : : : ; xk i of points
such that x i 2 Ri for 1 � i � k. The problem asksfor a feasiblesolution
that minimizes

P
1� i<j � k d(x i ; x j ).

While facility location problemswith objective functions similar to those
of Switchbo ard Loca tion have beenstudied for regionsof the real line
(seee.g. [93], [6]), we are not aware of any published results concerningthe
generalformulation of Switchbo ard Loca tion given above.

We will discusslater how instancesof Space-L Alignment (� ) can be
mappedto suitable instancesof Switchbo ard Loca tion in order to havea
(1+ � ) approximation algorithm. But �rst we have to introducea restriction
of Switchbo ard Loca tion similar to the one introduced for Space-L
Alignment . Let I = f R1; : : : ; Rk ; dg be an instanceof the Switchbo ard
Loca tion problem. We de�ne the spread s(I ) of I as

s(I ) =
maxf d(x i ; x j ) : 1 � i < j � k; x i 2 Ri ; x j 2 Rj g
minf d(x i ; x j ) : 1 � i < j � k; x i 2 Ri ; x j 2 Rj g

:

It is immediatefrom the de�nition that s(i ) � 1. For any pair of constants
P; � , the Switchbo ard Loca tion P (� ) problem is the Switchbo ard Lo-
cation problem restricted to instancesof spreadat most � and whereeach
region contains at most P points.

Theorem 4.2.2. The Switchbo ard Loca tion P (� ) problemadmits a ptas
for all constantsP; � .

Proof. Now let � be a �xed constant, and supposewe have an instanceI of
the Switchbo ard Loca tion P (� ) problem, wheref Ri : 1 � i � kg are the
regionsof I , and Ri = f x i;j : 1 � j � Pg. (Sinceonecanalways add dummy
points to the regions,we do not losegenerality by assumingthe regionsto
be exactly of cardinality P.) Let D be the value minf d(x i;j ; xh;` ) : 1 � i <
h � k; 1 � j ; ` � kg. Now we can formulate the Switchbo ard Loca tion
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problem as PIP:

minimize
X

1� h<i � k; 1� j ;` � k

d(x i;j ; xh;` )
D

yi;j yh;` (4.1)

subject to
X

j

kyi;j = k i = 1; : : : ; k

yi;j 2 f 0; 1g i = 1; : : : ; k; j = 1; : : : ; P

Pleasenote that the total number of variablesis at most kP. Sinces(I ) � � ,
all coe�cien ts of the objective functions are between1 and � . Thus the PIP
is � -smooth.

Now supposewewant to �nd a solution to the Switchbo ard Loca tion
problem that is within a factor of (1 + ") of minimum. Setting � = "

2P 2 , and
running the algorithm of [8] on the PIP de�ned above, we �nd a 0=1 solution
that satis�es all constraints within an additive error of O(�

p
kP logkP).

Sincefor 0=1 solutionsthe left hand sidesof our sideconstraints aremultiples
of k; for su�cien tly large k we can assumethat these side constraints are
satis�ed exactly. But then for each regionRi , exactly oneof the numbersyi;j

is equalto 1. Thusthe correspondingx i;j 's form a feasiblesolution of instance
I of the Switchbo ard Loca tion problem, and the sum of the distances
is within an additive error of D"

� k
2

�
. By the choice of D, the minimum

value for the sum of all distancesin any feasiblesolution of instanceI of the
Switchbo ard Loca tion problem cannot be lessthan D

� k
2

�
, and thus we

have found, in polynomial time, an approximation within a factor of (1 + ").

Now let us show how Theorem 4.2.2 implies Theorem 4.2.1. Suppose
we are given an instance I = hht1; : : : ; tk i ; (dM ; g)i of the Space-L Align-
ment (� ) problem, and let " > 0. We want to �nd a space-L multiple align-
ment of thesesequencesthat scoreswithin (1+ ") of optimum. Let N = d4L�

" e
and note that N is a constant. Let n be the length of the longestamongthe
sequencest1; : : : ; tk , and let K = d2N + gN

� (M ) e.
First assumethat n � K . In this casewe let Ri be the setof all sequences

x i;j that are obtainable by inserting L spacesinto t i (at the beginning,end,
or betweensymbols). This set contains at most

� K + L
L

�
elements. Note that� K + L

L

�
is a constant that does not depend on the number of sequencesk.

Thus the family f Ri : 1 � i � kg together with the distancesd(x i;j ; x i 0;j 0)
de�ned by the scoring schemeis an instance of the Switchbo ard Loca-
tion problem wherethe cardinality of all regionsis boundedby the constant� K + L

L

�
. Feasiblesolutions of the Switchbo ard Loca tion problem are ex-

actly all space-L alignments of our sequences,and the objective function of
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the Switchbo ard Loca tion problem is exactly the SP-scoreof the align-
ment. Sincethe variabilit y of the Space-L Alignment problem is bounded
by � , the spreadof the corresponding Switchbo ard Loca tion problem
that we constructedis alsoboundedby � . Thus the ptas for Switchbo ard
Loca tion (K + L

L )(� ) �nds a solution within (1 + ") of optimum.
Now assumethat n > K . In this casewe partition each sequencet i into

consecutive chunks hsi;h : 1 � h � N i , wherethe length of each chunk di�ers
from n

N by no more than 1. With each function f : f 1; : : : ; N + 1g ! N such
that

P
1� i � N +1 f (i ) � L we associate a sequencet i;f by inserting f (h) space

symbols to the left of each chunk si;h . In other words,

t i;f = � f (1) si; 1� f (2) si; 2 : : : � f (N )si;N � f (N +1)

Now we let Ri be the set of all t i;f for functions f : f 1; : : : ; N + 1g ! N
that satisfy

P
1� i � N +1 f (i ) � L . We run the approximation algorithm for

Switchbo ard Loca tion N +1 (� ) that �nds a solution within (1 + "
3) on the

instancehR1; : : : ; Rk ; (dM ; g)i .
The algorithm returns a space-L multiple alignment ht1;f 1 ; : : : ; tk;f k i of the

sequencesht1; : : : ; tk i . We want to prove that the alignment ht1;f 1 ; : : : ; tk;f k i
scoreswithin (1 + ") of optimum. Let hat1; : : : ; atk i denote the space-L
multiple alignment with optimal SP-score. For each i , let gi : f 1; : : : ; N +
1g ! N be the function such that for each 1 � i � k and 1 � h � N , gi

is equal to the number of spacesin at i inserted immediately to the left of
the chunk si;h or betweencharactersof si;h . Instead of t i;g i we will write bti .
Sincebti 2 Ri for each i , we have

SP(ht1;f 1 ; : : : ; tk;f k i ) � (1 +
"
3

)SP(hbt1; : : : ; btk i ):

Since1 + " > (1 + "=2)(1 + "=3) whenever " < 1, it now su�ces to show
that

SP(hbt1; : : : ; btk i ) � (1 +
"
2

)SP(hat1; : : : ; atk i ):

Let us split the sequencesati , bti into N + 1 chunks ati;h , bti;h for 1 � h �
N + 1 wherebti;h = � gi (h)si;h , si;N +1 is the empty string, and jbti;h j = jati;h j,
so that ati = ati; 1ati; 2 � � � ati;N +1 and bti = bti; 1bti; 2 � � � bti;N +1 . From the de�-
nition of gi , whenever gi (h) = gj (h) = 0, the pairwise alignment hat i;h ; atj ;h i
is the sameas hbti;h ; btj ;h i . Since at most L spacesare inserted into each
sequencet i , and sincethe maximum penalty on each chunk (excluding the
newly insertedspaces)is equalto the length of the chunk (i.e. at most n

N + 1)
multiplied by � (M ), and there are globally only L extra spaces,we get the
inequality

dM (bti ; btj ) � dM (ati ; atj ) + � (M )L(2 +
n
N

) + Lg:



50 CHAPTER 4. APPROXIMA TING THE ALIGNMENT

Sincen > 2N + gN
� (M ) and � (M ) Ln

N � 2L� (M ) + Lg, we get

dM (bti ; btj ) � dM (ati ; atj ) + � (M )n
2L
N

:

By the choiceof N , the latter yields

dM (bti ; btj ) � dM (ati ; atj ) +
� (M )n"

2�
:

Since the spread of our instance was assumedto be at most � , we have
dM (ati ; atj ) � � (M )n

� , and we get

dM (bti ; btj ) � dM (ati ; atj )(1 +
"
2

);

as required.
The following resultson hardnessof Switchbo ard Loca tion problems

are not coveredby Theorem3.5.1.

Theorem 4.2.3. The Switchbo ard Loca tion 2(� ) problem is NP-hard
for each �xed constant � > 1.

Proof. Let � > 1. Since the number of instancesof Switchbo ard Lo-
cation 2(� ) increaseswith � , we may without loss of generality assume
that � � 2. We prove the theorem by reducing the Max-Cut problem
to Switchbo ard Loca tion (2(� ). Given a graph G = hV; Ei with vertices
V = f v1; : : : ; vkg, construct a metric spaceX = f x1; : : : ; xk ; y1; : : : ; ykg as
follows: For i 6= j , we let d(x i ; x j ) = d(yi ; yj ) = 1. If f vi ; vj g 2 E, then
d(x i ; yj ) = � ; if f vi ; vj g =2 E, then d(x i ; yj ) = 1. (Note that for our choice
of � , the distance function is actually a metric.) For 1 � i � k, the region
Ri is de�ned as f x i ; yi g. This givesus an instance I of the Switchbo ard
Loca tion (2(� )) problem. Every solution �x of I inducesa partition hVx ; Vy i ,
where Vx = f vi : x i 2 �xg and Vy = f vi : yi 2 �xg. If c�x denotesthe sizeof
the cut induced by the partition hVx ; Vy i , then the measureof �x is equal to� k

2

�
+ (� � 1)(jE j � c�x ), and the theorem follows from NP-hardnessof the

Max-Cut problem.

Theorem 4.2.4. The Switchbo ard Loca tion 2 problemis APX -hard.

In view of our observation that Gap-0-1 Alignment is a special caseof
Switchbo ard Loca tion , Theorem4.2.4 is a corollary of Theorem3(c) of
[60].



Chapter 5

Comparing Sequences:
Appro ximating Sub- and
Supersequences

5.1 In tro duction

The problemsof computing the Longest Common Subsequence (LCS)
and the Shor test Common Supersequence (SCS) of a set of sequences
are two well-known NP-hard problem [75]. The problem of computing the
longestcommonsubsequenceof two sequenceshas beendeeply investigated
(seethe survey in [80]), and a number of algorithms have beenproposedin
order to improve the running time for typical instances[5, 81, 56, 83], but
all these algorithms still have a O(n2) time complexity in the worst case.
The only algorithm that has broken this barrier is the one by Masek and
Paterson[76] basedon the Four Russians'technique [7]; their algorithm has
O(n2=logn) time complexity.

Let us now considerthe generalproblem of computing the longestcom-
mon subsequenceof k sequencesof length n; even this problem has been
studied by several authors, proposingalgorithms basedon the dynamic pro-
grammingtechnique[54, 49], but they werenot able to substantially improve
the O(nk) time and spacecost in the worst case.Theserequirements however
are unacceptableeven for small k in most situations, sincethe parametern
is usually extremely large in practice (e.g. text-editing, analysisof biologi-
cal sequences,wheren can be greater than 500). Consequently peoplehave
moved their interest towards the search for heuristic algorithms to �nd an
approximate solution for the LCS problem. But, also in this framework,
negative results have beenprovided for the LCS problem over an arbitrary

51
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alphabet: Jiang and Li [59] proved that the problem hasno polynomial time
approximation algorithm with performanceratio n� , for any constant � < 1,
unlessP = NP. Despitethe discouragingresults, it hasbeenproved that the
LCS problem over a �xed alphabet can be indeed very well approximated
on the averageby using a simple algorithm called Long Run [59]: it gives
as a solution of the LCS for a set S of sequences,the sequence� l , such
that � l is the longest commonsubsequenceof S of the form � l , for � 2 �.
The Long Run algorithm works quite well in practice sinceit can provide a
solution which has a length closeto the optimum. More precisely, in [59],
Jiang and Li proved that given n input sequencesgeneratedrandomly ac-
cording to the uniform probability distribution, all of the samelength n and
over �xed alphabet, then the Long Run algorithm approximates the longest
common subsequencewith an O(n1=2+ � ) expected additive error (the addi-
tiv e error is given as the di�erence betweenthe length of the optimum and
of the approximation) for any � > 0. Anyway this doesnot imply that Long
Run performswell on instancesmadeof a relatively small number (e.g. less
than 30) of long sequences(more than 100characterseach). Moreover, even
though Long Run gives a solution whoselength is a good approximation of
the optimal one, it is quite evident that this algorithm presents somedeep
shortcomingsthat are more relevant in the molecular biology setting. In
fact the Longest Common Subsequence problem is used to model the
comparisonof biological sequences[48] and the actual longestcommonsub-
sequenceof a set of biological sequencesshould represent someregionsthat
arecommonto all sequences,hencethe longestcommonsubsequenceis likely
to point out somehighly conserved regions.Anyway it is not hard to realize
that the subsequencegiven by LongRunseldomhasany biological meaning,
as it contains only onedistinct symbol.

Another drawback of using Long Run to compute a subsequenceis that
it does not give the optimal solution even when the instancecontains only
onesequence(the optimal solution is trivially the sequencein the instance).
Moreover it is possibleto prove that there are instancesconsisting of one
sequencewhereLongRun givesa subsequencewhoselength is 1=j� j of that
of the actual longest common subsequence,where j� j is size of the alpha-
bet �. Actually, it is not di�cult to prove that j� j is also the guaranteed
performanceratio of LongRun.

