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Abstract

Bioinformatics (or Computational Molecular Biology) is an emerginginter-
disciplinary eld between Computer Scienceand Molecular Biology. This
new eld encompasseshe study of a number of computational problems
arising from the huge amourt of biological data that is publicly available
nowadays. The nal goalis to designe cient algorithmic solutionsto sud
problemsor to identify which problemscannotbe solvede cien tly. This the-
sis explorestwo fundamertal computational problemsarising from the need
of studying biological data: sequenceeomparisonand phylogery analysis.

One of the most widely adopted approadesto sequenceomparisonthat
have beenintroduced in literature is sequencealignmert. The problem of
Mul tiple Sequence Alignment is studied deeplyin this thesis,in par-
ticular the SP-scoreversion,wherethe cost of a global alignmert is the sum
of the costsof all pairwise alignmerts of two sequences.Initially the NP-
hardnessof the problemis proved, evenin the restricted caseof metric scoring
function and binary alphabet [1§], then it is proved the APX-hardnessof the
casewhere at most a constart number of spacescan be inserted in eadh
sequencg61]. The restrictions studied are of particular relevancein Biology.

Notwithstanding sud results, which state that someof the variants of
Mul tiple Sequence Alignment cannotbe e cien tly solved, we are able
to obtain somealgorithmic improvemerns on a di erent version. We study
the restriction of the problemwherethe ratio betweenthe minimum and max-
imum possiblecostsof pairwise alignmerts is upper boundedby a constart,
and we devisea polynomial-time approximation schemefor sud restriction
[61], basedon the smaoth polynomial programming technique.

A di erent versionof multiple sequencalignmert, calledTra ce Align-
ment , is studied: more preciselywe prove the APX-hardnessof sud prob-
lem. This new formulation has particular relevancein practice, sinceit aims
at pointing out the highly consened subregionsthat are presen in the se-
guences;sud regionsare of great interest among biologists, sincethey are
more likely to encale proteins whoseexistenceis fundamertal for the species
studied.



Vi CONTENTS

Another approad to sequencecomparisonis basedon the notions of
subsequenceand supersequence.More precisely two di erent measuresof
sequencesimilarity (notably the Longest Common Subsequence and
the Shor test Common Supersequence ) are studied. An approximation
algorithm is descriked for ead of such problems,and the performanceof the
algorithm proposedis studied experimertally [17, 22]. In the experimenrtal
analysisboth the length of the sequencesomputedand a measureexpressing
how much the solution computedis similar to the optimum one are consid-
ered: the analysisis focusedon instanceswhich simulates the ewlution of
speciesaccordingto the well-known Jukes-Carior model.

The secondpart of this thesisis dewted to two problemsarising when
the analysisof biological data is focusedon the discovery and represetation
of ewlutionary events: phylogery comparisonand phylogery reconstruction.
Among the possibleformulations of phylogery comparison,in this thesiswe
investigatethe appraximation complexity of computing the Maximum Iso-
morphic Agreement Subtree of a setof ewlutionary trees,proving that
there cannotexist a polynomial-time constart-ratio approximation algorithm
even in the caseof instancescorntaining exactly three trees. Sud negative
resultsis successigly strengthened[21]].

Someof the most common methods for inferring ewlutionary treesrely
on the notion of quartet. Algorithms which are basedon sud techniquetake
into accour the information assaiatedto ead subsetof four species(a quar-
tet) and exploit sud information to construct the wholetree. Unfortunately
the information contained in all quartets is not necessarilyconsisten, hence
the needfor identifying and correcting discrepanciesamong quartets. The
rst framework for correcting sud errors introduced in literature is called
guartet cleaning. We descrile two new algorithms that improve the previ-
ously known results, with respect to the number of errors recovered and the
time complexity [31].

Computer Sciencels all about automated problem solving. Clearly solv-
ing a probelm requiresanalyzing closelysud problem, idertifying a suitable
and preciseformulation for it, sothat designingan e cien t algorith is easier.
Recen advancesin technology have given an impressiwe boost to researt
in Molecular Biology: one well-known project is that eld is to fully under-
stand the function and the inner working of ead portion of DNA in human
beings. Sincethe human genomeconsistsof approximately 3 billions bases,
sudh analysis could not be carried on without the fundamenal support of
computers.

In orderto givee cien t solutionsto the problemsarisingin thoseprojects,
someknowledgeof both Molecular Biology and Computer Scienceis neces-
sary, such needhasgiven birth to Bioinformatics (also called Computational
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Molecular Biology), which is a new and emerginginterdisciplinary eld be-
tweenComputer Scienceand Biology. As stated previously, one of the tasks
that must be accomplished,in order to give e cient solutions,is nding a
suitable formulation, ascombinatorial problem, of real-world problemwe are
studying.

The recent announcemen of the completion of the sequencingf the hu-
man genomeis all but the nal answer to the questionsin this eld. Just to
point out that someof mostimportant biological problemsare quite far from
getting a de nitiv e solution, biologists still do not have a clear idea of how
di erent genesgnteract with ead other, that is they arenot ableto determine
the so called generegulatory network built upon the inhibit/activ ate rela-
tions. Another novel problemis that of comparingsequence orderto nd
homologies,that is regionsthat are highly conserned amongthe genomeof
di erent species.Sinceanalogiesbetweenbiological sequenceare commonly
believed to lead to functional similarities sudh homologiesare of primary
interest amongresearbersin the eld.

This thesis cortains a brief introduction to the eld of Computational
Molecular Biology and de nes someof the most intriguing problemsin the
eld, sud asmultiple sequencealignmert and reconstructionof ewolutionary
trees. We will study someformulations of the Mul tiple Sequence Align-
ment , the Longest Common Subsequence andthe Shor test Common
Supersequence problmes, which model the comparisonamong biological
sequencesMore preciselywe will prove that someof sud problemscannot
be solved e cien tly, while we will describe e cien t approximation algorithms
for someof those problems.

We will analyze a formulation of the comparisonof ewlutionary trees
called Maximum Isomorphic Agreement Subtree , proving that sud
problem is hard to approximate.

Finally we will study the problem of inferring phylogenies,in particular
within the quartet-based paradigm, designingtwo e cient algorithms for
guartet cleaning, which is a technique to improve the quality of the trees
computedaccordingto sud paradigm.
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Chapter 1

In tro duction

Tednologicaladvanceshave lead to tremendousimprovemerts in Molecular
Biology, sonowadays researbtersin the eld have accesso anamourt of data
that wasnot possibleto think of two decadesago. The following sertenceis
an excerptfrom [48]:

In a shorttime it will be hard to realizehow we managedwithout
the sequencealata. Biology will newver be the sameagain. [99

Molecular biologistshave accesgo a number of data basesover the Inter-
net (among others SwissProtand EMBL), moreorer new deviceshave been
deweloped to help researbersin obtaining biological sequencegi.e. DNA,
RNA or proteins). Recerly the completion of the sequencingof the whole
human genome(which is madeof about 3 billion bases)hasbeenannounced.
This hugeamourt of data makesthe needfor e cien t algorithms to analyze
biological data even more stringent than before.

In order to give good solutions to the problemsthat arisein this eld,
it is necessaryto have a working knowledgeof the fundamernts of Molecular
Biology as well as Computer Science. This necessiy has lead to the birth
of Bioinformatics. In this thesistwo of the most important problemsin the
eld areinvestigated: sequen@ comparison and phylaeny analysis

The comparisonof sequencess a well-known problem in Computer Sci-
ence,in fact a number of de nitions of distancebetweentwo sequencesave
appearedin literature, suc asthe Hamming distance and the edit distance
[73, 85], and various algorithms for computing sud distanceshave beenpre-
serted.

Moreover the notion of distance amongstrings nds a number of appli-
cations outside of Bioinformatics, for examplethe di  Unix commandrelies
on a speci ¢ notion of distance, basedon the de nition of longestcommon

1



2 CHAPTER 1. INTRODUCTION

subsequencef two strings. Sequencecomparisonis at the core of Bioinfor-
matics, asin biomolecularsequence$DNA, RNA, or amino acid sequences)
high sequencesimilarity usually implies signi cant functional or structural
similarity.

In fact \similarit y" is a certral phenomenonin biology. But sequence
similarity is not a de nitiv e tool for biologists: even though hemoglobinis
the sameprotein in ies asin human beings,it comesasno surprisethat ies
and humansdo di er. This meansthat human genomehave someconsened
regions when comparedto the genomeof ies, while some other regions
are completely di erent. Sud consenred regionsare usually referredto as
homolajies which meansinferred commonancestry although it is commonly
misusedto meansimilarity [52]. This abuseof languageis dueto the fact that
similarity betweensequencess an obsenation and can be quarti ed, while
the fact that there is a commonancestorcannot be measured. Moreover it
is possible,asa rst appraximation, to state that sequencesimilarity implies
functional similarity which, in turn, is likely to point out a commonancestor.

Even though the objects to compareare not necessarilyrestricted to be
sequencesdt is usually easierto acquireand examinesequenceshan to ana-
lyze the phenotypesor to investigatebiochemical properties. Someproblems
on sequencesave been studied even before the advert of Bioinformatics,
hencestudying biological data at the sequencdevel allows to use some of
the results already presered in literature.