The Shor test Common Supersequence (SCS, in short) allows to
model di�eren t computational problemsand henceit hasseveral applications
in various areas,mainly scheduling [43], data compression[91], query opti-
mization [86], text-editing and DNA sequenceassembly in Computational
Biology [85].

The problem SCS of a set S of sequencesconsistsin the computation
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of a common supersequenceof S that has minimum length; whenever the
instancescan contain at most k sequencesof maximum length n, then the
problem can be solved in O(nk) time and spaceby dynamic programming.
Anyway this approach is not feasiblein practice, exceptfor small valuesof n
and k. Just asfor Longest Common Subsequence such approach canbe
improved by exploiting the Four Russians'technique, resulting in a O(log n)
speedup.

When the instancesare not required to contain only a constant number
of sequences,the problem is intractable even in the restricted caseof bi-
nary alphabet, as proved by Maier [75]: this result hasshifted the attention
towards the investigation of approximation algorithms for the problem. In
this direction, Irving and Fraser [55] analyzed the quality of the solutions
returned by two approximation algorithms called Tournamentand Greedy,
proving somenegative results. More precisely they have shown that such
algorithms cannot match the worst-caseapproximation ratio of a trivial al-
gorithm which achievesj� j-approximation ratio over a �xed alphabet �. In
fact, a j� j-approximation for the SCS problem over an instanceconsistingof
sequencesof length at most n over the �xed alphabet � = f � 1; � � � ; � qg can
be achieved simply by producing the commonsupersequence(� 1� 2 � � � � q)n :
such algorithm is calledAlphabet. More recent resultsby T. Jiang and M. Li
point out that the SCS problem is also hard to approximate whenever the
alphabet is not �xed, while the sameauthors proved that the averageper-
formanceratio of the Alphabet algorithm is quite satisfactoryasymptotically.
After the work by Timkovsky [94] that proposeda small improvement to the
trivial approximation factor j� j achieved by Alphabet, to our knowledgeno
new approximation algorithm with a guaranteed factor has beenproposed.
Getting any improvement in this direction appearsto be a challengingques-
tion, mainly becausethe known approximation algorithms arenot very useful
in practice for two reasons:the answer that Alphabet producesdependsonly
on the alphabet size and on the maximum length of a sequencein the in-
stance,and it is not really dependent on the setSof sequencesof the instance,
consequently it is unableto get closeto an optimum solution in all cases.On
the other hand the heuristics proposedby Irving and Fraser can produce
a solution whosesize is very far from the the optimal one (more precisely
there are instanceswhereTournamentand Greedyproducea solution whose
approximation ratio over binary alphabet is not boundedby any constant).
In this chapter we will describe an approximation algorithm for LCS and
onefor SCS. Both algorithms are improvements of an algorithm over binary
alphabet that hasbeendescribed in [23]. The main idea is that the optimal
commonsupersequencecanbe thought asbuilt of blocks, whereeach block is
a substring containing only onedistinct symbol of the alphabet. If we knew
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the alphabet symbol in each block of the optimal solution then it is likely
that somestrategy for computing the approximate lengthsof the blocks may
lead to a good solution. In particular in the caseof binary alphabet it is
possibleto restrict the possiblechoicesfor such alphabet symbols to a set
whosesize is polynomial in the sizeof the input, moreover such set can be
easily computed. How to compute such set and the strategy to expand or
reducethe lengths of the blocks is the coreof our algorithms.

The algorithm for the LCS problem is called Expansion, and hasa guar-
anteed performanceratio j� j, hencematching the one of Long Run, even
though such bound is not tight for our algorithm. Moreover we will show
experimentally that the averageperformanceof our algorithm is de�nitely
better than the one of Long Run. The algorithm is basedon a technique
similar to the oneinitially proposedfor the Shor test Common Superse-
quence problem in [23].

The experiments havebeenexecutedon two main groupsof instances:one
consistingof sequencesof length between90and 100and the other consisting
of sequencesof length between400and 500.

The goalsof the two experiments are di�eren t. In the �rst one we have
instancescontaining random sequencesand we compare the approximate
solution with the optimum one, so that we can compute exactly the per-
formance ratio of the algorithm on these instances. The instancesof the
secondexperiment contain a greater number of longer sequences,moreover
the sequencesare fairly homologousin order to point out the behavior of the
algorithm over biological sequences.In fact each instancecontains sequences
generatedfrom a random sequencesimulating an evolution accordingto the
Jukes-Cantor [74] model of evolution, henceare su�cien tly representativ e
of the sequencesusually found in practice. Instancesgeneratedin this way
contain sequencesof at least 400 symbols, thus ruling out the possibility of
comparingthe approximate solution with the exactsolution, sincea dynamic
programming algorithm for such instanceswould not be feasible. Nonethe-
lesswe are able to provide an upper bound on the performanceratio of the
algorithm, basedon the fact that a common subsequenceof a set S of se-
quencescannot be longer than the shortest sequencein S. Sincesuch bound
is trivial we expect that the performanceratio of our algorithm is de�nitely
better than the onewe have obtained.

A comparisonbetween the results obtained from the two main experi-
ments has allowed to con�rm that the Expansionalgorithm achieves an av-
erageperformanceratio lessthan 1:08, while the Long Run has an average
performanceratio which is at least 1:34.

In this chapter, we propose a new approximation algorithm (Reduce-
Expand) for the SCS problem over a �xed alphabet (binary and of arbitrary
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size) that has the sameguaranteed approximation of the trivial one, but
overcomesits negative limits. Sincethe practical useof such an algorithm is
the main issue,we compareexperimentally our newalgorithm with Alphabet,
giving particular attention to instancesrepresenting real-world cases.

In this direction oneof the objectivesis to check if the performanceof the
algorithm doesnot degradefor sequencesthat havemorethan 100characters,
as this is the usual sizeof sequencesoccurring in practice when we have to
deal with biological sequences.In fact we testedour algorithm for sequences
up to 500characters,and we have got quite satisfactory results.

In all our experiments it hasnot beenpossibleto computethe exact solu-
tions; in fact, aspointed out previously, the dynamic programmingapproach
is not feasiblein practice due to time and spaceconstraints. Consequently
we had to usea lower bound on the length of the optimal solution, in placeof
the optimum, in order to computean estimatedapproximation ratio achieved
by the algorithms examined.

5.2 Preliminaries

In this sectionwe will introducesomefundamental notions that will be used
in this chapter.

De�nition 5.2.1 (Basic Sequence). A basic sequence of length k over �
is a sequence� 1 � � � � k , with � i 2 � for all 1 � i � k and � i 6= � i +1 for all i ,
1 � i < k.

Pleasenote that there are j� j(j� j � 1)k� 1 basicsequencesof length k over
an alphabet �.

De�nition 5.2.2 (Substream). Let S be a set of sequences,then a sub-
stream of S is a basicsequencethat is a commonsubsequenceof S.

Analogously we de�ne a superstream as a basic sequencethat is a com-
mon supersequenceof S. When S contains only a sequences, by substream
(superstream)of s we meanthe substream(superstream)of f sg.

De�nition 5.2.3 (Factorization). Let s be a sequence,then factoriza-
tion into blocks of s is the 2k-tuple h� 1; j 1; � � � ; � k ; j k i , where � 1 � � � � k is a
substreamof s, j l > 0, for 1 � l � k and � j 1

1 � � � � j k
k = s.

The sequence� j i
i introducedin Def. 5.2.3is calledthe i th block of s, while

the run of a sequenceis the maximum length of oneof its blocks.
The following set of instanceswill be used as an example. Let S be

the set f aabbaabcbc; abbbbcbbabbaa; bcabbbabg, then the factorizations



56 CHAPTER 5. APPROXIMA TING LCS AND SCS

of the sequencesin S are respectively f (a;2)(b;2)(a;2)(b;1)(c;1)(b;1)(c;1),
(a;1)(b;4)(c;1)(b;1)(a;1)(b;2)(a;2), (b;1)(c;1)(a;1)(b;3)(a;1)(b;1).

The basicsequencesof length 2 over the alphabet f a; b; cg are ab, ac, ba,
bc, ca, cb, moreover ab is a substreamof S while ca is not. Note that the
sequencesin S have run 2, 4 and 3 respectively.

We introduce now the formal de�nitions of the two problemsstudied in
this chapter.

Problem 4 (Longest Common Subsequence).
Instance: a setsS of sequences.
Solution: a common subsequence of S, that is a sequences such that s can
be obtained from each sequencein S by removing somecharacters of such
sequence.
Goal: to maximize the length of the subsequence.

Problem 5 (Shortest Common Supersequence).
Instance: a setsS of sequences.
Solution: a common supersequence of S, that is a sequences such that s can
be obtained from each sequencein S by inserting somecharacters of such
sequence.
Goal: to minimize the length of the subsequence.

It is possibleto solve in polynomial time both LCS and SCS problems
for instancescontaining a constant number of sequencesvia dynamic pro-
gramming [85], but it would require O(nk) time and space,where n is the
length of the longestsequencein S. Hencethis algorithm is feasibleonly for
small valuesof n and k. An improvement of such algorithm basedon the
Four Russians'technique [7] is possibleand the time complexity would be
O(nk=logn), but the hidden constants would not make such an algorithm
more appealing than the one in [85] for practical cases.

In [53] Hirschberg described a linear spacealgorithm for computing the
length of an optimal solution to the LCS problem over 2 sequences:such
algorithm can be generalizedto computethe optimum value of the objective
function our problems, leading to an O(nk) time and O(nk� 1) spacealgo-
rithm, but with a time complexity which is roughly twiceasmuch asthe one
of the dynamic programming algorithm described in [85].

When the number k of sequencesis not �xed, but it is a part of the
instance, the time complexitiesof the algorithms beforementioned are not
polynomial. In fact it is known from [75, 82] that in such casethe decision
versionof the LCS problemis NP-completealsoover binary alphabet. Hence
the subsequent step is to look for e�cien t approximation algorithms; an
exampleof such an algorithm is the LongRun.
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It is rather straightforward to describe the Long Run algorithm. Given
a set S of sequencesover the alphabet �, let occur� (s) be the number of
occurrencesof � in a sequences. Then, for each symbol � 2 �, let c� be the
minimum value of occur� (s) over all sequencess 2 S. LongRun returns � c�

where� is the symbol of � maximizing c� .
While the LongRun algorithm over �xed alphabet givesan approximate

commonsubsequencewith a guaranteed performanceratio of j� j, it is easy
to note that such subsequencecontains only one symbol of the alphabet �,
so it is rather uselessin practice.

Now we can describe the Alphabet for the SCS problem. Let S be a set
of sequencesof maximum length n over the alphabet � = f � 1; : : : ; � qg then
a commonsupersequenceof S is (� 1� 2 � � � � q)n . The algorithm that returns
such a commonsupersequenceis calledAlphabet, it is immediateto note that
it achievesa j� j approximation ratio.

Two moreapproximation algorithms for the SCSproblem have beenpre-
sented in literature and areusedin this chapter, even though such algorithms
cannot have a constant approximation ratio on �xed alphabet: these are
called Greedyand Tournament. Let S = f s1; : : : ; smg be a set of sequences,
then Greedyreturns the sequenceGreedy(SCS(s1; s2); s3; : : : ; sm ) computed
recursively until there is only one sequencein the set. Let S = f s1; : : : ; smg
be a set of sequences,wherewe assumethat m = 2p, with p integer. Then
Tournamentreturns the sequenceTournament(

S i = m=2
i= i SCS(s2i � 1; s2i )), com-

puted recursively until there is only onesequencein the set.

5.3 The Algorithm for the LCS

In this section we proposea new approach for computing an approximate
solution of the LCS problem. Our algorithm is basedon the following main
observation: a longest common subsequenceof a set S of sequenceshas a
number b of blocks, with 1 � b � B , for B the length of a substreamfor S
of maximum length. A strategy to obtain a good approximation consistsof
expandingsubstreamsof di�eren t lengths, so that we obtain a solution with
factorization similar to the oneof a longestcommonsubsequence.Sincethe
number of possibleexpansionsof a stream (that is assigningan exponent
to each symbol of the stream) is exponential in n, we develop a polynomial
time strategy which takesinto account the variation in the sizeof the blocks
inside the factorizations of the sequencesin S: this behavior is realized by
the Expandprocedure.

The Expandprocedurereceivesasinput a set S of sequencesand a stream
e. It scanse from left to right, block by block, and at each time it tries
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to obtain a new common subsequenceof S by doubling the length of the
examined block. Then, it continues to expand the sequencefrom left to
right in this way, until no block of the sequencecan be doubled. Finally, it
examinesagain the sequencefrom left to right, trying each time to enlarge
the sizeof each block, until the sequencecannot be further expanded,since
otherwisethe property of being a commonsubsequenceof S is violated.

Expand(R0; : : : ; Rm ; t)
Input: A set S of sequencesand a basicsequencee = � 1 � � � � jej

For 1 � j � jej do
ki := 1
EndFor
Repeat

test := false
For 1 � j � jej do

If � k1
1 � � � � 2k j

j � � � �
k j ej

jej is a subsequenceof S then
kj := 2 � kj

test := true
EndIf

EndFor
Until test = false
kj := maxf � g such that � k1

1 � � � � �
j � � � �

k j ej

jej is a commonsubsequenceof S

Return(� k1
1 � � � � �

j � � � �
k j ej

jej ).

Figure 5.1: An outline of the Expandalgorithm

Computing the longest size of a block can be implemented with a bi-
nary search. A simple example will help the reader in understanding the
procedure. Let S be the set f a4b3a4b2a; a3b4a4b3g, then the sequencesof
the expansionsof the stream abab computed inside Expandis: abab, a2bab,
a2b2ab, a2b2a2b, a2b2a2b2, a2b2a4b2, a3b2a4b2, a3b3a4b2. The latter sequence
is the onereturned by the procedure.