Frequertly biologists needto look for a given sequencen a data base.
Sincethe amourt of data involved in sud a data baseseard is sohuge(due
to the length of the sequencesand the number of sequencestored in the
data bases)having e cient methods to comparesequencess of fundamen-
tal relevance. In order to get more preciseinformation about how much a
sequencas homologousto somesequencestored in a data basewe must be
able to compare quickly a set of sequencesthat is to compute a multiple
sequenceomparison.

Evolutionary history is often represemed by an ewlutionary tree (or phy-
logeny) whereknown sequencesf extant speciesarerepresered at the leaves
of the tree, and their unknown ancestorsare represeited at internal nodes
of the tree. When the tree is known (from previous data and deduction)
the problem s to deducethe sequencesor the internal nodesoptimizing an
objective function depending on the tree.

This is a particular version of a more general problem in Biology: to
determine the ewlutionary history of a set of extant species. One of the
most intriguing aspectsof sud problemsis to determinethe topology of the
tree represeming sud history. The method that is usedmore frequenly in
practice for inferring phylogeniesis that of reconstructionfrom quartets [39].
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This method is basedon the obsenation that it is feasibleto determine ex-
perimertally the ewlutionary history of small subsetsof the extant species
(usually subsetsof 4 species,called quartets), but this leavesopen the prob-
lem of computing an ewlutionary tree that is compatible with the results of
all experimerts.

Advancesin Molecular Biology have led to an explosionin the amourt of
data available for analysis,and in the sizeof thesedata sets. Nowadays it is
no longer possibleto asserble data and build treesby hand, hencethere is
a growing needfor sophisticatedtechniquesto analyzeand understanddata,
balancedby the needof recognizingwhich problemsare simply too di cult
for our current resources.

Sincesud amourt of available data allows to computeinexpensiwely dif-
ferert treesfor the samespeciesset (for instancetaking into accoun di erent
DNA sites), the needfor computing a commonewlutionary history inferred
from a set of phylogeniesnaturally arises: sud new biological problem can
have a number of di erent, but sound,combinatorial formulations.

In Chapter 3 we study someformulations of the Mul tiple Sequence
Alignment  problems; more preciselywe focus on somerestriction of great
biological relevance,proving that all suc formulations cannot be solved ex-
actly e cien tly, for someof sut formulations we alsoprove that they cannot
be approximated arbitrarily e cien tly.

In Chapter 4 we cope partially with sud negative results providing an
approximation schemefor an interestingrestriction of Mul tiple Sequence
Alignment whenthe number of spaceghat can be insertedis bounded.

The results stated in thesechapters have beendescribed in previous pa-
pers or manuscripts coauthoredwith P. Bonizzoni, T. Jiang, W. Just and
G. Mauri [18, 61, 19].

In Chapter 5 we proposetwo di erent appraximation algorithms for two
related problems: the Longest Common Subsequence and the Shor t-
est Common Supersequence problems,studying their experimertal be-
haviour. Sud studies have been preserted previously in [17, 22, 11], coau-
thored with P. Bonizzoniand G. Mauri.

In Chapter 6 the appraximation complexity of computing the Maxi-
mum Isomorphic Agreement Subtree isinvestigated,shaving that sud
problemis hard to appraximate. Sud resultsappearedalsoin [20, 21], coau-
thored with P. Bonizzoniand G. Mauri.

Finally in Chapter 7 two new algorithms for computing the Local Ver-
tex Cleaning aredescriked, showving that oneof the algorithm hasoptimal
time complexity, while the secondoneis able to recover an optimal number
of errors. Thesealgorithms have not been published previously and are a
joint work with H. T. Wareham|[31].
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Chapter 2

Basic De nitions

2.1 Computational Complexit y

This thesisfocuseson designinge cien t solutionsfor someproblems,or prov-
ing that sud problemsare hard (that is they cannot be solved e cien tly).
The mathematical model that we will assumefor describinga computation
is the RAM (see[79)). It seemsnatural to begin with the formal de nition
of problem.

De nition 2.1.1 (Problem). An optimization problem, or simply problem
consistsof 3 distinct componerts:

a setl of instances that is the set of objects on which the problem is
applied;

a formulation of feasiblesolutions of a giveninstance. Sud formulation
must be chedable by a RAM;

a gaal that is the objective function (usually denotedby cost or value)
from the setof feasiblesolutionsto R, and whetherwe want to minimize
or maximize sud objective function

A feasible solution that minimize (maximize) the objective function is
called optimal solution. In Appendix A we have listed the problemswe deal
with in the thesis. Sometimesit is interesting even to determineif a given
instancehasat leastonefeasiblesolution: we will call sud problemsdecision
problems.

The formal description of how to solve a problem as a sequenceof op-
erations is called algorithm. It is possibleto seean algorithm for a given
problem P as a function from the instancesof P to the set of the feasible

5



6 CHAPTER 2. BASIC DEFINITIONS

solutions (in the caseof decisionproblemssud function returns either yes
or no).

As customary we will usethe term time complexity of an algorithm, to
identify the worst-caserunning time of an algorithm as function of the size
of the instance.

A computational classis a set of problem sharing somecommon proper-
ties, sud ashaving similar worst-casetime or spacecomplexity. An example
of computational classis P, that is the classof all problems for which an
optimal solution (that is an exact solution) can be computedin polynomial
time, i.e. O(n*) time for someconstart k. AnalogouslyNP is the classof the
problemswhereboth cheding if a solution is feasibleand the objective func-
tion can be computed in polynomial time. In the classicalbook by Garey
and Johnson [44] the relevance of the computational classesP and NP is
amazingly pointed out.

A fundamenal notion that allows to comparethe hardnessof solving
di erent problemsis that of reduction (seeFig. 2.1):

De nition  2.1.2 (Reduction). Let P, and P, be two optimization prob-
lems, then a reduction from P, to P, is a pair H; gi of algorithms, where f
receivesasinput aninstancex of P; and outputs an instancef(x) of P,, and
g receiwesasinput a solution y of P, and outputs a solution g(y) sud that
if y is an optimal solution of f(x) then g(y) is an optimal solution of x.

Instances Solutions

@ f @ Problem B
9(y) d @ Problem B

Figure 2.1: Represetation of reduction

Usually the sum of the time complexities of f and g is called the time
complexity of the reduction. It is immediate to note that, if P is reduced
to P, and A is the best time complexity known algorithm for P,, then the
time complexity of P; is at most the sum of the time complexitiesof A and
that of the reduction.
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A commonly consideredconjectureis that NP P, the notion of reduc-
tion allowsto point out someof the evidencesuggestinghat sud conjecture
is true, more preciselyit allowsto identify a setof problemsthat are not be-
lievedto bein P: the NP-hard problems.

De nition  2.1.3 (NP-hardness). Let P be a problemin NP. Then P is
NP-hard if all problemsin NP can be reducedto P in polynomial-time.

An immediate consequencef Def. 2.1.3is that no NP-hard problem can
be solved in polynomial time, unlessP = NP. In practice this meansthat
computing an exact solution of a NP-hard problem is consideredntractable.

While it is not betractable to solve exactly NP-hard problems,it still may
be possibleto determine a near-optimal solution. We now needto introduce
a formal de nition of near-optimal solution.

De nition 2.1.4 (Appro ximation ratio). Let P bean optimization prob-
lem, let A be an algorithm for sudh problem, let | be aninstanceof P and let
Opt(l) be the optimum value of I. Then the approximation ratio achieved
by Aonl is:

cost(A(l)) . Opt(l)

maxt —5pt)  cost@an )

Pleasenote that sud ratio is always at least 1, and the lower sud ratio
is, the better the solution computed by the algorithm is. The guarantexd
appraximation ratio (or simply approximation ratio) of an algorithm is an
upper bound on the approximation ratio over all instances.Consequetly we
are interestedin e cien t algorithms whoseapproximation ratio is as small
aspossible.

A target that is highly desirableis to descrike polynomial-time algorithm
with constart approximation ratio: the computational classcortaining ex-
actly sud problemsis called APX. Clearly not all problemsin NPare in
APX, nonethelessomethingthat is even better than a constart approxima-
tion ratio algorithm sometimescan be descriked: an approximation scheme.

De nition 2.1.5 (Appro ximation Scheme). Given a problem P, an al-
gorithm for P with guararteed approximation ratio 1+ and polynomial
time complexity for eath xed constart > 0 is called polynomial-time ap-
proximation scheme or shortly ptas

The typical time complexity of a ptas resenbles O(n*=) or O(f ( )n).
The computational classthat cortains exactly the problemsadmitting a ptas
is denoted by PTAS. In Fig. 2.2 are represeted the relations among the
computational classesntroduced so far where all inclusions are commonly
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believed to be strict. By elaborating on the de nition of reduction it is pos-
sible to generalizethe notion of NP-hard problem introducing the notion of
\hard" problemswith respectto an inclusion betweencomputational classes.
In order to formalize sudh notion we exploit the de nition of reduction.

NP

APX

PTAS

| P

Figure 2.2: Inclusions betweencomputational classes

De nition  2.1.6 (L-reduction). A polynomial-time reduction is an L-

: : cost(g(y)) . Opt(x) cost(y) . Opt(f(x)) :
reduction if maxf opi(x) * costia(y)) maxt Bt )+ costty) 9 for a given

constart > 0 and for ead instancex of P4,

De nition  2.1.7 (APX-hardness). Let P bea problemin APX. Then P
is APX-hard if all problemsin APX can be L-reducedto P.