The Expandproceduregivesa way to obtain a commonsubsequencefrom
a stream. The basic idea on which the Expansionalgorithm relies is com-
puting the longest commonsubsequenceof a set S of sequencesfrom a set
T of streamsof S, where each sequencex in T is expandedby the Expand
procedure. At the end, a set C of commonsubsequencesfor S is obtained:
then the sequenceof maximum length in C is the solution returned by the
algorithm.
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Computing a set of streamsrequirestwo di�eren t approachesdepending
on the sizeof the alphabet; in fact the setof all streamsover a binary alphabet
is polynomial in the sizeof the instance,henceit is possibleto compute all
of them. This is not true in the caseof arbitrary alphabets, wherewe have
to usesomesort of heuristic to computea subsetof all possiblesubstreams.

5.3.1 Binary alphab et

Let us �rst illustrate the main body of the algorithm in the caseof binary al-
phabet: all substreamsof the instancearecomputed,successively the Expand
procedureexpandssuch substreams.The best sequenceamongall returned
by the various calls to Expandis the output of the algorithm.

ExpansionBinary(S)
Input : A set S of sequences.
Let B be the minimum length of a stream of S.
For 1 � t � B do

zt := Expand(S; � 1� 2 � � � � t ), where� 1 = 0 and � 1 � � � � t is a stream of S
wt := Expand(S; � 1� 2 � � � � t ), where� 1 = 1 and � 1 � � � � t is a stream of S

EndFor
Let cs be the longestsequencein f zt : 1 � t � Bg [ f wt : 1 � t � Bg
Return(cs)

Figure 5.2: An outline of the Expandalgorithm over binary sequences

Note that given the instanceS = f a4b3a4b2a; a3b4a4b3g of the examplein
the previoussection,the Expansionalgorithm computeson input San approx-
imate solution of length at least 12, while LongRunreturns the subsequence
a7.

5.3.2 Arbitrary alphab et

As stated previously, in the caseof an arbitrary alphabet there is an addi-
tional di�cult y with respect to the binary casein applying the technique
of the Expandprocedure,which is given by the fact that the number of the
streamsof the instance may be exponential in the length of the sequences
in the instance. Thus we needto develop a heuristic to choosea subsetof
streamsthat will be expandedby the Expandprocedure. The heuristic we
give consistsof two steps: given a set S of sequences,we initially compute
all streamsof S of maximum length 2. Then we apply a greedy algorithm to
S to obtain a stream st of S. All substringsof st are streamsof S that are
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expandedby the Expandprocedure. The algorithm is stated below, where
we assumethat an exact longest common subsequenceof two sequencesis
computedby the dynamic programming algorithm in [30].

Greedy(S)
Input : A set S = f s1; : : : ; sjSjg of sequences.
If S contains only onesequencethen

Returnthe sequencein S
EndIf
If jSj = 2 then

lcs := LCS(s1; s2)
Returnthe longeststream of lcs

EndIf
For each si 2 S do

Replacesi with the longeststream of f si g
EndFor
For each i; j such that 1 � i < j � jSj do

si;j = jGreedy(f si ; sj g)j
temp[i; j ] := jsi;j j

EndFor
Let i; j be the pair of indicesthat maximizestemp[i; j ]
Return(Greedy(S� f si ; sj g [ si;j )

Figure 5.3: An outline of the Greedyalgorithm

5.4 Theoretical Analysis

Given a set S of k sequencesof length n, testing if a sequenceis a common
subsequenceof Scanbedonein O(nk) time. A careful implementation of Ex-
pandrequiresexactly 1 unsuccessfultest and at most O(log n) successfultests
for each block of the stream e. Consequently the total time to compute the
exponent of each block is O(log n), as the last step is a binary search. Since
there are at most n blocks, the time complexity of Expandis O(kn2 logn).

The ExpansionBinary algorithm contains at most 2n calls to Expand, con-
sequently the algorithm hasO(kn3 logn) time complexity.

The analysis of ExpansionArbitrary is slightly more involved. A careful
implementation of the Greedyprocedurehas O(k2n2) time complexity when
it receives as input the set S of sequences,while it requires O(n2) when
it receives 2 sequencesof maximum length n as input. The substrings of
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ExpansionArbitrary(S)
Input : A set S of sequences.
Str eams:= f s : s is a stream of S of length � 2g
Add to Str eams all substringsof Greedy(S)
Initially cs is the empty word;
For each z 2 Str eams do

w = Expand(S; z)
If w is longer than cs then

cs := w
EndIf

EndFor
Return(cs)

Figure 5.4: An outline of the Expandalgorithm over arbitrary alphabet

the output of Greedy(S) are at most n2, as such output must be a com-
mon subsequenceof S, consequently the streamsthat are expandedare at
most j� j2 + n2. It follows that the time complexity of the algorithm is
O((j� j2 + n2)(kn2 logn) + n2k2) = O((( j� j2 + n2) logn + k)kn2), for j� j > 2.
Consequently whenn > k and n > j� j, asin the instancesof our experiments
the time complexity is O(kn4 logn).

Observe that we can describe the Long Run algorithm as a restricted
caseof the Expansionalgorithm, thus showing that the solution computedby
such algorithm over a setS of sequencescannever be better that the solution
computedby our Expansionalgorithm.

LongRun(S)
Input : A set S of sequences.
Initially lcs is the empty word;
For each z 2 � do

w = Expand(S; z)
If w is longer than cs then

cs := w
EndIf EndFor

Return(cs)

Figure 5.5: An outline of the LongRunalgorithm

Sincethe set of streamsexpandedby Long Run is a subsetof those ex-
pandedby Expansion, it is immediate to note that the value of the solution
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returned by Expansionis always at least asgood asthe onereturned by Long
Run.

Corollary 5.4.1. The Expansionalgorithm has j� j guaranteed performance
ratio.

5.5 Exp erimen tal Analysis

In this section,we describe the resultsof two di�eren t groupsof experiments
we have developed to study the averagecasebehavior of our algorithm. The
�rst group contains instanceswith 4 random sequencesof length between
90 and 100, where the runs of the sequencesare generatedaccordingto the
uniform distribution. For theseexperiments we have beenable to compare
the approximate solution computed by the Expandalgorithm with the one
returned by LongRunand an exact longestcommonsubsequencecomputed
by the dynamicprogrammingalgorithm. Besidesa natural comparisonbased
on the lengthsof the solutions,we proposea measurerepresenting how much
the approximate solution resembles an optimal one. To achieve this goal
we introduce a new parameter, called similarity , which is de�ned by the
following formula relating the number N (S) of blocks of a longest common
subsequenceover the set S of sequencesto the number A(S) of blocks of the
approximate solution:

p
E((N (S) � A(S))2), where E() is the expectation.

Pleasenote that it is desirableto have an algorithm which achievesa small
similarit y index.

The secondgroup of experiments consistsof instanceswith 5, 10or 20se-
quenceswhoselengthsrangefrom 400to 500. Moreover the sequencesin each
set S are generatedfrom a random sequencebase(S) on which we simulated
an evolution processaccordingto the Jukes-Cantor model [74]. Moreover in
our simulation only deletions and substitutions were allowed. In this way
we can easily generateinstancesthat are representativ e of the onesusually
found in practice. It hasnot beenpossibleto compute the exact solution of
the LCS over such instances,due to both time and spaceconstraints1, hence
we have comparedthe length of our approximate solution with that of the
shortest sequencein S, which is an upper bound on the length of a longest
commonsubsequence.Consequently the ratios stated in Tables5.5, 5.5, 5.5
are upper bounds of the actual ones. Sincewe did not compute an actual
longestcommonsubsequence,it did not makesenseto computethe similarit y

1The space constraints are especially demanding, as a careful implementation of
Hirschberg's algorithm for instances of 5 sequencesof length 400 still requires at least
16Gbytes of memory
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index, hencein this casewe only dealt with the performanceratio. A fun-
damental parameterin all experiments is the maximum run of the sequences
in the instances.

The resultsof the �rst group of experiments aresummarizedin Table5.1,
wherethe the averageperformanceratio, the standard deviation of the per-
formanceratio and the similarit y index achieved by Expansionalgorithm and
LongRunare represented. The sequencesof the experiments are over binary
alphabet and are obtained by generatingsequencesof integer valuesaccord-
ing to a uniform distribution in the rangebetween1 and the maximum run:
each of such sequencegivesthe lengthsof the blocks. In particular this group
of experiments contains input sequenceswith length between90 and 100.

Max Run 2 6 12 18
AverageRA 1.0715 1.063 1.0496 1.0416

Expansion Std. Dev. 0.0205 0.0299 0.0374 0.0412
Similarity 6.2914 3.3651 2.2081 1.531

AverageRA 1.6224 1.4176 1.3717 1.3456
LongRun Std. Dev. 0.0428 0.0742 0.1083 0.1366

Similarity 50.779 15.9346 7.3655 4.5989

Table 5.1: Experiments over sequencesof length between90 and 100

In Table5.1 it is possibleto note that the Expansionalgorithm hasoutper-
formedthe LongRunalgorithm for each valueof the maximum run parameter
giving, on the average,a better solution both in terms of the length of the ap-
proximate solution and in terms of the number of blocks of the approximate
solution with respect to the number of blocks of an actual longestcommon
subsequence.In fact the Long Run algorithm has an averageperformance
ratio which is always at least 1:34, while the Expansionalgorithm has never
achieved an averageperformanceratio greater than or equal to 1:08. The
analysisof the similarit y index shows clearly that the Expansionalgorithm
computean approximate solution which is more similar to an actual longest
commonsubsequence,as the similarit y index of LongRun is always at least
three times as the oneof Expansion.

The secondgroup of experiments have beenrun over sequencesof maxi-
mum length 500and alphabetsof sizes4 and 20, that is usingthe alphabet of
DNA and protein sequencesrespectively. The results that we have obtained
arevery encouraging,sincethe Expansionalgorithm hasnever had an average
performanceratio larger than 1:16.

Studying how the performanceof our algorithm dependson the size of
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Min. Max Run
length 8 16 32
400 1.15024 1.08671 1.05411
450 1.04483 1.0266 1.0171
480 1.00787 1.00409

20 sequences,alphabet size4
Min. Max Run
length 8 16 32
400 1.15664 1.08485 1.05187
450 1.04413 1.02766 1.01634
480 1.00757 1.00397 1.00209

20 sequences,alphabet size20

Table 5.2: Results of the experiment over 20 sequencesof maximum length
500

Min. Max Run
length 8 16 32
400 1.13848 1.07975 1.04457
450 1.03437 1.0206 1.0117
480 1.00565 1.00333 1.00124

10 sequences,alphabet size4
Min. Max Run
length 8 16 32
400 1.13308 1.08091 1.04814
450 1.03421 1.02097 1.01232
480 1.00508 1.00231 1.00129

10 sequences,alphabet size20

Table 5.3: Results of the experiment over 10 sequencesof maximum length
500
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Min. Max Run
length 8 16 32
400 1.11052 1.05749 1.03417
450 1.01994 1.01274 1.00692
480 1.00361 1.00154 1.00074

5 sequences,alphabet size4
Min. Max Run
length 8 16 32
400 1.10212 1.05383 1.03377
450 1.02046 1.01149 1.00786
480 1.00271 1.05383 1.00067

5 sequences,alphabet size20

Table 5.4: Results of the experiment over 5 sequencesof maximum length
500

the alphabet has been one of the goals of this thesis. While it is obvious
that the algorithm should perform better on alphabets of smaller size, we
found out that the performanceof the algorithm smoothly get worsewhen
alphabet sizeincreasesfrom 4 to 20 (seeTable 5.5).

Another goal of our experiments has been determining how the perfor-
manceratio is in
uenced by the number of sequencesin each instance. In
this casethe degradationof the performancewith respect to the sizeof the
instances is noticeable, but it is still smooth. The Fig. 5.6 reports only
part of the results shown in Table 5.5, pointing out the dependenceof the
performanceof the algorithm with respect to the minimum length of the se-
quencesand the number of sequencesin the instance. Such results are from
experiments over sequenceswith maximum run 16 and alphabet size4 are
represented. Anyway, the trends of the resultswe have obtained for di�eren t
maximum runs and di�eren t alphabet sizesare similar to the onesreported
in such �gure.

The third goal of the experiments hasbeento determinehow the perfor-
manceratio of the algorithm dependson the maximum run of the sequences.
An interesting fact that it is possibleto devisefrom the results of the exper-
iments is that the performanceof the algorithm improvesas the maximum
run increases.This may seemquite surprising, but the Expandprocedureis
designedsothat it is able to adapt its behavior accordingto the distribution
of the runs in the sequences.In Table 5.5, which summarizesthe results of
this group of experiments we have not stated the standard deviation, since
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Figure 5.6: Experiments with maximum run 16

the valuesfound are along the samelines as those in the �rst experiment.

5.6 The Algorithm for the SCS

In this sectionwe are going to describe our algorithm called Reduce-Expand,
shortly RE. The algorithm contains four procedures:Half Reduce, AuxiliarySet
and Expand. The �rst procedureis called Half, it receivesas input a set S of
sequences,and for each s 2 S with factorization � (1)b(1) � � � � (k)b(k) it returns
a sequence� (1)db(1)=2e � � � � (k)db(k)=2e.

Half(S)
Input: a set S of sequences
Let R := ; .
For each s 2 S do

Let � (1)b(1) � � � � (k)b(k) be the factorization of s.
R := R [ f � (1)db(1)=2e � � � � (k)db(k)=2eg.

EndFor
Return(R).

Figure 5.7: An outline of the Half procedure

The procedureReducereceives as input a set of sequencesand exploits
Half to computea set of instancesof the SCSproblem.
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Reduce(S)
Input: a set S of sequences
Let maxr un be maxf run(s) : s 2 Sg;
m := dlog2(maxr un)e;
Rm := S;
Fori := m downto 1 do
Ri � 1 := Half(Ri );
EndFor
Return(R0; : : : ; Rm ).

Figure 5.8: An outline of the Reduceprocedure

Pleasenote that all sequencesin R0 are basicsequences,henceit is likely
that weareableto givea good approximate solution for such instance(in fact
we can solve exactly the SCSproblem for basicsequencesover binary alpha-
bet). The main idea of our algorithm is to exploit an approximate solution
for the instance Ri � 1 to compute an approximate solution of the problem
with instance Ri . Such computation is guided by an additional sequence
(called auxiliary sequence)that is added to all sets Ri . In our algorithm
all auxiliary sequencewill be basic sequencesand common supersequences
of R0. Sincethe computation of the approximated solution is dependent on
the auxiliary sequence,a fundamental question is whether trying di�eren t
auxiliary sequencesmay help in getting a better solution to the problem.
In fact one of the main steps of the algorithm, the procedureAuxiliarySet,
computesa set of auxiliary sequences,while the procedureExpanduseseach
such auxiliary sequenceto computean approximate solution to the problem.

Assumenow that there is only oneauxiliary sequencet for a giveninstance
S of the SCSproblem, and we recall that t is a basicsequenceand a common
supersequenceof R0 as computedby Reduce. The main property that holds
for each call to Expandis that the output of such procedure is a sequence
whosefactorization into blocks has t as basicsequence.

The main property of the Expandprocedure,together with the fact that
Expandreturns a commonsupersequenceof Rm , followsfrom the construction
of the Reduceprocedure. We are now able to state the whole RE algorithm,
which basicallyconsistsof applying Reduceand AuxiliarySetto computea set
of instancesand a setof auxiliary sequences,to call Expandfor each auxiliary
sequencein the set and to return the shortestsupersequencereturned by the
various calls to Expand.

We have not described the procedureAuxiliarySetyet, becausemore than
onestrategy can be identi�ed to computea set of auxiliary sequences.From
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Expand(R0; : : : ; Rm ; t)
Input: a set R0; : : : ; Rm computedby Reduceand an auxiliary sequencet.
Let � (1)b(1) � � � � (jt j)b(jt j) be the factorization of t;
For 1 � i � m do

For1 � i � jt j do
b(i ):=2 b(i );
EndFor
For1 � j � jt j do

While� (1)b(1) � � � � (jt j)b(jt j) is a commonsupersequence
of Ri do

b(j ) := b(j ) � 1;
EndWhile

b(j ) := b(j ) + 1;
EndFor

EndFor
Return(� (1)b(1) � � � � (jt j)b(jt j));

Figure 5.9: An outline of the Expandalgorithm

one hand it is desirableto have a fast procedureeven though this implies
that a small number of auxiliary sequencesare computed,on the other hand
computing a larger set is likely to lead to better solution; consequently it
does not seempossibleto �nd an implementation of the procedurethat is
de�nitely the best solution to the problem.

Over the binary alphabet � = f a;bg it is possibleto computeall auxiliary
sequenceswhosefactorization into blocks is the sameas that of an optimal
solution in polynomial time. In fact the only two basic sequencesof length
l are (ab)bl=2cal � 2bl=2e and (ba)bl=2cbl � 2bl=2e and j� jn is an upper bound on
the length of any shortest common supersequenceof a set of sequencesof
maximum length n over the alphabet j� j. The procedureAuxiliarySetBinary
is stated as follows:

In the caseof arbitrary alphabet the setof all possibleauxiliary sequences
is not polynomial in the dimensionof the input, henceit is necessaryto design
someheuristicsto computea setof auxiliary sequences.As stated previously
each auxiliary sequencemust be a commonsupersequenceof R0 and a basic
sequence.The heuristic we have developed consistsmainly of computing a
supersequences of R0, to compute the basicsequenceof s and posethe set
of all auxiliary sequencesas the set of sequencesthat can be obtained from
such basic sequenceby inserting up to k symbols, for a certain constant k.
It is immediate to note that the set of auxiliary sequencescomputed in this
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Reduce-Expand(S)
Input: a set S of sequences.
R0; : : : ; Rm := Reduce(S);
T := AuxiliarySet(R0);
T := T [ f Alphabet(S)g;
For eacht 2 T do

temp(t) := Expand(R0; : : : ; Rm ; t);
EndFor
Returnthe sequencetemp(t) of minimum length;

Figure 5.10: The Reduce-Expandalgorithm

AuxiliarySetBinary(R0; : : : ; Rm )
Input : the set R0; : : : ; Rm computedby Reduce.
Let l be the maximum length of a sequencein R0;
T := ; ;
Forl � i � l + 1 do

T := T [ f (ab)bi=2cai � 2bi=2eg;
T := T [ f (ba)bi=2cbi � 2bi=2eg;

EndFor
Remove from T each sequencethat is not commonsupersequenceof R0;
Return(T).

Figure 5.11: An outline of the AuxiliarySetBinary algorithm

way is polynomial in the dimensionof the instance.

5.7 The Exp erimen ts

The main goal of the experiments has been to evaluate the performance
(represented by the approximation ratio) of RE with respect to the length
and the number of the sequences,the maximum ratio betweenthe lengthsof
the sequences(variabilit y) and the maximum run of the sequences.

In order to compute precisely the approximation ratio achieved by our
algorithm it would have beennecessaryto computethe exact solution on all
instancesconsideredby using one of the dynamic programming algorithms
presented in literature: this cannot be donein practicedueto time and space
constraints. Consequently we had to computea lower bound on the length of
the SCS of a set S of sequences.Given a subsetS1 � S, clearly the length of



70 CHAPTER 5. APPROXIMA TING LCS AND SCS

AuxiliarySet(R0; : : : ; Rm )
Input: the set R0; : : : ; Rm computedby Reduce.
Parameters: Heuristic: the heuristic usedto computea supersequence

of R0, can be Greedyor Tournament. � : the maximum number of
symbols that are inserted.
s := Heuristic(R0);
T = f basicsequenceof sg;
Add to T each basicsequencethat can be obtained from t
by inserting at most � symbols of �;
Return(T);

Figure 5.12: An outline of the AuxiliarySetalgorithm

SCS(S1) is a lower bound on that of SCS(S). The lower bound on jSCS(S)j
that we have exploited is obtained by determining all subsetsof S on which
we can computethe exact solution by dynamic programmingand taking the
maximum over the lengthsof such exactsolutions. From someexperiments it
turned out that the lower bound is about 10%to 20%lessthan the optimum.

All experiments have beenrun on somePentium II/ Linux workstations
owned by the bioinformatics group of our department.

5.8 The Results

In this sectionwe will present the results of our experimental analysis. Our
�rst experiment wasaimedat determining the relation amongthe number of
sequencesin the instance,the variabilit y of the instance(that is the ratio be-
tweenthe minimum and maximum lengthsof the sequencesin the instance),
the maximum run of the sequencesin the instance and the approximation
ratio achieved by the algorithm. For each value of the parameterswe have
generated1000random instancescontaining sequencesof maximum length
300over binary alphabet: we have run our algorithm on such instancesand
we have comparedthe result with the lower bound described in the previous
section. The results of such experiment are represented in Table 5.5.

The experiment hasshown that the averageerror of the algorithm slightly
worsensas the number of sequencesincreases,but for a moderate number
of sequencesthe averageerror ratio is still very encouraging.The variabilit y
parameter does not seemto be very relevant, while the algorithm outputs
better approximate solutionsasthe maximum run increases.The analysisof
the worst-caseerror ratio is basically the same,except for the fact that the
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Alphabet size: 2 | Maximum length of sequences:300
Number of Max Average Worst
sequences run

Variabilit y
error error

.9 1.197 1.34664
.95 1.205 1.45
.9 1.152 1.344128
.95 1.159 1.366
.9 1.293 1.42564
.95 1.301 1.42110
.9 1.229 1.401128
.95 1.231 1.422
.9 1.354 1.4864
.95 1.365 1.48120
.9 1.272 1.465128
.95 1.273 1.461

Table 5.5: Resultsof experiment on binary alphabet

number of sequencesdoesnot seemto a�ect signi�cantly the output of the
algorithm.

The results of Table 5.5 suggestedus to extend our algorithm to deal
with sequencesover arbitrary alphabet and to extendour experimental anal-
ysis. Sinceoneof the main applications of the SCSproblem is in the �eld of
DNA sequenceassembly, it is of fundamental relevancethat the algorithm is
able to cope with instancesrepresenting biological sequences;hencewe have
concentrated our experiments on alphabets of size 4 and 20 (modeling re-
spectively DNA and protein sequences).Sinceour study on binary alphabet
haspointed out that variabilit y doesnot seemthe in
uence signi�cantly the
quality of the solution returned by the algorithm, we have decidedto �x the
variabilit y parameter to the value 0:95 for all of the following experiments.
One additional goal of our experiments is to determine if the algorithm can
e�ectiv ely deal with biological sequenceswhich, in practice, can have some
hundredsof characters,hencewe decidedto analyzealsothe behavior of the
algorithm with respect to the lengthsof the sequencesin the instanceand to
enlargeto 500 the maximum length considered.

In the following by RE+g we will denotethe RE algorithm whereGreedy
has been used in the AuxiliarySetBinary procedure. Analogously RE+t will
denote the RE algorithm where Tournamenthas beenused in the Auxiliary-
SetBinary procedure.
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The results of the experiments over sequencesof length 4 (DNA se-
quences)are represented in Table 5.6. Each such experiment consistedof
100 instancesof random sequences.

Alphabet size: 4
Number of Max Max Min Averageerror
sequences run length length RE+g RE+t Alphabet

32 300 285 2.205 2.176 2.448
300 285 1.509 1.499 2.4445

64 400 380 1.525 1.528 2.519
500 475 1.527 1.536 2.546

32 300 285 1.908 1.907 2.508
10 300 285 1.871 1.856 2.35364

400 380 1.872 1.859 2.409
32 300 285 2.205 2.176 2.44820
64 300 285 2.137 2.095 2.267

Table 5.6: Resultsof experiment on alphabet size4

Both versionsof our algorithm clearly outperform Alphabet on all cases,
moreover wehavegot anotherevidencethat the quality of the solution output
by RE improves as the maximum run increases,while the improvement of
Alphabet is not as large as the oneachieved by RE.

For instanceswith 5 sequencesand maximum run 64 it hasbeenpossible
to push the maximum length of the sequencesto 500 characters, showing
that the performanceof the algorithm degradesvery slowly asthe maximum
length increases. As analyzing the behavior of our algorithm in this case
was oneof the main goalsof our experiments, we summarizessuch result in
Fig. 5.13,whereit is immediateto note that the two variants of REconsidered
are basically indistinguishable,and de�nitely better than Alphabet.

The last experiment performed has beenon sequencesover alphabet of
size20 (protein sequences).Each experiments consistsof 50 instancescon-
taining 5 random sequences:the results of such experiment are summarized
in Table 5.7.

The results for the caseof alphabet size20 are along the samelines as
the onesfor smaller alphabet. In this caseit is immediate to note that the
gap betweenthe approximation ratio achieved by REand that of Alphabet is
even larger than the one for alphabet size4, pointing out the practicality of
our algorithm for such sequences.
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Figure 5.13: Performancewith respect to the maximum length of the se-
quences

Alphabet size: 20
Number of Max Max Min Averageerror
sequences run length length RE+g RE+t Alphabet

32 2.018 2.013 10.6935
64

300 285
1.979 1.981 10.204

Table 5.7: Resultsof experiment on alphabet size20
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Chapter 6

Comparing Phylogenies

6.1 In tro duction

Evolutionary treesare treeswhereeach leaf is labeledby a distinct element
in a set S of speciesand whereall internal nodeshave degreeat least three.
They are frequently usedby biologists to represent classi�cations of species.
More precisely, each edgeis weighted with the estimated(temporal) distance
betweenthe two speciesrepresented by its endpoints. A number of methods
to infer evolutionary treeshave beenproposed[32, 39, 25, 37, 38, 42, 84, 13,
12, 67, 32, 92], so it is quite usual to compute more evolutionary trees over
the sameset of speciesapplying di�eren t methods, henceobtaining various
trees,motivating the compelling needto comparedi�eren t trees in order to
extract a commonhistory. The Maximum Agreement Subtreemethod is a
basic approach that allows to reconciliate di�eren t evolutionary trees over
the sameset of species: it computesa subset of the extant speciesabout
which all trees \agree". A generalway to de�ne an agreement subtreefrom
a set T1; � � � ; Tk of S-labeled trees has beenformalized in [4]. This method
assumesthat each edgeis labeled by an interval weight (a rangeof time to
measurethe duration of the evolution process)and looks for a subsetS� of
the extant speciesS such that:

� each edgeof the subtreeinducedin each tree of the given set is labeled
by a value belongingto the given interval,

� for each pair of extant speciesin S� , the distancebetweenthem is the
samein all trees.

The problemstated above is the Maximum Inter val Weight Agree-
ment Subtree (MIWT ), and is a very generalformulation of the problem

75
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of comparing phylogenies. In order to obtain more e�cien t algorithmic so-
lutions, somerestrictions have been introduced to MIWT . A �rst natural
restriction requiresthat each interval reducesto a singlevalue; such problem
is called Maximum Weight Agreement Subtree (MWT ). A di�eren t
restriction of MIWT is the onewherean agreement subtreeis homeomorphic
to a subtreeof each tree in the instance,sinceit is equivalent to require all
intervals to be of the form [1; n � 1], wheren is the number of extant species
considered. This problem is called Maximum Homeomorphic Agree-
ment Subtree (MHT ). Note that this problem is sometimesreferred to
as Maximum Agreement Subtree and is abbreviated by (MAST ). A
third restriction of MIWT is the one where all intervals are of the form
[1; 1], and is calledMaximum Isomorphic Agreement Subtree (MIT ),
asall subtreesinducedby a feasiblesolution must be isomorphic. The MIT
problem is alsoa restricted caseof the maximum isomorphicsubgraphprob-
lem, investigatedin [63]. SinceMIT and MHT are the two more restricted
problemsamongthe oneswe have mentioned, most of the e�orts to develop
e�cien t algorithms have beenconcentrated on them.