Just asin the caseof the NP P conjecture, it is widely believed that
APX  PTAS (actually, thanks to a celebratedresult by Arora et.al. [9] the
latter inclusionis strict if and only if the former oneis strict). Henceproving
that a problemis APX-hard is consideredequivalert to proving that it does
not admit a ptas.

In [8] a technique to devisepolynomial-time appraximation schemeshas
beenintroduced: sudt technique is called smath polynomial programming
We will briey recall the relevant material from that paper. A c-smamth
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polynomial integer program (or PIP) is a problem of the form

minimize po(X1;:::;Xn) (2.1)

where ead p; is an n-variate polynomial of maximum degreed, and ead
coe cien t of eat degree’ monomial (term) is at mostc n¢
The fundamertal result is Theorem 1.10of [8]:

Theorem 2.1.1. There is a randomizel polynomial-time algorithm that ap-
proximately solvessmath PIPs, in the following sense.

Given a feasiblec-smaoth degree d PIP with n variables,objective func-
tion pp and K constraints, the algorithm nds a 0=1 solution z satisfy-
ing

p(zo;:::;z,) OPT+ n<
where OPT is the optimum of the PIP.

This solution z also satis es each degree d° constraint to within an
additive factor of n® for d°> Jp and satis es eachlinear constraint to
within an additive error of O( * nlogn).

The running time of the algorithm is O((dK n9)!), wheret = 4c2€?d?= ?
(hene t = O(1= 2)).

The algorithm can be derandomizel (i.e., made deterministic), while
increasing the running time by only a polynomial factor.

2.2 Graph-Theoretic Notions

De nition 2.2.1 (Graph). LetV bea nite setandletE V V. Then
the pair hV; Ei is called graph with vertex setV and edgesetE.

Givenagraph G we denotewith V(T) and E(T) setof verticesand edges
of G respectively. An edgeof the form (v; V) is calledloop, a looplessgraphis
called simple graph. Let G = hV; Ei bea graph sud that (vi;Vv,) 2 E if and
only if (vz;vy) 2 E for every two verticesvy; v, 2 V, then G is an undirected
graph, otherwise G is called directed. Unlessstated otherwisethe graphsin
this thesisare assumedto be simple and undirected.

De nition  2.2.2 (Subgraph). Let G = hV;Ei;G; = hv;;Eji be two
graphs. Then G; is a subgraphof G if andonly if V; V andE; E.
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Let G = hV;Ei be a graph, and let V; V, then the subgraphof G
inducedby V; ishvy;E\ (Vi Vi)i. A sequencer;e;;Vvi; e;:::;8;V, where
eativ; 2 V andeat e = (v; 1;V;) 2 E, is called a path from v, to v;. The
length of a path is the number of edgesin it. A cycleis a path from a vertex
to itself. A graphis connected if for every two verticesvs; v, there is a path
from v, to vo. The dggree of a vertex is the number of edgeghat areincidert
on sud edge.

Let G = hV,Ei be agraphandlet e = (vi;w;) be an edgeof G, then e
is incident onv; and v;, while v; and v; arethe endwints of e. Moreover we
will say that v; and v; are adjacent. Let v be a vertex of G, thenby G , we
denotethe subgraphof G obtained by removing from G the vertex v and all
edgesincidert onv.

De nition 2.2.3 (Tree). A treeis a connectedgraph with no cycles.

The vertices of a tree with degreeone are called leaves while the other
verticesare calledinternal nodes. A tree is rooted if there is a distinguished
internal node calledroot. An unrooted tree is called binary if all its internal
nodeshave degreethree.

De nition  2.2.4 (Isomorphism). Let G; = hVy;Eq i and G, = hV,; Eai
be two graphs. Then G; and G, are isomorphic if there exists a bijection
f Vil VW, sudhthat (vi;vy) 2 Eq if and only if (f (vi);f (vj)) 2 Ea.

De nition  2.2.5 (Homeomorphic contraction). Let G = hV;Ei be a
graph, let v be a vertex of G with degree2 and let w;; w, be the two vertices
of G adjacent to v. Then the result of the homemorphic contraction of
v in G is the graph G; = hv;;E;i whereV; =V  fvgandE; = E
f(v;wa); (viwa)g[ f(wi;wa)g.

Two graphsG;; G, are homemorphic if a sequencef cortractions of G,
and G, givesthe samegraph.

2.3 Sequences and alignmen t

Let bea nite setcalledalphatet. The elemerts of are called symiwls of
characters

De nition  2.3.1 (Sequence). A juxtapositions = s;S, Sy of synmbols
of is calledsejuene over . Moreover m is the length of s and is denoted
by jsj.
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We will uses[i] to denotethe i-th symbol of the sequences. A distin-
guished symbol of the alphabet s the spacesymbol and is denoted by
In this thesisall sequencesire assumedto be over an alphabet , with

2 .

De nition  2.3.2 (Subsequence). Let a= aj;:::;a, and b= by;:::;by
be two sequencesver the alphabet . Then a is a subsquene of bif it is
possibleto obtain a from b by removing some(evertually zero) symbols.

For instance ACCTGTi6& a subsequencef ACTCCTGCTHKG is a subse-
guenceof b then, corversely we will say that bis a sugerseuene of a.

Let A be a setof sequenceand let b be a sequenceThen bis a common
subsequencef A if bis a subsequencef ead sequencen A. Analogously
we can introducethe notion of commonsupersequence.

Now we shift our attention to the notion of alignmernt of sequencesas
sud notion allows to comparemore preciselya set of sequencesn order to
nd homologiesthat is patterns consened during ewlution.

De nition  2.3.3 (Multiple sequence alignment). Let S = bhsy;:::;syi
be an ordered set of n sequencesver the alphabet . Then a multiple

equallength sequencesywhereead as; can be obtained from s; by inserting
somespaces.

asa matrix A of n rows, wherein ead cell there is an elemen of and in
the i-th row there is the sequenceas;.

Giventwo sequences; ands; in the alignmert, then eat symbol as,[i] is
opposite to as;[i]. By abuseof language,we will write that the s,[i] is oppo-
site to s,[j ] under an alignmert A, actually meaningthat the correspnding
symbolsin at;; at, are opposite. A matchoccurswheretwo identical symbols
are opposite in the two sequencess,; and as,, otherwisetwo non-idertical
opposingsymbols give a mismatchwhich canbe thought of asa replacemen
The insertion of a spacein a sequenceopposinga symbol of a secondse-
qguence,is viewed asthe deletionin the rst sequenceof the symbol or an
insertion of into the secondone.

De nition 2.3.4 (Score). A swmreisafunctond: ( [ f g) ( |
f gj))! N that assignsa costto eat pair of synmbols.

Following the de nition, a scorecan be intuitiv ely descrited by a matrix.
The following mathematical properties characterizesomeinteresting subsets
of scorematrices[27):
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() d(a;a) = 0,foreverya2 [ f g,

(i) d(a;b) = Oimpliesthat a= b, forewerya;b2 [ f g,
(i) d(a;b) = d(b;a), foreverya;b2 [ f g,

(iv) d(a;c) d(a;b) + d(b;c), for everya;b;c2 [ f g,
(v) d(a;c) maxfd(a;b);d(b;c)g, foreverya;b;c2 [ f g.

A scoreschemethat satis es properties (i) { (iii) is a semi-metric, the
scoreis a metric if property (iv) is also satis ed and is an ultrametric if
all above speci ed properties hold. By meansof a scorescheme a value
is assignedto a multiple alignmert. A very popular score sdheme, called
SP-scorejs de ned asfollows:

De nition  2.3.5 (SP-score). Let A be an alignmert with m rows and k

columns, and let s;, s; be respectively the ith and jth rows of A. Then

the, cost of the pairwise alignmert in A of s; and s;, denotedas da(s;;s;)

is 4, (d(si[ll;si[l]), wheresi[l] (sj[l]) is the I-th symbols of s; (s; respec-

tively). The SP-sore (or cost) of A is de ned asthe following summation
X X

da(si;s) = d(as;;as)

1 m 1if m

Alternativ ely we may think that the cost of a multiple alignmert is the
sum of the scoresof all columns,wherethe scoreof eat column is the sum
of the scoresof all distinct unorderedpairs of symbols iIB the column. Then,
the value of the alignmert of a columnx of height I'is =, ;o | d(x[i];x[j ]),
wherex[i] is the symbol in i-th row of column x and d(x[i]; x[j ]) is the score
betweenthe two symbols x[i] and x[j ]. We assumethat an alignmert cannot
contain a column of only 's.

Sometimesit is useful, from a biological point of view, to penalizealign-
merts that presen a large number of gaps that is consecutie runs of space
symbols. Let g be a constart called gap opening penalty, then we modify the
de nition of costof an alignmert asfollows:

De nition 2.3.6. Let as; = hasy[1];:::;as[m]i;as, = hasy[1];:::;as[m]i
be the alignmert, of length m, of twg,sequences; sy, then the cost of the
alignmert is d(s;;s2) = 9(G1+ Go)+ 1, dwv (asi[i]; asy[i]), whereG; is the
number of gapsin s;.
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Note that spaceL -alignmerts exist only if the length of the shortestof these
sequencess at leastn L, wheren is the length of the longestamongthe
sequencess;;:::;Sk. Pleasealso note that there are no restriction about
wherethe spacesynbols can be inserted.

Let B be a subsetof a setS of sequenceand A an alignmert of S. Then,
by Ag we denotethe array consistingof all rows of A cortaining sequences
in B (in this casein Ag there may be somecolumnscortaining only 's).

De nition  2.3.7 (Alignmen t graph). An alignmentgraph G = hVv;E;Fi
for a set S of sequencess a graph whoseverticesV correspnd to the char-
actersof the sequencem S, F is a setof directed edgeqcalled special edges)
sud that (v;w) 2 F if and only if v immediately precedesw in a sequence
of S. Moreover E is a set of weighted undirected edges(called alignment
edges)suc that two verticesincident on an alignmert edgecannot belong
to the samesequencen S.

It is possibleto descrike the notion of alignmert graph purely with graph-
theoretic notions, without referring to sequences.In this caselet V be a
nite setandlet beapartial orderoverV. By  we denotethe re exive
transitive closureof . Then a graph G = hV;E;Fi is an alignmert graph
for V; if the following conditions hold for eat pair of verticesv; w:

thesetsfz2V:z vgandfz2V :z  wg aredisjoint or one of
them is contained into the other one;

(viw) 2 F ifandonly if v w;
(v;w) 2 E impliesthat v6 w.

Moreover a weight function w : E ! QY is given as part of the alignmert
graph. Whene\er all edgeshave weight one, we will not explicitly state the
weight function.

For consistencywith the terminology usedin [33] we will call special the
cyclesintersecting at least an oriented edge.

De nition  2.3.8. A multiple sequencetrace alignment of an alignmert
graph G = hV;E;Fi is a graph G; = hV;E4;Fi sud that E; E and
there is no cycleincluding any special edge.

2.4 Phylogenies

An interesting eld of Computational Biology is phylogenetics,whoseaim
is to determine the ewlutionary history of a set of species. Sud history
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is usually represeed by meansof a tree. In this sectionwe will introduce
somecorvertions and notions that will be usedthroughout this thesis: we
will denotea set of speciesby S, and the cardinality of S by n.

De nition 2.4.1. Let S be a set of species,then an evolutionary tree or
phylagenyover S is a tree T whoseleavesare exactly the menbersof S.

Givenatree T with leafsetS, a quartet from S, or equivalertly a quartet
of T, is any subsetof S of 4 elemerts. A quartet topology is a partition of
a quartet into two subsetsof two elemerts ead, written in the form aljcd.
The quartet topology or quartet resolution induced by a quartet f a;b;c;dg
in T isalgcdif and only if in T a is closerto b than to c or d. , the set
of quartets of T is the set In the following we will denoteby Q+ the set of
guartet topologiesinducedin T togetherwith their resolutions,it is not hard
to seethat it is possibleto reconstruct T giventhe set Qt of all the quartet
topologiesinducedin T.

Figure 2.3: Example of ewlutionary tree

Let T be an ewlutionary tree over S, then ead internal node v induces
a tripartition (Ay;By;C,) of S whereT , consistsof three trees whoseset
of leavesare A,, By, C,. By Q(A,;By;C,) (or Qt(v)) we denotethe set of
guartets fa;b;c;dg such that a 2 A,;b2 B,;c 2 C,. ead sud quartet is
called acrossthe vertex v. Similarly given an edgee of an ewlutionary tree
T wewill say that einducesthe bipartition (Ae; Be) whereremoving the edge
e from T givestwo treeswith leavesA. and B, respectively.

De nition 2.4.2 (Induced partitions). Let T be a phylogery. Then the
set of all bipartitions induced in T is [ e2e(r)(Ae; Be), While the set of all
tripartitions induced in T is [ vov(r)(Ay; By; Cy).
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A set of bipartitions (or tripartition) is called compatible if there exists
a phylogery inducing sud set of partitions (pleasenote that the phylogery
may induce somepartition not in the set). In [29 it has beenshovn how
to compute e cien tly the tree inducing a given set of compatible biparti-
tions. Sud result can be immediately extendedto the casewhere a set of
tripartitions is given asinput, instead of bipartitions.

A quartet fa;b;c;dg is acrossthe edgee (or acrosshA¢; Bei) if and only
if jJAe\ fa;b;c;dgj = 2. In Fig. 2.4 two quartets regarding an ewlutionary
tree are represeted.

Figure 2.4: Quartet (a;b;h;i) is acrossv and (a;b;c;g) is not acrossv

Let Q be a complete set of quartet topologiesover S (that is the reso-
lutions for all possiblequartets over S) and let T be a phylogery over S.
A quartet fa;b;c;dg over S is a quartet error for T if its resolution in Q
is dierent from that in Qr. The number of quartets acrossa vertex v is
%(ij 3)jAvjiByjjCyj, clearly this is alsoan upper boundsfor the number of
quartet errors acrossa vertex.

Let T be a tree and let a;b be two nodesof T, then we will denote by
dr (a;b) the distance betweena and bin T, that is the number of edgesin
the unique simple path from ato bin T. Let T be a rooted tree, and let t
be a node of T, then the depth of t in T is the distanceof t from the root of
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T. The depth of atree T, denotedby depth(T), is the maximum amongthe
depths of its nodes. Given two leavesa;b of T we de ne the least common
ancestor, ofaand bin T, denotedby Icar (a;b), asthe maximum depth node
of T which is ancestorof both a and b.



Chapter 3

Comparing Sequences:
Hardness of Aligning

3.1 Intro duction

Mul tiple sequence alignment is oneofthe most popular and important
problemsin Computational Biology [6§. It nds dierent applications in
Molecular Biology, mainly in two related areas: nding information about
the secondarystructure of the molecules,sud asresidueconsenation along
sequencesand estimatethe ewlutionary distancebetweenspeciesfrom their
asseiated sequences.

The similarity of sequencesn the alignmert is measuredby using dif-
ferert scoresor distances betweenelemens of the matrix. A popular (and
mathematically sound)assumptionin Molecular Evolution is to measureevo-
lutionary distanceby meansof a molecularclock, that is the number of mu-
tations is roughly proportional to the time: this justies to consideronly
metric scores,that is scoreswhere the distance betweenidertical letters is
zeroand it satis es the triangle inequality. Among di erent scoresdhemes,
the sum of all pairs score,in short the SP-score(Def. 2.3.5), is the onethat
has received more attention. By meansof the SP-scorea value is assigned
to a multiple alignmert; an optimal alignmentis the onethat minimizesthe
value over all possiblealignmerts.

Seeral methods have been deweloped for multiple sequencealignmert
[27, 26], but no e cien t methods are known to nd the optimal alignmert.
Recerly, a polynomial time appraximation algorithm for the problem has
beenproposedby Gus eld [47] who achieveda 2 2=k approximation factor
by asserbling an alignmert of k sequence$rom optimal alignmert of pairs
of sequencesThe approximation ratio hasbeenimprovedto a2 |=k factor,

17
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for any xed I, by Bafna, Lawler and Pevzner[10]. But, besidesheseresults
it was an open question whether the problem is NP-complete. The compu-
tational complexity of multiple sequencelignmert has beeninvestigatedin
[97] whereis given a simple proof of NP-completenes®f the alignmert with
scoresthemeover a xed alphabet of four letters that satis es the triangle
inequality, and assignsa non zero distance betweenidentical letters. But,
this result leavesopen the problem of analyzingthe complexity of computing
optimal SP-scoremultiple sequencealignmerts for instancesof this problem
which are of practical biological relevance. Mainly, the result in [97] does
not consideran important requiremern for scoresthemes([41, 98§]) which is
the property of metricity: this oneimplies a zerodistance betweenidentical
letters.

Here, we prove the intractabilit y of multiple sequencealignmert in the
very restricted casein which sequencesre over a binary alphabet and the
scoreis a metric. The signi cance of the intractability in this caseis that
it establishesthe NP-completenesdor all casesencourtered in practice, as
well asfor generalinstancesof the alignmert problemin which j j> 2 and
the distanceveri es speci ¢ properties. Then we strengthen sud results by
showing that the problemis APX-hard if the costof a gap (that is a substring
of spacesinserted in an alignmert) is xed, and the number of spacesthat
can beinsertedis boundedby a constart.

3.2 Preliminaries

Various notions of cost of an alignmert have beenproposed,in this chapter
we will focusmainly on the SP (sum of pairs) formulation. This meansthat
the cost of an alignmert is the sum of the costsof all pairwise alignmerts.
By cost(A) we will denotethe cost of an alignmert A of a set of sequences,
and by A[i], we denote the column of A of index i. Let B and C be two
disjoint subsetsof sequencesf S, andlet B (i) and C(i) Ig,ethe i-th sequence
in B and C, respectively, then by cost(Ag.c) we denote ;; da(B(i); C(j)).

We prove that multiple sequencelignmert is NP-completeover a xed
scoresthemethat is a metric, by usinga reduction from the Ver tex Cover
problem (VC, Problem 10) which is NP-complete[44].

The decisionversionsof the problemsVer tex Cover and Mul tiple
Sequence Alignment arede ned in the following, the readercan nd the
optimization versionsin Appendix A.

Problem 1 (Vertex Cover).
Instance an unoriented graph G = hv; Ei and an integer k.
Solution a cover of G of k vertices, that is a subsetC V sud that C
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cortains at least one of the endpoints of eat edgee 2 E and jCj = k.
Goal to minimize the cardinality of the cover.

Problem 2 (Multiple Sequence Alignmen t).

Instance A setS= fs;; ;s,gof nite sequencesvera xed alphabet |,
a SP-scored and an integer c.