E�cien t algorithms for the MHT problem for instancesof two treeshave
beenwidely investigatedin literature. While someheuristicshavebeenfound
[40, 70], the �rst polynomial time algorithm hasbeendescribed only in 1993
by Steeland Warnow [90]. Afterwards further improvements have appeared
in literature [34, 64, 71]. To our knowledgethe most e�cien t algorithms for
the problem are due to Farach and Thorup which developed a O(n3=2 logn)
algorithm for rooted trees of bounded degree[35, 36], to Cole and Hariha-
ran [29, 28] for the caseof rooted trees of unboundeddegree,which gave a
O(n logn) algorithm, and to Kao, Lam, Przytycka, Sungand Ting [65] which
describeda techniqueallowing to match the time complexity of the two previ-
ouslycited algorithms alsoin the caseof unrooted trees. The problemsMHT
and MIT over a set of trees, where at least one of the trees has bounded
degree,can be solved in polynomial time [4], even though the time complex-
it y is exponential in the bound for the degree.Moreover both problemsare
NP-hard for instancescontaining three treesof unboundeddegree,henceit is
necessaryto focus on designingpolynomial time approximation algorithms.
The approximation complexity of the MHT problem hasbeendeeply inves-
tigated in [51], wheresomestrong negative resultshave beenobtained. Since
the MIT is a di�eren t restriction of the MIWT , it seemsnatural to investi-
gate if the negative results for MHT hold alsofor MIT or the latter problem
is easierto approximate than the former one. In this chapter we show that
the negative results of [51] hold alsofor the MIT problem, asa consequence
of a nontrivial application of the self-improvement technique. Applying self-
improvement usually leadsto a result of the form \either problemP admits a
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ptas or P cannot be approximated within a constant factor unlessNP= P (or
another unlikely collapsebetweencomplexity classesoccur). This idea has
beenexploited in [44] to prove that Max Independent Set either has a
ptas or no constant factor polynomial-time approximation algorithm (unless
NP= P) and has beensuccessively pushedfurther by Karger et. al. in [66]
to prove that the Longest Path cannot be approximated within O(log n)
unlessP= NP. In the latter paper the inapproximabilit y result hasbeenob-
tained by combining the self-improvement technique and an L-reduction (to
prove that the problem is APX -hard). Consequently the \easy" way to prove
that MIT is hard to approximate seemsto rely on the APX -hardnessproof by
Amir and Keselman[4] and on the application of the self-improvement tech-
nique to the problem. Unfortunately the MIT problem seemsto lack some
of the properties that in [51] have been exploited implicitly in the proofs.
Hencein this chapter we dealwith a restriction of MIT , calledR-MIT , that
has the desiredproperties, but beforeapplying self-improvement to R-MIT
we have to prove that the latter problem is APX -hard.

As a consequenceof our resultsachieving a constant error ratio is an NP-
hard problem, even for instancesconsistingof only three trees. Moreover we
have strengthenedsuch negative results in the caseof instancescontaining
an arbitrary number of trees (in the restricted casewhere each tree in the
instancehas depth 2), as we show that MIT sharesexactly the sameinap-
proximabilit y properties of Max Clique [50], implying that there cannot
exist a polynomial time n1� � ratio approximation algorithm for each � > 0,
unlessNP= ZPP (see[79] for a de�nition of ZPP). A similar, but slightly
weaker, negative result on the approximabilit y of MHT has beenobtained
in [45], showing that such problem cannot be approximated within factor n �

for any 0 � � < 1
9, sinceapproximating MHT within factor n� in polynomial

time implies a polynomial-time approximation algorithm for Max Clique
with n3� + o(1) guaranteed approximation ratio.

6.2 Preliminaries

All treeswe will dealwith in this chapter are rooted, that is we distinguish a
special vertex of the tree T and we call such a vertex root, denotedby r (T).
All results presented in this chapter are referred to rooted trees, but they
can be generalizedto the unrooted case.

Let S = f s1; : : : ; sng be a set of labels. An S-labeled tree has n leaves,
each one labeledwith a distinct element of S; sinceeach label identi�es un-
ambiguouslya leaf of the tree, in the following of the chapter we will write a
label x meaningthe leaf of the tree with label x. The Maximum Isomor-
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phic Agreement Subtree Problem (shortly MIT ) is de�ned formally as
follows:

Problem 6 (MIT).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees.
Solution: an S� -labeled tree T � , with S� � S, such that T � is isomorphic to
a subtreeof all trees in T.
Goal: to maximize jS� j.

The Maximum Homeomorphic Agreement Subtree (MHT ) is:

Problem 7 (MHT).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees.
Solution: an S� -labeled tree T � , with S� � S, such that T � doesnot contain
any internal node (with the possibleexceptionof the root) of degree2 and,
for each tree Ti 2 T, T � is homeomorphicto a subtreeof Ti .
Goal: jS� j, to be maximized.

It is immediate to note that the NP-completenessproof given by Amir
and Keselmanin [4] is an L-reduction for the MHT problem, aspointed out
in [51]. Similarly it is possibleto prove that MIT is APX -hard, that is there
is no polynomial time approximation schemefor it, unlessP= NP.

Anyway, di�eren tly from [51], we have to deal with a restricted version
of the problem in order to prove our inapproximabilit y results, hencesuch
APX -hardnessproof is not adequate to our purposes. More precisely we
consideronly instancesconsistingof treeshaving leavesall at the samedepth
in every tree. Formally dTi (a; r (Ti )) = dTj (b;r (Tj )) for all a;b 2 S and
every pair of trees Ti ; Tj in the instance. We will say that trees in such
instancesare restricted. This new problem will be calledR-MIT . Clearly all
inapproximabilit y results for this problem hold also for MIT .

The following Lemma, proved in [88], characterizesall feasiblesolutions
of each instanceof R-MIT .

Lemma 6.2.1. Let T be a set of S-labeled trees, and let S� � S. Then there
existsa S� -labeled tree T � that is isomorphic to a subtree of each tree in T if
and only if for each pair of labels a;b 2 S� , a and b havethe samedistance
in all trees in T.

As a consequencewe can identify a feasiblesolution of an instance of
MIT as a subset of its label set. The following property of trees, whose
straightforward proof is omitted, will beusedin the remainingof the chapter.

Prop osition 6.2.2. Let a;b be two leavesof a S-labeled tree with root r .
Then dT (a;b) = dT (a; r ) + dT (b;r ) � 2dT (r; lcaT (a;b)).
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6.3 R-MIT is APX -hard

In this sectionwe are going to prove that the R-MIT problem is APX -hard.
This results is necessaryto prove that MIT is hard to approximate even on
instancesconsistingof only three trees.

The �rst step is to rule out the possibility of having a ptas for R-MIT ,
by describing an L-reduction (see Def. 2.1.6) from the Tridimensional
Bounded Ma tching problem (shortly 3DM-B ) to R-MIT , de�ned asfol-
lows:
Instance : three pairwise disjoint setshX 1; X 2; X 3i and a set M of distinct
triples whereM � X 1 � X 2 � X 3 and every element in X 1 [ X 2 [ X 3 occurs
in at least oneand at most B triples of M .
Solution : a subsetM 1 of M , such that no two triples in M 1 sharea common
element.
Measure : jM 1j, to be maximized.
The general3DM-B problem is APX -hard [62].

Let M = hX 1; X 2; X 3; M i be an instance of the 3DM-B problem, with
M � X 1 � X 2 � X 3, X i = f x i; 1; x i; 2; : : : x i; jX i jg. Then we will associate to M
an instancehT1; T2; T3i of MIT . Each tree Ti consistsof the following nodes
and edges:a root labeled r i , a node connectedto the root for each element
x i;j of X i , and each triple (x1;j ; x2;j ; x3;j ) 2 M is a leaf of Ti connectedto x i;j .
Consequently each tree Ti is M -labeled.

In Fig. 6.1 it is represented the instance of R-MIT associated to the in-
stanceof 3DM-B whereX 1 = f x1;1; x1;2; x1;3g, X 2 = f a;cg, X 3 = f b;dg and
M = f (x1;1ab); (x1;1cd); (x1;2cd); (x1;3cd)g.

x1,1 1,1ab                  cd x 1,3 x1,1ab cdx 1,3cdx 1,2

r

a c

cdx 1,1

r

x

x1,1 x1,2 x 1,3

cd

cdx 1,2

r

cdx 1,1abx1,1 cdx 1,2 cdx 1,3

b d

21 3

T1 T T2 3

Figure 6.1: Example of instance of R-MIT associated to an instance of
3DM-B

Since the distance from each node to the root is 2 in all trees of the
instanceof MIT associated to an instanceof 3DM-B, such set of trees is an
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instanceof R-MIT . The following Lemma is an immediate consequenceof
such fact.

Lemma 6.3.1. Let M = hX 1; X 2; X 3; M i be an instance of 3DM-B and let
hT1; T2; T3i be the associated instance of MIT . Given a tree Ti with 1 � i � 3,
and given two distinct leavess; t of Ti , then the distance between s and t in
Ti is 2 or 4 .

Note that the distanceof two leavess and t in a tree Ti is 2 if and only
if s and t are labeledby triples of M that sharethe sameelement in the set
X i .

Lemma 6.3.2. Let M = hX 1; X 2; X 3; M i be an instance of 3DM-B , let
hT1; T2; T3i be the associated instance of R-MIT and let S � M . Then S is
a feasiblesolution of hT1; T2; T3i if and only if each pair s; t of distinct triples
in S hasdistance 4 in all trees Ti .

Proof. By Lemma 6.2.1 S is a feasiblesolution if and only if each distinct
pair s; t of triples in S have the samedistance in all trees Ti , which is, by
Lemma6.3.1either 2 or 4. Let usassumethat there existsa pair s; t that has
distance2 in all trees. Then by construction s is equalto t, contradicting the
fact that all triples in M are distinct, hencefor each pair the distancemust
be4, asstated. The other direction follows immediately by Lemma6.2.1.

From Lemmata 6.3.1 and 6.3.2 the reduction from 3DM-B to R-MIT
that we have described can be thought as a polynomial-time computable
function r that associates to each instanceM of 3DM-B an instancer (M )
of R-MIT and a polynomial-time computable function s that associates to
each feasiblesolution Apx of r (M ) a feasiblesolution s(Apx) such that the
costsof Apx and of s(Apx) are the sameand the optima of M and of r (M )
are the same. This implies that our reduction is an L-reduction, henceR-
MIT is APX -hard. The following theoremfollows from the resultsby Arora
et. al. given in [9].

Theorem 6.3.3. There does not existsa ptas for R-MIT unlessP = NP.

6.4 Pro duct of Trees

The inapproximabilit y result over instancesof three trees is obtained by
meansof the self-improvement technique. In [51] such technique has been
exploited to prove a similar result for the MHT problem. Such technique
requiresa careful de�nition of a product betweeninstancesof the problem,
which is de�ned as follows:
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De�nition 6.4.1. Let T1 be a S1-labeled tree, T2 a S2-labeled tree and, for
a given leaf s of T1, T2�s is the tree obtained from T2 relabeling each leaf s2

with the sequencess2. Then the product T1 � T2 is the tree obtained from T1

replacingeach leaf s with the tree T2�s.

T1T T2 2T1

a    b    c

ad        ae

bd       be

cd       ce

d          e

Figure 6.2: Product of trees

Let T be a S-labeled tree, then T2 = T � T and T i = T i � 1 � T, i > 2.
Note that the label of a leaf of the tree T k is a sequences1 : : : sk of k symbols
over the alphabet S. An immediateproperty of the product of treesis stated
below:

Prop osition 6.4.1. Let T1, T2 be two restricted trees. Then T1 � T2 is also a
restricted tree.

The following Lemmapoints out the motivation for our de�nition of prod-
uct.

Lemma 6.4.2. Let T1; T2 be two restricted S-labeled trees, let a;b be two la-
belsin S and let � , � be two strings of k� 1 symbols overS. Then dT k

1
(� a; � b)

= dT k
2
(� a; � b) if and only if dT1 (a;b) = dT2 (a;b) and dT k � 1

1
(� ; � ) = dT k � 1

2
(� ; � )

Proof. SinceT1 and T2 arerestricted trees(that is in T1 and T2 all leaveshave
the samedepth), and by Prop 6.2.2, in order to prove the lemma, it is su�-
cient to show that dT k

1
(lcaT k

1
(� a; � b); r (T k

1 )) = dT k
2
(lcaT k

2
(� a; � b); r (T k

2 )) if and
only if dT1 (lcaT1 (a;b); r (T1)) = dT2 (lcaT2 ((a;b); r (T2)) and dT k � 1

1
(lcaT k � 1

1
(� ; � );

r (Tk� 1
1 )) = dT k � 1

2
(lcaT k � 1

2
(� ; � ); r (T k� 1

2 )) . Assumeinitially that � = � , then,
by de�nition of product, dT k

1
(lcaT k

1
(� a; � b); r (T k

1 )) = dT1� � (lcaT1� � (� a; � b);
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r (T1�� )) + depth(T k� 1
1 ) and dT k

2
(lcaT k

2
(� a; � b); r (T k

2 )) = dT2� � (lcaT2� � (� a; � b);
r (T2�� )) + depth(T k� 1

2 ), hencedT k
1
(lcaT k

1
(� a; � b); r (T k

1 )) = dT k
2
(lcaT k

2
(� a; � b);

r (Tk
2 )) if and only if dT1 (lcaT1 (a;b); r (T1)) = dT2 (lcaT2 ((a;b); r (T2)). Assume

now that � 6= � , then lcaT k
1
(� a; � b)) = lcaT k � 1

1
(� ; � ) and lcaT k

2
(� a; � b) =

lcaT k � 1
2

(� ; � ). Consequently dT k
1
(lcaT k

1
(� a; � b); r (T k

1 )) = dT k
2
(lcaT k

2
(� a; � b);

r (Tk
2 )) i� dT k � 1

1
(lcaT k � 1

1
(� ; � ); r (T k� 1

1 )) = dT k � 1
2

(lcaT k � 1
2

(� ; � ); r (T k� 1
2 )). This

su�ces to prove the Lemma.