Solution a multiple alignmert of the sequence# S of costc or less.
Goal to minimize the cost of the alignmert.

A variant of Mul tiple Sequence Alignment iswhenthe costofagap
(that is a maximal substring cortaining spaces)is xed to a constart: sud
problemis called Fixed-Gap Mul tiple Sequence Alignment . We will
alsoinvestigatethe computational complexity of the Fixed-Gap Mul tiple
Sequence Alignment problem when the number of spacesthat can be
inserted in a sequencas bounded, shoving that the problem is APX-hard.
The last section of this chapter dealswith a di erent formulation of MSA
called Maximum Weight Tra ce Alignment : we prove here that the
problem is APX-hard.

3.3 Multiple Sequence Alignmen t Over Al-
phab et of Size 6

We rst descrite a reduction from the Ver tex Cover problem on graphs
[44] to Mul tiple sequence alignment over an alphabet of size6. Then,
we generalizethe ideaof this reduction to the caseof a SP-scoreover a binary
alphabet.

Now we are able to prove sometechnical results that will be usedin our
NP-hardnessproofs.

Lemma 3.3.1. Let s;;s, be two sequenesover suchthat |, = jsif, |, =
is2), I 1y and there are m symiwls of s; that are not in s,. Then any
alignment of the setfs;;s,g hasat leastm + |, |; mismatches.

The following two properties hold for every alignmert over a scorewhich
is a metric and hasnon null valuesgreater or equalto 1.

Corollary 3.3.2. Let s;;s, be two sequenes over , suchthat I; = jsyj,
l, = jspj, I, |1 and there are m symiwls of s; that are not in s,. Then for
any alignment of the setfs;; s,0, COSt(Ars,:s,q) M+ 12 4.

Proof. It follows from Lemma3.3.1. O
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Lemma 3.3.3. Let U be a subsetof a setS of sequenesover suchthat
U contains only identical sequene@s, and let A be an optimal alignmentof S.
Then cost(Ay) = O.

Proof. Assumeto the cortrary that A is an optimal alignmert of S and
that cost(Ay) > 0. Let u 2 U be the sequencethat minimizes the value
cost(Arugs u)- Then, let A; be the alignmert obtained from A by assum-
ing that all sequencesn S U are alignedasin A (i.e. As y = Ais u),
while all sequencesn U are aligned identically to the alignmert of u in A.
Sincecost(As y) = cost(Ais y) and cost(Ay) < cost(Ay), it follows that
cost(A;) < cost(A), which is a cortradiction. O

The SP-scorefor multiple alignmert over alphabet = fa;b;c;d;e;fgis
the one descrilked in the following Table 3.1.

a/ble|f |c|d
a|lol111|/]1|]1|2]| 2
b|1(1|2(0|1(|1)| 2
c|1|2|0|2|2|2]|1
d|2|1|2|1|2|0]2
e |1/2|2]1|0|2]2
f ([1/0]2|1]2|1]| 2

21211(2(212|0

Table 3.1: SP-scorefor alphabet of size6

The transformation from VC to MSA consistsof constructing a set S of
sequence®ncaling the graph G and a value ¢, depending on k and on the
number m of edgesof G, sud that c is an upper bound for the value of an
optimal alignmert of S if and only if k is the sizeof a vertex cover for G.

Now we construct an encaling for the edgesof the graph that givesthe set
of sequencesvhich is instanceof the alignmert problem.

Givenan edgee = (v;;V;), wherewe assumethat i < j, we construct an
encaling of sud an edgewith a sequencecalled edge sequene constructed
as follows:

S(I, ]) — a3iba3(j i) ZbaS(n j)+3:

Note that for ead edge(v;; v;) the edgesequence(i; j ) haslength 3n+ 3.
Moreover, we construct a template sequene t of length 3n + 4:

t = c(eef)"eec
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We also construct the test sequene x(k) of the form:
x(k) = cdc

Note that the test sequencedependson k. The set of sequenceshat is
instance of the alignmert problem asseiated to the instance (G; k) of the
VC problem,isthe setS =Y [ T[ X, whereY = fs(i;j) : (vi;vj) 2 Eg,
T cortains K, sequences and X cortains K; sequencex(k). In Fig. 3.1is
represeted an alignmert of the encaling of a graph G.

De nition  3.3.1 (Standard alignment). Let A be an alignmert of S.
Then A is a standad alignmentif it satis es the following properties:

(i) thereareno s in Ag;

(i) all 's in As arealignedwith cs of Ar;
(ii) all d's of Ax are alignedwith f s of Ar;
(iv) all c's of Ax are alignedwith cs of Ay;

(v) no column of Ax contains both s and ds.

The main idea on which the encaling of S is based,is that an optimal
alignment A of S is obtained when A is a standard alignmert.

In the following we will prove a fundamertal property of standard align-
merts, that is their valuesare boundedby a given value c only when G has
a vertex cover of a given sizek. This fact is obtained by forcing ds of the
test sequenceso be opposite to bs of the edge-sequenceBy construction,
only one b of ead edgesequencecan be opposite to a d, and the number
of suth bs determinesthe value of the alignmert. If the total number of bs
oppositeto dsis equalto the number of edgeswhich is possibleonly if there
are k verticeswhich cover one end of ead edgesequencethen cost(A) < c,
otherwisecost(A) > c.

It follows easily that ead standard alignmert hasexactlyr = 3n+ 4
columns. Note that in Fig. 3.1 is represeted a standard alignmert of S
where, for simplicity, all s are not shown.

In the following we give someuseful properties of standard alignmerts:

Prop osition 3.3.4. Let A be a standad alignment of S. Then for each
edge sequene enading the edge (vi;V;), the b enading one end vertex vy,
for h 2 fi;jg, is oppsite to the h-th f of each template sequene, while the
other b is opposite to es of the template sequenes.
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Figure 3.1: An exampleof the encaling of a graph

Lemma 3.3.5. Let A be an optimal alignment of S and let A; be a stan-
dard alignment of S. Then cost(Ax.t) is minimum over all possiblealign-
ments of S if and only if cost(Ax.r) = cost(Aix.r), otherwisecost(Ax.t)
Cost(A1x 1) + Koa.

Proof. Assumethat cost(Ax.r) is minimum over all possiblealignmerts of
S. Then, A:xg cortains exactly r 2 mismatdes of value 1, for every
x2 X andt 2 T. In fact, sincethe mismatches(d;f) have a value 1, while
the mismatches (d;e), (d; ), (d;c) all have value 2 it is advantageousto
align all ds of x with fs of t. By the SP-scored(c;c) = 0, d(c;) = 1,
d(c;e) = d(c;f) = d( ;e) = d( ;f) = 2,it follows that it is advantageous
to align the cs of x with the cs of t. Note that any other alignmen of fx; tg
cannot be optimal. It is immediateto verify that cost(Ax.t) cost(Aix.t).
Now, assumethat cost(Ax.r) 6 cost(Aix.t). Sincefor every sequence
X 2 X andt 2 T, Aiyg COMtains exactly r - 2 mismatches of value 1,
then there is a sequencex; sud that Ay, g must cortain at leastr 1
mismatdes. Since,by Lemma 3.3.3,cost(Ax ) = 0, cost(Ar) = 0, and jTj =
K, it follows that cost(Ax.t) = KjXjcost(Asy,.ig). Consequetly, since
Cost(Arx.1) = K2jXjCOS(Agtx, ), it fOllowsthat cost(Ax.r)  cOSt(Aix.1)+
K», asrequired. O

Lemma 3.3.6. Let A be an optimal alignmentof S and let A; be a standad
alignmentof S. Then D (As.t) is minimum over all possiblealignmentsof S if
andonly if cost{As.t) = cost(A;s.t), otherwisecost{As.t)  Cost(Ais.1)+ Ko.
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Proof. Assumethat cost(As.t) is minimum over all possiblealignmerts of S.
Then, Assq cortains exactly r mismatchesof value 1, for every s 2 S and
t 2 T. In fact, by Corollary 3.3.2,sincethere is no symbol commonto both
sequences andt, andjtj = r,jsj=r 1it followsthat every alignmert A°
for S is sudh that cost(A?S;tg) r. By construction of standard alignmert
and by the SP-score|t follows easilythat cost(A;q) = T.

Now, assumethat cost(Ast) 6 cost(Aist). Then, there is a sequence
s1 2 S sudhthat Asg, (g must cortain either at leastr + 1 mismatchesor r mis-
matchesoneof which is of value 2. Since,by Lemma3.3.3,cost(Ar) = 0, and
JTj = Ky, it followsthat cost(As.t) = K, COSt(Ass,1g) + COSI(Ast s,47). BUL,
COSt(A1sT) = K2 COSt(Afs,.tg) + COS{Asst 5,q1)- It fOllowsthat cost(As;t)
cost(Ass.1) + K2, asrequired. O

Lemma 3.3.7. Let A beastandad alignmentof S. Then all valuescost(Ay ),
COost(Ar), cosi(Ax.t) and cost(As.t) are xed and minimum over all possible
alignments.

Proof. By de nition of standardalignmernt and by Lemmata 3.3.5,3.3.6,the
proof is immediate. O

In the following by costp we denote the sum cost(Ax ) + cost(A7) +
cost(Ax 1) + cost(As.t) over a standard alignmert A of S.

Lemma 3.3.8. Let A be a standad alignment of S. Then cost(As) < 8I°r
and cost(As.x ) < 4Klr.