The following lemma relatesa feasiblesolution of hT1; T2; T3i with a fea-
sible solution of hT k

1 ; Tk
2 ; Tk

3 i .

Lemma 6.4.3. Let hT1; T2; T3i be an instance of R-MIT , and let F be a
feasiblesolution with cost cost(F ) of suchan instance. Then it is possibleto
computein polynomial time a solution of hT k

1 ; Tk
2 ; Tk

3 i whosecost is cost(F )k .

Proof. Let Fk be the set of strings of labels f f 1 � � � f k : f i 2 F; 1 � i � kg,
then for each pair of strings of labels f � 1 � � � f � k , f � 1 � � � f � k in Fk , their
distance is the same in all trees T k

1 ; Tk
2 ; Tk

3 , since for each 1 � i � k
dT1 (f � i ; f � i ) = dT2 (f � i ; f � i ) = dT3 (f � i ; f � i ), as all f � i ; f � i are in S and from
Prop. 6.2.2.

Lemma 6.4.4. Let hT k
1 ; Tk

2 ; Tk
3 i be an instance of R-MIT and let Sk be a

feasiblesolution of hT k
1 ; Tk

2 ; Tk
3 i , then it is possibleto compute in polynomial

time a feasiblesolution S1 of hT1; T2; T3i suchthat cost(Sk) � cost(S1)k .

Proof. Let Sk = f f � 1 ; : : : ; f � k g be a feasiblesolution of hT k
1 ; Tk

2 ; Tk
3 i . By

applying Lemma 6.4.2 iterativ ely we can obtain k feasiblesolutions F i of
hT1; T2; T3i , where each solution Fi contains exactly the symbols f � i of S
that are in the i -th position of a string in Sk . Let F � be the largest such Fi

and let F �
k be the set of strings f f 1 : : : f k : f j 2 F � ; 1 � j � kg. Just as in

the proof of Lemma6.4.3it is possibleto prove that F �
k is a feasiblesolution

of hT k
1 ; Tk

2 ; Tk
3 i . An immediate counting argument and the fact that F � is

the Fi of maximum cardinality imply that jSk j � jF �
k j = jF � jk .

In the following, given an instance hT1; T2; T3i of R-MIT and an ap-
proximation algorithm for R-MIT , we will denote by apx(hT1; T2; T3i ) the
solution returned by such algorithm for the instance hT1; T2; T3i , while the
optimum solution is denoted by Opt(hT1; T2; T3i ). The basic idea of the
proofs of the main results in this section is sketched in the following: given
an instancehT1; T2; T3i of R-MIT we expandit (by Lemma6.4.3) to another
instancehT k

1 ; Tk
2 ; Tk

3 i to which we apply an hypothetical approximation algo-
rithm. By Lemma6.4.4we areable to infer from the approximate solution of
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hTk
1 ; Tk

2 ; Tk
3 i an approximate solution of apx(hT1; T2; T3i ) whoseapproxima-

tion factor is \m uch better" than the onewe have got for apx(hT k
1 ; Tk

2 ; Tk
3 i ).

We now state our main results, whereall logarithms have natural bases.

Theorem 6.4.5. There doesnot existsa polynomial-time constant-ratio ap-
proximation algorithm for R-MIT unlessNP= P.

Proof. Assumethat there exists a � -approximation algorithm with polyno-
mial time complexity for R-MIT . Posek = dlog� e, consequently ek � � .
Then, by Lemmata 6.4.3,6.4.4,

�
Opt(hT1; T2; T3i )
apx(hT1; T2; T3i )

� k

=
Opt(hT k

1 ; Tk
2 ; Tk

3 i )
apx(hT k

1 ; Tk
2 ; Tk

3 i )
� � � ek

hence( Opt (hT1 ;T2 ;T3 i )
apx(hT1 ;T2 ;T3 i ) ) � e. Pleasenote that computing hT k

1 ; Tk
2 ; Tk

3 i from

hT1; T2; T3i can be done in O(ndlog � e) time, hencewe have described a ptas
for R-MIT . By Theorem6.3.3NP = P.

Corollary 6.4.6. There exists � > 0 such that R-MIT cannot be approxi-
mated within factor log� n in polynomial time, unlessNP � DTIME [2polylogn ].

Proof. Assumethat for all � > 0 there exists a log� n-approximation poly-
nomial-time algorithm for R-MIT , we will prove that there exists an e-
approximation polynomial-time algorithm. Posek = dlog(log� n)e, conse-
quently ek � log� n. Just as in the proof of Theorem 6.4.5 we will denote
with apx(hT1; T2; T3i ) the solution returned by the approximation algorithm
for the instancehT1; T2; T3i , while Opt(hT1; T2; T3i ) denotesthe optimum so-
lution. Then, by Lemmata 6.4.3,6.4.4,

�
Opt(hT1; T2; T3i )
apx(hT1; T2; T3i )

� k

=
Opt(hT k

1 ; Tk
2 ; Tk

3 i )
apx(hT k

1 ; Tk
2 ; Tk

3 i )
� log� n

taking the logarithms of both sides

k log
�

Opt(hT1; T2; T3i )
apx(hT1; T2; T3i )

�
� log(log� n)

Consequently

dlog(log� n)elog
�

Opt(hT1; T2; T3i )
apx(hT1; T2; T3i )

�
� log(log� n)

implying that log( Opt (hT1 ;T2 ;T3 i )
apx(hT1 ;T2 ;T3 i ) ) � 1. Hence Opt (hT1 ;T2 ;T3 i )

apx(hT1 ;T2 ;T3 i ) � e. It is imme-

diate to note that that computing hT k
1 ; Tk

2 ; Tk
3 i from hT1; T2; T3i can be done

in O(ndlog log� ne) = 2polylogn time. Thusthe claim followsfrom Thm. 6.4.5.
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6.5 MIT over Un bounded Num ber of Trees

The inapproximabilit y result proved in the previoussectioncan be strength-
enedwhen instancesare not required to contain exactly three trees,but can
contain an arbitrary number of trees (even in the caseof all trees of depth
2). This canbe proved by a simpleL-reduction from Max Clique (Pb. 11).
Since such reduction preserves the optimum and the cost of approximate
solutions,MIT with unboundednumber of treesinherits the sameinapprox-
imabilit y resultsof Max Clique , which cannotbeapproximated within n1� �

for each � > 0, unlessZPP= NP[50]. Informally the Max Clique problem
asksfor a maximum cardinality subsetK of the verticesof a graph F , such
that K inducesa completesubgraphof G.

The reduction is quite simple: let G = hV; Ei be a graph with E 6= ; .
The instanceof MIT contains the V-labeledtrees in the set f Tedgeg [ f Tij :
i; j 2 V; (i; j ) =2 Eg, whereTedge hasroot r and each leaf v of Tedge haspv as
parent and pv is a child of r . Each tree Tij consistsof a root r , a nodepij that
is the parent of both leavesvi , vj a node pz for each z 2 V � f vi ; vj g and each
pz is the parent of the leaf vz. Moreover pij and all pz with z 2 V � f i; j g
are the children of the root.

v
1

v
2

v
3

v
4

v
1

v
4v

3
v

2

Tedge

v
1

v
4v

3
v

2

T12

Figure 6.3: Example of reduction from Max Clique .

An exampleof application of such reduction is represented in Fig. 6.3. The
following Lemma points out the structure of all feasiblesolutionsconsidered
in our reduction.

Lemma 6.5.1. Let G = hV; Ei be an instance of Max Clique , let T be
the set of V-labeled trees associated to G, and let T be a feasiblesolution of
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MIT (T). Let v1; v2 be two distinct leavesof T. Then the distance between v1

and v2 in T is four.

Proof. Let v1, v2 be two distinct leavesof T. Sincev1 and v2 are both in a
feasiblesolution T of T, by Lemma 6.2.1their distancemust be the samein
all trees in T. SincedTedg e (v1; v2) = 4 then dT (v1; v2) = 4.

We will show how to computea feasiblesolution of MIT from a feasible
solution of Max Clique and vice versa,so that the costsof both solutions
are the same.

Let T be the instance of MIT , associated to the instance G = hV; Ei
of Max Clique , and let V1 � V be a feasiblesolution of T. Pleasenote
that, by Lemmata 6.2.1 and 6.5.1 a subsetV1 � V is a feasiblesolution of
T if and only if dT (v1; v2) = 4 for each pair of distinct elements vi ; vj 2 V1

and each tree T 2 T. We will prove that V1 is a clique of G. Assumeto
the contrary that V1 is not a clique of G, that is there exist two vertices
vi ; vj 2 V1 such that (vi ; vj ) =2 E. By construction in T there is the tree Tij ,
and dTij (vi ; vj ) = 2. Consequently by Lemma 6.5.1vi and vj cannot both be
in a feasiblesolution of T. To computea feasiblesolution of T from a clique
of G is trivial, hencethe following theoremfollows:

Theorem 6.5.2. MIT over an unbounded number of treescannot be approx-
imated within n1� � for each � > 0, unlessZPP= NP.
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Chapter 7

Reconstructing Phylogenies

7.1 In tro duction

Recent advancesin Molecular Biology [16] has lead to the availabilit y of a
hugeamount of biologicalsequences(DNA, RNA, proteins) allowing to solve
someof the most intriguing problems in evolution [46, 95]. As stated in
the previous chapter, biologists now agreeto represent the evolution of a
set of speciesby meansof an evolutionary tree, which is an edge-weighted
rooted tree whoseleavesare labeled by sequencesof extant speciesin such
tree, the internal nodesrepresent the (possibly unknown) ancestorsand the
weight on the edgesrepresent the distancein the evolution betweenspecies.
Anyway the size of the datasets involved makes exhaustive methods, such
as Maximum Likelihood [38] and Maximum Parsimony [42], not feasiblein
practice.

In order to overcomesuch infeasibility a number of quartet based methods
have beenproposedin literature, gaining much popularity [12, 13, 24,32, 67,
92] among researchers in the Computational Biology community thanks to
its capability of giving, in most of the cases,sensibleevolutionary trees in a
short time. In this chapter a quartet is a set of four speciesand a quartet
topology is a partition of a quartet into two subsets,wherein each set there
are the two speciesthat are more closelyrelated.

The quartet paradigm divides the phylogeny inferenceprocessinto two
steps:

1. Given the sequencesof the datasetsapply a quartet topology inference
method [42, 38, 84,67] to reconstructthe (supposed)quartet topologies;

2. Given all quartet topologiesapply a quartet recombination method [13,
32, 92] to reconstruct an evolutionary tree topology.

87
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At the endof this two-stepprocessthe tree is rooted and weights areassigned
to the edges.

The secondstep is better understood than the former one, but still the
possibility of reconstructingan erroneoustopology, if the quartet topologies
inferred in the �rst step contains even a small amount of errors, can lead to
disappointing results,and it is consideredoneof the main drawbacks of such
method.

Hencea natural problem may be to ask for the evolutionary tree that is
more likely to \agree over" a given set of quartet topologies.This canbe for-
malizedasan optimization problem (Maximum Quar tet Consistency ),
whosedecisionversionis, unfortunately, NP-complete[14].

Soalternative ways, such as Quartet Cleaning [57], to improve the accu-
racy of quartet basedmethod are to be sought. The main idea is to modify
the two-step method for reconstructing evolutionary trees into three steps:
more preciselya new step is introduced betweenthe two mentioned above.
This newstepexploits the fact that quartet errorsmay besparsewith respect
to the number of quartet topologies,henceit may be possibleto �nd such
errors and replacethem with the correct topologies.Consequently in the re-
construction processthe topology inferencegivesa set of raw topologiesthat
are cleanedby a quartet cleaning algorithm to obtain a set of \error free"
topologies.Finally a quartet recombination method is applied to reconstruct
an evolutionary tree topology.

More precisely the main observation is that each error a�ects only a
certain part of the (still unknown) tree, in such casewe will write that a
quartet is across a vertex (or an edge): seeFig. 2.3 for an example. It is
possibleto compute the exact number of quartets that are acrossan edge
or a vertex, and the quartet cleaning technique allows to correct a number
of errors that is bounded by �xed fraction of the number of quartets that
are acrossa vertex (or an edge). The quartet cleaningalgorithms presented
in literature [14] can be split into two classes:global and local algorithms.
The former onesassumethat the bound on the number of errorsholds for all
vertices(or edges)of the tree, while the local algorithms allow the presence
of a large number of errors acrosssomevertices(edges)and still reconstruct
all vertices(edges)for which the error bound is satis�ed.

In this chapter we will describe two optimal local vertex quartet cleaning
algorithms, that is we will describe how to reconstruct all vertices of the
tree for which a certain error bound holds. The only local vertex algorithm
previously presented is in [14], and it allows to cleana number of errors that
is at most 1=4 of the total number of quartets acrossa vertex, and has time
complexity O(n7), wheren is the number of species.Our �rst algorithm runs
in linear time, while the secondone cleansan optimal number of errors in
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O(n7) time.
Since the methods described in [13, 32, 92] are known to output the

correct phylogeny provided that they are given a consistent set of quartet
topologies,the e�ciency of the reconstruction processis greatly improved.
Experimental evidenceof such improvement is given in this thesiswherewe
summarizethe results of somesimulations.