Proof. It follows easilyfrom the SP-scoreand the fact that a standard align-
mert consistsof r columns. O

We will denote sud upper boundsfor cost(As) and cost(As.x ) with Uy
and Uy.x respectively. By Lemma 3.3.7 and Lemma 3.3.8 it follows easily
that ead standard alignmert (henceead optimal alignmert) hasvalue not
greater than costp + Uy + Uy.x . We will assumethat K; > Uy and K, >
UY + Uy;x.

In the following we will prove that an optimal alignmert must be a stan-
dard one.

Lemma 3.3.9. Let A be an optimal alignment of S. Then A must be a
standad alignment.

Proof. Let A; be a standard alignmert of S. If A doesnot satisfy one of
the properties (i) { (iv) of standard alignmen, it is immediateto verify that
COSt(Ax.1) 6 COSi(Aiyx.T) Or cost(Ast) 6 cost(A;sr). By Lemmata 3.3.5,
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3.3.6,it followsthat cost(Ax.t)+ cost(Ast) cost(Aix.1)+ Cost(Ais1)+ Ko.
SinceK, > Uy + Uy.x, by Lemma3.3.7if follows that A is not optimal.
Assumenow that A doesnot satisfy property (v) of standard alignmert.
Then by Lemma 3.3.3, A cannot be optimal. Consequetly, A must be a
standard alignmert. O

We are now able to prove that the multiple alignmert problem is NP-
completewith a xed SP-scorethat is a metric and with an alphabet of six
synbols. In the following, if A is an alignmert of S, by n (i) we denotethe
number of 's occurring in the column of index i of A.

Theorem 3.3.10. Let (G;k) be an instance of the VC problemand let S be
the enading of suchinstance. Then:

() if G hasa vertex cover of sizek, then there existsa standad alignment
A of S suchthat cost(Asx) Ki(l+ 2(r 2));

(i) if G hasa minimum vertex cover of sizek; > k, then for each standard
alignment A of S it holdsthat cost(As.x) > Uy + K.(I + 2/(r  2)).

Proof. Let A be a standard alignmert of S, and let | be the set of indices
of the columnsof A cortaining someds. By the de nition of standard align-
mert the value cost(As.x ) can be computed as the sum of the value of the
column of index 1 and r and the value q{,all other columnsof Ag; x. Then,
cost(Asx ) = Ku(ld(c;) +ld(c;a)+ Ka( 1y (d(d;D)ne(i) + d(d:a)(1  nui))
7 aig rg(dC DN +A( (1 (D)) = Ky@+2(r 2) 4y, ni(i)-

Let usassumehat G hasa vertex cover C of sizek, then we will construct
a standard alignmert A sud that cost(As.x) Ki(l+ 2I(r 2)). From the
vertex cover C we constructthe setK ; consistingof the indicesof the columns
in Ar that contain the f s encaling the verticesin C. SinceC is a vertex
cover of G ead edge(v;; v;) hasat leastan endvertex v, in C, for h 2 fi; j g,
moreover it is possibleto align, in eath edgesequencethe b encaing the
vertex vy, with the h-th 1 of ead template sequence.The alignmert of the
test sequencei Ag; x is obtained by aligning the ds exactly in the columns
whoseindex is in K;. By Proposition 3.3.4, sinceonly a b for eat edge
gequenceean be alignedwith af of ead template sequencelt follows that

i»; Np(i) = |. Substituting this value in the above relation for cost(Asx ),
then (i) easilyfollows.

Let us assumethat G has a vertex cover of minimum sizek; > k. By
Proposition 3.3.4for eat edgesequenceencaling the edge(vi;v;), oneb of
eadt edgesequenceencaling the endvertex vy, for h 2 fi; j g, is alignedwith
the h-th f of ead template sequencehencethere must be at leastk; columns
of A that contain somef 's of the template sequencesnd at leasta b of the
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alb
a |01 2
b |1/0]|1
2|10

Table 3.2: SP-scorefor binary alphabet

edgesequencesBYy properties (i), (iii ) and (v) of standard alignment, in all
test sequencesad d is aligned with distinct f's of the template sequences:
it follows that there is at least one edgesequencesuch that both bs arein
columnsof Ag; x that do not cortain any d's. Consequetly, given| the set
Bf indices of the columnsof A that contain somed's of the test sequences,
> Np(i) | 1,hencecost{Asx) Ki(l+ 2(r 2)). SinceK;> Uy we
obtain that cost(As.x ) > Uy + Ky(I + 21(r  2) + 1), which proves(ii). O

Corollary 3.3.11. The graph G has a vertex cover of sizek if and only if
the setS hasan optimal alignment A of valuecost(A) < costsp + Uy + Ky (1 +
2A(r  2)).

Proof. Let A be an optimal alignmert of S. By Lemma 3.3.9, A is a stan-
dard alignmert. Then cost(A) = coskp + cost(As) + cost(As:x ). By Theo-
rem 3.3.10,if G hasa vertex cover of sizek, then cost(As.x) K(I+ 2(r
2)).

Assumenow that G has a minimum vertex cover of sizek, > k: by
Theorem3.3.10,cost(As.x ) > Uy + K (I+2I(r 2)). Consequetly, cost(A) >
costsp +Uy + Ko(I + 21(r  2)), which proveswhat required. O

3.4 Multiple Alignmen t Over Binary Alpha-
bet

In this section,we shaw that the multiple sequence alignment problem
is NP-completeevenif the sequenceare over a binary alphabet and the score
stheme,which is a metric, is givenin Table 3.2:

The proof consistsof shoving a reduction from Ver tex Cover to Mul-
tiple Sequence Alignment . The technique usedto build the reduc-
tion is similar to the one illustrated in the caseof j | = 6. Given (G;Kk)
the VC instance,where G is the graph hv; Ei, with V = fvq; ;Vng and
E =fe; ;eng, whilel k n, we construct the following sequences
over alphabet = fa;bg:

the edgesequene s(i; j ) of length 3(n + 1), for eat edge(vi;v;),
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s(i;j) = a¥bal 1 2pgn*t 1)
the templatesequene t of length 3(n + 1) + 1,
t= b(a*)b"(a’)b
the xed sequene q of length 3(n + 1) + 1,
q= ba"*?b;
the test sequene x(k), given k the integer of the VC instance,
x(k) = a’*? k.

Then, let Y bethe setfs(i; j) : (vi;v;) 2 Egofall possibleedgesequences,
T the setof K ; template sequences, Q the setof K, xed sequencegand X
the set of K 3 test sequences (k). The constarns K ;; K, and K 3 are related
to the number of edges,and will be xed later in the section.

Finally, the sequencesn Y[ T[ Q[ X givethe setS that is instanceof
the alignmenrt problem.

Figure 3.2: Alignment A for Sin the caseof binary alphabet

In the following, we give some properties that allow us to show that a
vertex cover for G is of sizek if and only if the cost of an alignmert of S
canbe boundedby a value C, dependingon k and on the graph G, asstated
in Theorem 3.4.12. By this result, the proof that the construction of the
instance (S; C) for the alignmert problem is a reduction is immediate.
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De nition  3.4.1. An alignmert A of the set S of sequencess a standad
alignmentif it satis es properties (i), (ii ), (iii ) and (iv):

(i) all columnsof Ar[q cortaining some s are sud that they cortain only
S in Ao x andcortain noasin Ay;

(i) all s in Ay areoppositeonly to s orto bsin Ag;

(i) in Ax there is no column with both asand s, andthe rst and last
column of Ax consistof s;

(iv) the s of A arecontained only in columnsthat do not cortain any as
of Ar.

We will shav that an optimal alignmert must be a standard alignmert;
the properties of de nition 3.4.1will allow usto relate the value of the align-
mert to the sizeof the vertex cover of the graph.

Let A be a standard alignmert. Then, by the previous de nition, it is
immediate to verify that conditions (i) and (ii) imply that in A, all 's in
internal columns of Ay have a mismatd only with bs of sequencesn S.
Moreover, s in the rst and last column of As mismatch only with bs of
Aq, otherwiseby condition (i), (i) and (iv), thereis a columnin A of only
s, which is not possible. By this fact and de nition 3.4.1,the Proposition
3.4.1easily follows.

Prop osition 3.4.1. Let A be an alignment of S that satis es properties (i)
and (ii) of a standad alignment. For each edge sequene s(i;j) in Y, one
of the two bs enading one end vertex v, of the edge (vi;v;) is aligned in A
with the (h + 1)-th b of each template sequene in T, while the other b of
s(i; j) hasa mismatch with each symlol of the template seguen@s to which
it is opposite.

Lemma 3.4.2. Let A be a standad alignment of S. Then cost(Ay) < 612,
cost(Ay.x ) < 8lkK 3 and cost(Ay.1) < 412K ;.

Proof. Let us rst provethe upper bound for cost(Ay). By condition (i) and
(i) of de nition 3.4.1, s in internal columnsof Ay have a mismatc only
with bs. Then, mismatchesoccur only in columnswith bs. Sincethere are
exactly 2| bs, it follows that the cost of all internal columnsis bounded by
212, while the costof the rst and last column of Ay is boundedby 412, asin
sud columns s have mismatch with as. Consequetly, cost{Ay) < 612
Now, let us prove that cost(Ay.x ) < 8lkK 3. Let y and x be two arbitrary
sequencefn Y and X, respectively. By condition (i), (i) and (iii), s in Ay
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are oppositeonly to s of Ax. Sincejyj = 3(n+ 1), whilejxj = 3n+ 2 k
and y cortains two bs which are not in x, it follows that A, cortains at
most k + 3 mismatdes,from which we prove that cost(Ay.x) < 2(k + 3)IK 3.
Thus the required bound follows.

By Proposition 3.4.1and just asin the above proof, it easilyfollows that
Cost(Ay.T) < 412K 4. O

In the rest of this section, the upper bounds given in Lemma 3.4.2, we
will be denotedrespectively as Uy, Uy.x and Uy.r. posethat K; > I, K, >
Uy + Uy;x + Uy;T and Kz > Uy.

Lemma 3.4.3. Let y;q be two sequeneswithy 2 Y, g2 Q and let A
be an alignment of Y. Then Aysy,qy contains at least four mismatches(and
cost(Asy.qq)  4). Moreoverif A is a standad alignment, then Ay .y contains
exactly four mismatchesand cost(Asy.qq) = 4.

Proof. By construction of sequencey; g, and by de nition of standard align-
mert, it is immediate to note that, in a standard alignmert A;, both bsiny
have a mismatch with someas or s of A;q4, and both bsin g have a mis-
match with someasor s of Ay, By the SP-scorecost(Aty.qq) = 4. Along
the sameline it is immediate to note that if Asy.oq iS an arbitrary alignmert
whereall bs have a mismatd, then cost(A¢y.qq) 4.

Assumenow that in a non standard alignmert a b of y and a b of g are
alignedin the samecolumn; we will prove that cost(A+y.qq) > 4. Clearly, the
smallestnumber of mismatchesis given by assumingthat the rst bofy is
alignedwith the rst bof g, or the secondb of y is aligned with the last b of
g. Then, by construction of y and g the rst three or last three as of y have
a mismatch with some s, hencecost(Aty.qq) 6. O

The following lemmata are direct consequencesf De nition 3.4.1 and
Lemma3.4.3.

Lemma 3.4.4. Let A beastandad alignmentof S. Then cost(Ax ), cost(At),
cost(Ar.qg), COst(Ag), Cost(Ax.t[q) and cost(Ay.q) are xed and minimum
over all possiblealignments.

Lemma 3.4.5. Let A be a standad alignmentof S. Thenin Ay x there are
Ksl(k + 1) mismatchesof the form ( ;) , whee 2 Ay and 2 Ax.

Proof. Let x and y be respectively a test sequenceand an edge sequence,
and let us considerthe alignmert Asy..q. By properties (i), (i) and (iii ) of
standard alignmert ead s in Asyq is opposite only to s of Asyg in Asyxg.
Since,by construction, eat edgesequenceortains k + 1 symbols morethan
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eadt test sequencejt follows that in ead test sequencex there are exactly
k+1 s that have a mismatch with a symbol ofy in Asy.x4. The claim follows
immediately. O

Lemma 3.4.6. Let A be a standad alignmentof S. Then cost(Ax[t[q) +
cost(Av.t; q) is xed over all possiblestandaid alignmentsof S.

Proof. By Lemma 3.4.4, cost(Ax[t[q) and cost(Ay.q) are xed. Let y;t
be respectively an edgesequenceand a template sequenceand let A be a
standard alignmert of S. Sincein t there is one symbol more than in y it
follows that in Asyq thereis one  morethan in Asy. By Proposition 3.4.1,
all bsof t, exceptfor one,have a mismatch with the symbol of y to which they
are opposite. Moreover, by Proposition 3.4.1,thereisana or a inserted
in t that hasa mismatch with a b of y. By de nition of standard alignmert,
there cannot be any other mismatcd in Aty .ig. O

By previousLemma 3.4.6,the sum cost(Ax | t; o) + COSt(Ay.t[g) IS xed
for every standard alignmert A; in the following we will denote sud sum
costsp. Moreover, by Lemma 3.4.2 it is immediate that ewvery standard
alignmert A and hence ewvery optimal alignmert has a value cost(A)
costsp + Uy + Uy;x .

Lemma 3.4.7. Let A be an optimal alignment of S. Then A must satisfy
property (i) of a standad alignment.

Proof. Let A; be an arbitrary standard alignmert and let A be an optimal
alignmert of S that doesnot satisfy property (i) of standardalignmert. Then
the following casesnust be considered.

1. Thereisacolumnin Aqg cortaining somes andsome s,for 2 fa;bg.
By Lemma3.3.3,A cannot be optimal.

2. Let us assumethat there is a column of Ar[ o that cortains at leasta
symbol and . Clearly, if isin A, then a symbol must bein
Aq. By casel, sinceead column of Ag cortains either asor bs or s,
it follows that there is a mismatch ( ; ) in At q, consistingofa in
Ag anda in Ar, that occursin the i-th column of A.

Then, we can show that cost(Ar,g)  cost(Air.q) + Ko. In fact, let t
be the sequenceof T that cortains the synmbol in the i-th column
and let q be an arbitrary sequencen Q. Then, As.qq COMains at least
n + 1 mismataies, as jtj = jgj and t cortains n + 2 bs, while Ay
cortains 2bsand a not in Asyg. Clearly, Assqq COMains exactly n
mismatdes,all of value 1. SincejQj = K, it followsthat cost(Ar.q)
CoSt(Ait.q) + Ko.
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3. Assumenow that every column cortaining s in Arjq hasonly s in
Ar[ g, but at leastonea in Ax. Let y be the sequencean X that has
at leastonea in sud column and let g be a sequencen Q. SinceAs g
cortains at leasta  oppositeto anain Asy.qq, While y hasat leastk+ 2
s, it followsthat Asy.qq cOrtains at leastk+ 3 mismatches,of which two
are of value 1, while the other onesare of value 2. By condition (i) of
standard alignmert, for any arbitrary sequencex 2 X, Ag;y.qq COMains
exactly k+ 2 mismatches. It followsthat cost(Ax.q)  COSt(Aix.o)+ Ko.

4. Each columncortaining s in Ay g consistsofonly s in Ao x and
has at leastan a in Ay. We are now able to show that cost(As.q)
COSt(A1s.0) + K. By Lemmag3.4.3,for ead sequence/ 2 Y andq2 Q,
COSt(Asy.qq) = 4.

Let y; be a sequencen Y that contains an a in a column wherethere
areonly s in Arjgrx. Then Asy,.qq must cortain at leasta mismatch
(a; ) besidesfour mismatchesof value 1. Hencecost(Ary,.qq) 5. It
follows that cost(Ay.q) COSt{Aiv.q) + Ko.

By previous cases,Lemma 3.4.4 and Lemma 3.4.2, sinceK, > Uy.1 +
Uy.x + Uy the Lemmafollows. O

Lemma 3.4.8. Let A be an optimal alignment of S. Then A must satisfy
property (ii) of a standad alignment.

Proof. By Lemma3.4.7,A must satisfy property (i). Assumethat A satis es
property (i) and assumeto the cortrary that A doesnot have property (ii).
Let A; be a standard alignmert. As in the proof of Lemma 3.4.7, case4, it
is easyto show that cost(Ay,g) COSt(A1y.q) + K. SinceK, > Uyt + Uy +
Uv.x , it followsthat cost{Ay.t[ o) > COSt(A1y.r[ o) + Uy + Uy;x . By applying
Lemma3.4.4and Lemma 3.4.2, we obtain that cost(A) > cost(A;), which is
a cortradiction. O

Lemma 3.4.9. Let A be an optimal alignment of S. Then A must satisfy
property (iii ) of a standad alignment.

Proof. By Lemma 3.3.3, there is no column of Ay cortaining s and as.
Moreover, by the SP-scorejn an optimal alignmert it is more advantageous
that s of Ax areoppositeto bs of Ar; o. Consequetly, in the rst and last
column of Ax there areonly s. O

Lemma 3.4.10. Let A be an optimal alignment of S. Then A must satisfy
property (iv) of a standad alignment.
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Proof. By Lemmata 3.4.7,3.4.8and 3.4.9, A must satisfy properties (i), (ii)
and (iii ). Consequetly, if (iv) doesnot hold, it meansthat thereis a column
of index |, in A cortaining only s of X andonly asof T[ Q, and evertually
bs of S. Moreover, sincefor eah sequencex, x 2 X, jxj = 3n+ 2 Kk,
while for eat sequencd 2 T, t cortains n + 2 bs, it follows that there is a
column of index |, in A cortaining as of ead test sequencean X and bs of
the template sequences.Then let A; be the alignmert obtained from A as
follows: in Ax substitute the s in the column of index |; with the asin the
column with index |, and vice versa.

By construction of A;, cost(A) cost(A,) is equalto the sumcost(A[l1])
cost(A.[l1])+ cost(A[lz]) cost(Aqfl2]). Wewill provethat cost(A) cost(A;) >
0, thus obtaining a cortradiction with the assumptionthat A is an optimal
alignmert of S. In the following, by n (I;) we will denote the number of
symbols in the column of index |; of Ay. By construction of the sequences,
and by the SP-scoreit is easyto note that:

cost(A[l1]) =(K1+ Kz + na(l1))np(l)d(a;b) + (K1 + Kz + na(l1))Ksd(a; )
+ np(l1)Ksd( ;b
cost(All2]) =(K1 + np(l2))(K2 + K3+ na(l2))d(a; b)
cost(Aq[l1]) =(K 1+ K2+ Kz + na(l))np(l1)d(a; b)
cost(Au[lo]) =(K1 + np(12))(K2 + na(l2))d(a;b) + (K2 + na(l2))Ksd(a; )+
(K1 + np(l12))Kad( ;b
Consequetly cost(A) cost(A;)) = 2K3(K1 (na(lz)  na(ly))). Since
Na(l2) na(ly) 1, it follows cost(A) cost(A;) 2K3(Ki ). By posing
K1 > |, we obtain that cost{A;) < cost(A), which cortradicts the fact that
A is optimal.
Thus, A must satis es property (iv). O

By Lemmata 3.4.7,3.4.8,3.4.9and 3.4.10it follows directly that:
Corollary 3.4.11. An optimal alignmentof S is a standad alignment.