In the chapter the bounds on the quartet errors acrossa vertex v will
always be of the form 1

� (( jAv j � 1)(jBv j + jCv j � 1) + (jBv j � 1)(jAv j + jCv j � 1)
+ (jCv j � 1)(jAv j + jBv j � 1))

In the following we will describe somealgorithms for local vertex cleaning
[57, 14], that is we will show how to compute a phylogeny which contains
all verticesv such that the number of errors acrossv is boundedby a given
value.

De�nition 7.1.1 ( � -b ounded bipartition). Let T bean evolutionary tree
over a set S, and let hA; B i be a bipartition of S. Then hA; B i is � -bounded
if the number of quartet errors acrosssuch bipartition is strictly lessthan
(jAj � 1)(jB j � 1)=� .

De�nition 7.1.2 ( � -b ounded tripartition). Let T be an evolutionary
tree over a set S, and let hA; B ; Ci be a tripartition of S. Then hA; B ; Ci is
called � -bounded if all bipartitions hA; B [ Ci , hB ; A [ Ci , hC; A [ B i are
� -bounded.

7.2 Lo cal vertex cleaning algorithm

A quartet cleaning algorithm has local vertex bound alpha if it corrects all
quartet errorsacrossany vertex whoseinducedtripartition is � -bounded[14].
Note that a local vertex algorithm doesnot require the bound to hold for all
vertices,hencesuch algorithms are more robust than those that require the
bound to hold for all edgesof the tree.

In our paper we will describe two cleaningalgorithms with di�eren t local
vertex bounds. A local vertex cleaningalgorithm hasbeeninitially presented
in [14], wherethe following fundamental result hasbeenproved:

Lemma 7.2.1. Let hA1; B1; C1i and hA2; B2; C2i be two 2-bounded triparti-
tion of a set S. Then hA1; B1; C1i and hA2; B2; C2i are compatible.

The proof stated in that paper is for the caseof 4-boundedtripartitions,
but it holdsalsofor the caseof F -boundedtripartitions, with F � 2. Hence,
to describe a local vertex cleaningalgorithm, it su�ces to compute a set of
2-boundedtripartitions containing all F -boundedtripartitions.
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Both algorithms that are described in our paper rely on the following
procedureAssociatePartition, which associatesa tripartition to a triplet , that
is a set of three speciesa;b;c 2 S.

AssociatePartition(a;b;c)
Input : Three speciesin S.
Let A := f ag; B := f bg; C := f cg.
For each s 2 S � f a;b;cg do

If (a;sjb;c) 2 Q then A := A [ f sg
If (s;bja;c) 2 Q then B := B [ f sg
If (a;bjc;s) 2 Q then C := C [ f sg

EndFor
Return the tripartition hA; B ; Ci

Given a tripartition hA; B ; Ci associated to the triplet a;b;c we will say
that all quartets (a;b;c;s) with s 2 S � f a;b;cg witness the tripartition
hA; B ; Ci ; clearly if the number of witnessesof a tripartition is large, then it
is likely that such tripartition is correct.

In particular if there areno quartet errorsin Q then the setof witnessesof
a tripartition hA; B ; Ci is exactly the set of quartets acrosshA; B ; Ci , which
contains jAjjB jjCj(jSj � 3)=2 elements, consequently correct tripartitions are
likely to have a number of witnessesthat is closeto the maximum value.

Lemma 7.2.2. Let (a;b;c;d) be a quartet of species in S. Then (a;b;c;d)
may witnessat most 4 tripartitions.

Proof. By construction (a;b;c;d) may witness only tripartitions associated
to a triplet in the set f a;b;c;dg. Sincethere exist exactly 4 such triplets the
claim follows.

Note that Lemma7.2.2implies that there are at most O(n4) tripartitions
that have at least onewitness.

Lemma 7.2.3. Let hA; B ; Ci be a tripartition of the set S induced by the
removal of a vertex in the tree, and let (a;b;c;s) be a quartet error with
a;s 2 A, b2 b, c 2 C. Then at most 2jSj � 7 missing witnessesof hA; B ; Ci
are due to sucherror.

Proof. By constructionthe setof witnessesis constructedfrom a triplet where
each speciebelongsto a distinct set of the tripartition. Moreover the only
triplets whoseassociated partition may be incorrectly computed due to an
error (a;b;c;s) are the triplets contained in the set f a;b;c;sg. W.l.o.g. we
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can assumethat a;s 2 A, b 2 B, c 2 C, then only the partitions associated
to the triplets (a;b;c) and (s;b;c) may be incorrectly di�eren t from hA; B ; Ci
due to the error (a;b;c;s). The quartets consideredin the computation of
the partitions associated to such triplets areexactly 2jSj � 7 since(a;b;c;s) is
commonto both computationsand the witnessesfor the triplet (a;b;c) is the
set f (a;b;c;z) : z 2 S � f a;b;cgg. The sameideasapply alsofor (s;b;c).

Lemma7.2.3suggeststhat a � -boundedpartition must havea su�cien tly
large number of witnesses;in the next section we will prove that result for
the caseof � = 9.

7.3 Prop erties of � -b ounded tripartitions ( �
� 9)

In this section we will describe a linear (i.e. O(n4)) time algorithm that
computesall � -boundedtripartitions for d � 9. This algorithm exploits the
fact that � -boundedtripartitions must have a certain number of witnesses.
The following lemmaestablishesthe relationship between� and the number
of witnesses.

Lemma 7.3.1. Let hA; B ; Ci be a � -bounded tripartition, � � 9, e is a
constant such that e � 4�

� � 8 , and jAj + jB j + jCj � ( 12
� � 3e� 6

2e )e, then there
are at least jAjjB jjCj(jSj � 3)=e witnessesof this tripartition

Proof. Let Qerr (� ) = 1
� (( jAj � 1)(jB j + jCj � 1) + (jB j � 1)(jAj + jCj � 1) +

(jCj � 1)(jAj + jB j � 1)) be the maximum number of possibleerrors acrossa
� -boundedtripartition for � � 2. By Lemma 7.2.3 the number of witnesses
of a � -boundedpartition is at least

1
2

jAjjB jjCj(jSj � 3) � Qerr (� )(2jSj � 7): (7.1)

In order to show that a � -boundedpartition hasat least jAjjB jjCj(jSj � 3)=e
witnessesfor someconstant e, weneedto prove the following inequality holds
when jAj � 1, jB j � 1, jCj � 1:

Qerr (d)(2jSj � 7) � (
1
2

�
1
e

)jAjjB jjCj(jSj � 3) (7.2)
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When all terms are expanded,this inequality becomes

1
d

(4jAj2(jB j + jCj) + 4jB j2(jAj + jCj) + 4jCj2(jAj + jB j) + 12jAjjB jjCj+

27(jAj+ jB j+ jCj)� (26(jAjjB j+ jAjjCj+ jB jjCj)+ 6(jAj2+ jB j2+ jCj2)+ 21)) �

(
1
2

�
1
e

)( jAj2jB jjCj + jAjjB j2jCj + jAjjB jjCj2 � 3jAjjB jjCj) (7.3)

Since27(jAj + jB j + jCj) � (26(jAjjB j + jAjjCj + jB jjCj) + 5(jAj2 + jB j2 +
jCj2) + 21) is always lessthan zero, it su�ces to prove that the following
inequality holds:

1
d

(4jAj2(jB j + jCj) + 4jB j2(jAj + jCj) + 4jCj2(jAj + jB j)+

12jAjjB jjCj � (jAj2 + jB j2 + jCj2)) �

(
1
2

�
1
e

)( jAj2jB jjCj + jAjjB j2jCj + jAjjB jjCj2 � 3jAjjB jjCj) (7.4)

We will prove (7.4) by determining whenthe following four inequalitieshold:

4
�

(jAj2(jB j + jCj) � jAj2) � (
1
2

�
2
e

)jAj2jB jjCj (7.5)

4
�

(jB j2(jAj + jCj) � jB j2) � (
1
2

�
2
e

)jB j2jAjjCj (7.6)

4
�

(jCj2(jAj + jB j) � jCj2) � (
1
2

�
2
e

)jCj2jAjjB j (7.7)

12
d

jAjjB jjCj �
1
e

jAjjB jjCj(jAj + jB j + jCj) � (
1
2

�
1
e

)(3jAjjB jjCj) (7.8)

Note that the �rst three of these inequalities cannot hold when if � < 8;
hence,� � 9. Givena valid valuefor � , theseinequalitiesimply that e � �

� � 8
by the following reasoning:

4
�

�
1
2

�
2
e

)
4
�

�
1
2

� �
2
e

)
� � 8

2�
�

2
e

) e �
4�

� � 8
(7.9)

Given valid values� and e, the fourth inequality is true under the assump-
tions that jAj � 1, jB j � 1, jCj � 1 and jAj + jB j + jCj � e( 12

d + 3e� 6
2e ) by

the following reasoning:
12
� jAjjB jjCj � 1

e jAjjB jjCj(jAj + jB j + jCj) � ( 1
2 � 1

e)(3jAjjB jjCj) )
12
� � 1

e(jAj + jB j + jCj) � 3(1
2 � 1

e) )
12
� + 3e� 6

2e � 1
e(jAj + jB j + jCj) )

( 12
� + 3e� 6

2e )e � jAj + jB j + jCj
(7.10)

This completesthe proof.
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The readercan verify that lower valuesof � weaken the boundson both the
number of requiredwitnessesand the sizeof S. For example,if d = 9, e = 36
and jSj = 99; however, if d = 11, e = 12 and jSj = 29.

The �rst step of our algorithm is to compute the tripartition associated
to each triplet (a;b;c), by abuseof languagewith AssociatePartition(a;b;c)
we will alsodenotethe partition returned by the algorithm. Pleasenote that
after the �rst step is completed, it is possible to accessto AssociateParti-
tion(a;b;c) in constant time.

Sincewe can assumethat there exists an ordering s1; : : : ; sn of the ele-
ments in S, then we canrepresent a tripartition with a sequenceof n integers
hp1; : : : ; pn i where pi = 1 if si 2 A, pi = 2 if si 2 B, and pi = 3 if si 2 C.
For instancethe tripartition f a1; a4g; f a2; a5g; f a3g is stored as h1; 2; 3; 1; 2i ,
while the partition ff a1; a2g; f a3; a5g; f a4gg is stored as h1; 1; 2; 3; 2i . Such
encoding allows to examinea partition in O(n) time.

By Lemma 7.2.2each quartet can witnessat most 4 tripartitions, more-
over in our algorithm all tripartitions consideredare associated so some
triplets. Consequently we will use a data structure, called w(q) such that
w(q) = f (a;b;c) : q witnessesAssociatedPartition(a;b;c)g.

Since each call to AssociatePartition requires O(n) time, the total time
spent in the �rst For loop is O(n4). Computing the number of witnessesof a
partition P canbedonein O(nt) time, wheret is the number of tripletes such
that P= AssociatePartition(t), by exploiting the array w and keepinga list of
the witnessesof the partition P. Since

P
P jf t : P = AssociatePartition(t)gj =

O(n3), the total time spent in the secondFor loop is O(n4). As for the �nal
loop, note that the set PL prior to that loop contains only partitions with
the property that the number of its witnessesis at least jAjjB jjCj(jSj � 3)=e
times the number of quartets acrosseach partition. By Lemma 3.2., the
total number of witnessessummedover all partitions is O(n4), Hencethe
total number of quartets acrosspartitions that needto be examinedin that
loop is O(n4) and this �nal loop runs in O(n4) time. This leadsto a O(n4)
time complexity of the whole ConstructPartitions procedure.

To derive the tree associate with set PL produced above, note that by
Lemma 3.1, there is a tree compatible with the tripartitions in PL , and
moreover, this tree can be computed in O(n4) time by a standard algorithm
[25].

7.4 Prop erties of 2-b ounded partitions

A simple algorithm to compute a set of tripartitions from a set of quartets
is the following:
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ConstructPartitions(Q; d)
Input: A set Q of quartets over the speciesS.
output: The list PL of � -boundedtripartitions of S induced by Q.
PL := ;
e := d=(d � 8)
size := e((12=d) + ((3e � 6)=(2e)))
If jSj < size Then

Get PL from lookup table
Return(PL )

EndIf
Initialize partition-table PT to be an empty table with jSj3=6 rows,
indexedby each triplet.
For each triplet a;b;c 2 S do

PT (a;b;c):= AssociatePartition(a;b;c)
For each s 2 S � f a;b;cg do

w(a;b;c;s):= w(a;b;c;s) [ f PT (a;b;c)g
EndFor

EndFor
Sort the set of triplets f (a;b;c)g using the PT (a;b;c) as keys.

/* In the sorted list, only streamsof consecutive triplets can have the
sameassociated tripartition.*/
Scanthe sorted list of triplets and For each stream t i ; : : : t i + k of conse-
cutive triplets that have the sameassociated tripartition do

Add P to the set PL of computedpartitions
Compute the number of witnessesof P.

EndFor
For each partition P = hA; B ; Ci in PL do

Remove P from PL if P has lessthan
jAjjB jjCj(jAj + jB j + jCj � 3)=ewitnesses.
EndFor
For each partition P = hA; B ; Ci in L do

Remove P from PL if P is not 2-bounded
EndFor
Return(PL )
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Clean(Q; S)
Input : A set Q of quartets over the speciesS.
Output: A set P of compatible tripartitions.
L := ;
For each triplet a;b;c 2 S do

P := AssociatePartition(a;b;c)
underlineIf P is 2-boundedthen

L := L [ f Pg
EndIf

EndFor
Return L

If there exists a triplet (a;b;c;) with P= AssociatedPartition(a;b;c), the
Cleanalgorithm is guaranteed to output a list L of partitions including P.
Consequently we only have to ensurethat we include also the 2-bounded
partitions that are not associated to any triplet. exaclty P. Consequently
we now have to deal only with the casewhereall tripartitions associated to
the triplets a 2 A, b2 B, c 2 C are incorrect.

Let us consider a 2-bounded tripartition hA; B ; Ci , by Def. 7.1.2 the
number of quartet errors acrosssuch tripartition is less than 1

2(2jAjjB j +
2jAjjCj + 2jB jjCj � 3jAj � 3jB j � 3jCj + 3). Let err (a;b;c) be the set
(QT � Q) \ ff a;b;c;wg : w 2 S � f a;b;cgg; intuitiv ely err (a;b;c) con-
sists of all quartet errors amongthe quartets consideredinside a call to the
procedureAssociatePartition(a;b;c). Since a single quartet error in
uences
only the tripartitions associated to two distinct triplets, (a proof of this re-
sult can be found in [14]), for a 2-boundedtripartition hA; B ; Ci the sum of
jerr (a;b;c)j over all triplets (a;b;c) with a 2 A, b 2 B, c 2 C is lessthan
2jAjjB j + 2jAjjCj + 2jB jjCj � 3jAj � 3jB j � 3jCj + 3. Sincethe number of
triplets (a;b;c) is jAjjB jjCj we can study the averagenumber of errors per
triplet which is equal to the following expression:

2jAjjB j + 2jAjjCj + 2jB jjCj � 3jAj � 3jB j � 3jCj + 3
jAjjB jjCj

(7.11)

Clearly whenever such averagevalue is strictly lessthan an integer avg
there is a triplet (a;b;c) whoseassociated tripartition has at most avg � 1
quartet errors acrossit. Assumeinitially that jCj = 1, then the number of
errors is 2jAjjB j � jAj � jB j, hence

2jAjjB j � jAj � jB j
jAjjB j

< 2 (7.12)
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Assumenow that jCj = 2, then

2jAjjB j + jAj + jB j � 3
2jAjjB j

< 2 (7.13)

Consequently if jCj < 3 there is a triplet whoseassociated tripartition
has at most oneerror. Sincethe above inequalities hold for all jAj; jB j, and
for simmetry of (7.11), we can now assumethat jAj > 2, jB j > 2, jCj > 2.
We will prove that the averagenumber is lessthan 2 also in this new case.

2jAjjB j + 2jAjjCj + 2jB jjCj � 3jAj � 3jB j � 3jCj + 3 < 2jAjjB jjCj )
2jAjjB j(1 � jC j

3 ) + 2jAjjCj(1 � jB j
3 ) + 2jB jjCj(

1 � jA j
3 ) < 3jAj + 3jB j + 3jCj � 3

SincejAj; jB j; jCj are all greater than or equal to three, all terms in the
left hand side of (7.14) are not greater than zero, while the right hand side
is strictly positive.

Now assumethat all sets A; B ; C contain at least six elements, in this
casewe will prove that the averagenumber of errors is lessthan one.

2jAjjB j + 2jAjjCj + 2jB jjCj � 3jAj � 3jB j � 3jCj + 3 < jAjjB jjCj )
jAjjB j(2 � jC j

3 ) + jAjjCj(2 � jB j
3 ) + jB jjCj(

2 � jA j
3 ) < 3jAj + 3jB j + 3jCj � 3

Just asin the previouscasesincejAj; jB j; jCj areall greaterthan or equal
to 6, then the left hand sidecannotbegreaterthan zero,while the right hand
side is strictly positive. Consequently all tripartitions hA; B ; Ci such that
all setscontain at least 6 elements are already computed by the procedure
Cleandescribed at the beginning of this section, while all other 2-bounded
tripartitions have at most one error acrossit. A brute force procedurecan
correct such error, giving a set of tripartitions including the correct one.

The algorithm computing the set of all 2-bounded tripartitions follows
directly.

To determine the time complexity of the algorithm note that the most
expensive step is to check all tripartitions for 2-boundedness.The algorithm
computes the O(n3) tripartitions associated to any triplet. Hence O(n7)
time su�ces to check all such tripartitions. An additional set of tripartitions
can be computed by the procedureCorrectError. Such procedurereceives
a tripartition as input and can output O(n) tripartitions, hencethe total
number of additional tripartitions is O(n4), sincefor each triplet at most one
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CorrectError(hA; B ; Ci )
Input : A tripartition hA; B ; Ci of S has lessthan 7 elements.
L := ;
For each s 2 S do

L:= L [ fhA [ f sg; B ; Cig
L:= L [ fhA[ ; B [ f sg; Cig
L:= L [ fhA[ ; B ; C [ f sgig

EndFor
For each partition P in L do

Remove P from L if P is not 2-bounded
EndFor
Return(P)

Clean(Q; S)
Input : A set Q of quartets over the speciesS.
L := ; , P := ;
For each triplet a;b;c 2 S do

P:=AssociatePartition( a;b;c)
If jAj < 6 or jB j < 6 or jCj < 6 then

L := L [ CorrectErrors(P)
else

L := L [ f Pg
EndIf

EndFor
For each partition P = hA; B ; Ci in L do

Remove P from L if P is not 2-bounded
EndFor
Return (L)
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call to CorrectError is made. Anyway thesetripartitions are not completely
general,sincethe tripartitions givenasinput areall such that onesetcontains
at most6 elements; by constructionof CorrectError the tripartitions returned
as output di�er from the one given as input by at most one element, this
implisethat all tripartitions returned by CorrectError haveonesetcontaining
at most7 elements. Consequently the number of quartetsacrossa tripartition
returned by CorrectError is O(n3). Hencethe algorithm Clean computesall
2-boundedtripartitions in O(n7) time.



App endix A

List of Problems

In the following we will give the formal de�nitions of all problemsthat have
beenmentioned in the thesis,stating the most relevant known results, prior
to this thesis, regarding the computational complexity of such problems.

Problem 8 (Max Cut).
Instance: a edge-weighted undirected graph G = hV; Ei .

Solution: a bipartition (V1; V2) of V .
Goal: to maximize the total weight of the edgeswith exactly one endpoint
in V1.

This problem is APX -hard [78], even on unweighted cubic graphs, that
is over graphswhereeach vertex is incident on exactly 3 edgesand all edges
have weight 1 [2].

Problem 9 (Max Sat).
Instance: a weighted set of clausesof the form:

W
x � i

i wherex1
i standsfor x i

and x0
i standsfor 6x i .

Solution: a truth assignment to the variablesx i .
Goal: to maximize the total weight of the clausesthat are satis�ed by the
assignment.

In [78] it has been proved that Max Sat is APX -hard even when all
clauseshave weight 1, all clausescontain 2 variablesand all variablesappear
exactly 5 times in the clausesin the instance. Both Max Cut and Max
Sat admit a ptas on denseinstances[8].

Problem 10 (Min Vertex Cover).
Instance: an unoriented graph GhV; Ei .

Solution: a cover of G, that is a subsetC � V such that C contains at least
oneof the endpoints of each edgee 2 E.
Goal: to minimize the cardinality of the cover.

99
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The problem is APX -hard even on bounded degreegraphs [78], and in
particular on cubic graphs[62].

Problem 11 (Max Clique).
Instance: an unoriented graph GhV; Ei .

Solution: a clique, that is a subset K � V such that the subgraph of G
induced by K is complete(all pairs of verticesare an edge).
Goal: to maximize the cardinality of the clique.

Problem 12 (Min Indep endent Set).
Instance: an unoriented graph GhV; Ei .

Solution: an independent set, that is a subsetI � V such that the subgraph
of G induced by I contains no edge.
Goal: to minimize the cardinality of the independent set.

Since a clique of a graph G is an independent set of the complement
graph of G, the two last problems share the same (non-)approximabilit y
results. They cannot be approximated within factor O(n1� � ) for any � > 0
in polynomial time, unlessNP = ZPP.

Problem 13 (Max Tridimensional Matc hing ).
Instance: three disjoint sets X 1; X 2; X 3 and a set M � X 1 � X 2 � X 3 of

triplets.
Solution: a matching, that is a subsetM 1 � M such no triplets in M 1 share
a commonelement.
Goal: to maximize the cardinality of the matching.

The problem is APX -hard [62].

Problem 14 (Longest Common Subsequence).
Instance: a setsS of sequences.

Solution: a common subsequence of S, that is a sequences such that s can
be obtained from each sequencein S by removing somecharacters of such
sequence.
Goal: to maximize the length of the subsequence.

Problem 15 (Shortest Common Supersequence).
Instance: a setsS of sequences.

Solution: a common supersequence of S, that is a sequences such that s can
be obtained from each sequencein S by inserting somecharacters of such
sequence.
Goal: to minimize the length of the subsequence.
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Both problemsareNP-hard on binary alphabet and APX -hard on general
alphabet. Moreover LCS is as hard to approximate as Max Clique , while
SCS cannot be approximated within O(log� n) factor in polynomial time,
unlessNP � DTIME [2polylogn ].

Problem 16 (Multiple Sequence Alignmen t with SP-score).
Instance: a sets S of sequencesover alphabet �, a scoring function d :

(� [ f � g) � (� [ f � g) ! N
Solution: an alignment of S, that is a matrix of jSj rows, where in the rows
there are the sequencesin S, eventually with spaces(�) inserted.
Goal: the costof a column of the alignment is the sumof d(a;b) over all pairs
(a;b) of distinct cells in the column. The cost of an alignment is the sum of
the costsof all columns,to be minimized.

This problem is NP-hard for a scorefunction that is not a metric [97].

Problem 17 (Gapp ed Multiple Sequence Alignmen t with SP-score).

Instance: a sets S of sequencesover alphabet �, a scoring function d :
(� [ f � g) � (� [ f � g) ! N
Solution: an alignment of S, that is a matrix of jSj rows, where in the rows
there are the sequencesin S, eventually with spaces(�) inserted.
Goal: the costof a column of the alignment is the sumof d(a;b) over all pairs
(a;b) of distinct cells in the column. The cost of an alignment is the sum of
the costsof all columns,to be minimized.

The versionof Gapped Mul tiple Sequence Alignment with SP-
score whereall gapsare restricted to be either at the beginning or at the
end of the aligned sequencesis called Gap-0 Alignment . The restriction
of the latter problem whereonly onespacecanbe insertedis calledGap-0-1
Alignment .

Problem 18 (Min Space-L Multiple Alignmen t).
Instance: a set of sequencesf t1; : : : ; tkg and a scoringscheme(dM ; g).

Solution: a space-L multiple alignment A of ht1; : : : ; tk i .
Goal: the costof a column of the alignment is the sumof d(a;b) over all pairs
(a;b) of distinct cells in the column. The cost of an alignment is the sum of
the costsof all columns,to be minimized.

Problem 19 (Maxim um Weighted Trace Alignmen t).
Instance: an alignment graph G = hV; E; F i and a weight for each each edge

in E.
Solution: a trace graph G1 = hV; E1; F i , with E1 � E , that is a graph with
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no cycle containing an edgein F .
Goal: to maximize the sum of weights of all edgesin E1

The problem is NP-hard [68].

Problem 20 (Maxim um Quartet Consistency ).
Instance: a set Q of quartet topologiesover a speciesset S

Solution: an evolutionary tree T with leavesS.
Goal: to maximize the quartets induced from T that are also in Q.

The problem is NP-hard, but admits a ptas, whenQ contains all quartets
over S [57, 14]. It is APX -hard in the generalcase[89].

Problem 21 (Maxim um Isomorphic Agreemen t Subtree).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees.

Solution: an S� -labeled tree T � , with S� � S, such that T � is isomorphic to
a subtreeof all trees in T.
Goal: to maximize jS� j.

The problem is APX -hard [4].

Problem 22 (Maxim um Agreemen t Subtree).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees.

Solution: an S� -labeled tree T � , with S� � S, such that T � doesnot contain
any internal node (with the possibleexceptionof the root) of degree2 and,
for each tree Ti 2 T, T � is homeomorphicto a subtreeof Ti .
Goal: to maximize jS� j.

The problem cannot be approximated within log� n factor in polynomial
time, unlessNP � DTIME [2polylogn ] [51].

Problem 23 (Maxim um Weighted Agreemen t Subtree).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees, where each edge is

labeledwith a positive weight.
Solution: an S� -labeled tree T � , with S� � S, such that, for each pair of
leavess1; s2 2 S� , the distance(as sum of weights) betweens1 and s2 is the
samein all trees.
Goal: to maximize jS� j.

Problem 24 (Maxim um In terv al Weighted Subtree).
Instance: a set T = f T1; : : : ; Tmg of S-labeled trees, where each edge is

labeledwith an interval [a;b].
Solution: an S� -labeled tree T � , with S� � S, whereeach edgeis labeledby
a weight such that, for each pair of leavess1; s2 2 S� , the distance(as sum
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of weights) between s1 and s2 belongsto the interval (as sum of extremal
points of all intervals in the path) in all trees.
Goal: to maximize jS� j.

The last two problems are more general versionsof MIT and MHT ,
hencethey inherit their inapproximabilit y results.

Problem 25 (Switc hboard Lo cation).
Instance: a set of disjoint sets f R1; : : : ; Rkg and a function d : (R1 [ � � � [

Rk) � (R1 [ � � � [ Rk) ! Q such that x i 6= x j ) d(x i ; x j ) > 0.
Solution: a set hx1 : : : ; xk i of points such that x i 2 Ri for 1 � i � k.
Goal: to minimize

P
1� i<j � k d(x i ; x j ).
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