The result of Theorem 3.4.12, relates the value of an alignmert of S to
the sizeof a vertex cover.

Theorem 3.4.12. Let G be a graphand S the enading of G. Then:

(1) if G hasa vertexcover of sizek, thenthere is a standad alignment A of
S suchthat cost(Ay.x) 2K3+ 2IkK3,

(2) if G hasa minimum vertex cover of sizek; > k, then for every standad
alignment A of S it holdsthat cost(Ay.x ) > Uy + 21K 3+ 2IkK 3.
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Proof. Assume rst that G hasa vertex cover of sizek. Let A be a standard
alignmert of S, wherethe sequences Y [ X arealignedasfollows: Ay does
not cortain s in internal columns. For eadt test sequenceahe rst and last
s arerespectively alignedin the rst and last column of Ay. Moreover, for
eah edgesequences(i; j) encaling the edgee, e = (v;;V;), one of the two
bs encaling one end vertex of e is alignedin a column of A cortaining s
of eath test sequencex(k). Sud an alignmert is possiblesince ead edge
hasoneendin the vertex cover, and the number of s in eadt test sequence
is equalto k + 2, wherek is the size of a vertex cover. In fact, if the set
C of vertices, with C = fv; ; ;Vi g is a vertex cover for G, then A can
be obtained by aligning foreacr 1 h k, the (h+ 1)th s of eat test
sequencewith the (iy + 1)th b of eat template sequenceand with a b of
an edgesequenceln fact, every edgesequencesncalesan edge(v;;V;) sud
that eitherv; 2 C orv; 2 C, (Fig. 3.2). It follows, by Proposition 3.4.1,that
the total number of bs in Ay opposing s in Ay is equalto the number | of
edgesof the graph.

Let usdeterminecost(Ay.x ). Let | bethe setof indicesof the columnsof
Acortaining s of X andletn (i) bethe numberof sin the columnofAy|x
gfindexi. Moreover, let r be the number of cqumBsin A. Thencost(Ay.x ) =

21t g Ka(d( 3On(i)+ d( @)l Ne(i) + gy 1 Kad(@ny(i) +
g,ost(AS;x [1])+ cost(As.x [r]). Consequetly cost(As:x ) = 2kIK 3+ 2IK 3, since
o Np(i) = 1.

Now, assumethat G hasa minimum vertex cover of sizek,, with k; > k.
Let A be an arbitrary standard alignmert of S. Let us compute cost(Ay.x ):
since G has a vertex cover of sizek; > k and, by Proposition 3.4.1, for
eat edgesequences(i; j) encaling the edge(vi;v;), exactly oneb of s(i; )
encaling an end vertex vy, is aligned with the (h + 1)th b of eat tem-
plate sequencethere must be at least k; columns of A that contain bs of
the template sequencepposing one b of at least an edge sequence. By
properties (iii ) and (iv) of standard alignmert, in Ax;r, eah of Ay
is aligned with a b of Ar. Since Ax cortains k s internal columns, it
follows that there is at least one edge sequencesuch that no one of the
two bs of these sequencess in a column of Ay[x cortaining s of X.
Consequetly, given I, the set Igf indices of the columns of A that con-
tainps of the test sequences, ;,, Nyi) | 1. Clearly, D(Ayx) =
Ks(' 2, (d( ;@)na(i) + d( ;Bnp(i))+ 5, (d(a;) n (i) + d(a;bny(i)).

By Lemma 3.4.5 the number of mismatdes ( F) where 2 Ay is
Ksl(k + 1). Consequetly, thereareKsl(k+ 1) Ksg 5, No(i)gnismatches
ﬁa; ). It fO||OV\§that cost(Avix) = Ka(2(k+1) 2 5 np(i)+ 5, Np(i)+

iz1, Mo(i)+ 2 5 n (i) 2lkK3+2 K3+ 2K 3, asby properties(i) and (ii)
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P P
of standard alignmert ., n (i) = Oand ;ny(i) = 2. By Lemma3.4.6,
sinceK 3 > Uy it follows that cost(Ay.x) > Uy + 21K 3+ 21kK 3. O

By Corollary 3.4.11and Theorem3.4.12 the following resultis immediate.

Corollary 3.4.13. The graph G has a vertex cover of size k if and only
if the set S has an optimal alignment A of value cost(A), with cost(A) <
coSkp + Uy + 2|K3 + 2|kK3

By the previous result it follows that the construction of the set S of
sequence$rom an instance G and k of VC is a reduction to sequencalign-
mert.

Theorem 3.4.14. Multiple alignmentwith SP-sore that is a metric is NP-
completeevenover a binary alphalet.

3.5 Fixing the Cost of a Gap

Following the results preserted in the previoussectionof this chapter, se\eral
such modi cations of the Mul tiple Sequence Alignment problem were
studied, most notably in [60] the Gap-0 Alignment problem, wherespaces
may beinsertedat the beginningand at the endof sequencedyut not between
characters from , and the Gap-0-1 Alignment problem, which is the
restriction of Gap-0O Alignment whereat most one spacecan be inserted
in ead sequenceéhave beenstudied. Anyway most scoring schemesusedin
practicearea ne , i.e., they specifya xed gapopening penalty g (possibly0)
that is addedto the scorecalculatedaccordingto dy, for ead newly created
gap in the alignmert. In this context, the numbersdy (s;) fors2 are
called gap extensionpenalties. Note that if all gap extensionpenalties are
zero,then we have a scoringsthemewith xed gappenalties. If dy(s;) > 0
for all s 2 , then we will say that the scoring scheme speci es strictly
positive gap extensionpenalties. In [6(] all the problems mertioned above
have beenproved to be NP-hard for practically every a ne scoringsdeme
with strictly positive gap extension penalties used by molecular biologists
[60]. This left open the caseof other ways of calculating the gap penalties
that are sometimesusedin Molecular Biology, in particular, the interesting
caseof xed gap penalties, where all gapsare penalizedequally, no matter
wherethey occur and how long they are.

In this section, as well as in Chapter 4, we will study a formulation
of Mul tiple Sequence Alignment that capturesto some extert the
pattern of spaceinsertions obsened in real biomolecular sequencesand is
di erent from the restrictions studiedin [60. A space-L alignment A of a set
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AICI|T
0/0(0]|0O
A|l0|0|0|1
c|o0(0]|0]O
T|O0|1|0|0
< ty;:::;t¢ > of sequencess an alignmert < aty;:::;aty > of < tg;:::;tc >

sud that jatjj jtjj + L for ead sequencd;. Note that spaceL -alignmerts
exist only if the length of the shortest of thesesequencess at leastn L,

also note that there are no restrictions about where the spacesymbols can
be inserted.

In this section we will prove that the Space-L Mul tiple Sequence
Alignment  problemis APX-hard even if L is restricted to be a constart.
The formal de nition of Space-L Mul tiple Alignment is:

Problem 3 (Min Space-L Multiple Alignmen t).

Instance a set of sequencest,;:::;txi and a scoringsdeme(dy ; 9).
Solution a spacek multiple alignmert A of hty;:::;ti.

Goal to minimize the SP-scoreof A.

The main result in this sectionis the following:

Theorem 3.5.1. There existsa smring scheme(M; g) with xed gap penal-
ties suchthat:

(a) For the smring scheme(M; g) and for everyL > 0 the Space-L Mul-
tiple Alignment problemis APX-hard.

(b) For the smring scheme(M; g) the Gap-0 Mul tiple Alignment prob-
lem is APX-hard.

(c) For the swring scheme(M; g), the Mul tiple Alignment problemis
APX-hard.

Hereis the scoringsthememertioned in the above theorem. The alphabet
will be = fA; C;Tg, the gapopeningpenalty will beg = 2, and the scoring
matrix M is represemated in Fig. 3.5

Proof. We will prove Theorem 3.5.1 by reducing the Max Cut problem
(Pb. 8 at page99) on cubic graphs- sud problemis denotedby 3-Max Cut
- to the respective multiple alignmert problems. Recall that an instance of
sizek of the 3-Max Cut problemis a simple graph G = hVv;Ei sud that
jVj = k and ead vertex of G has degreeexactly 3. The problemisto nd
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t[2(d kem+ 1)] t[2d ke + 2(h  1K3[2d ke + 2(i  1)kI]

# # #
th: ~.ACACA.ACACAC..CCCCC.
ti: .TCcCTCT..CCCCCC..ACACA.
twn: .CCCCC..TCTCTC..CCCCZC.
t+i: ..CcCcccc..cccccc.TtTCcTCT .

a partition of the set of verticesV into disjoint setsVy and V; sud that the
number of edgesthat connecta vertexin Vy with a vertexin V, i.e., the size
of the cut determinal by hVg; Vii, is as large as possible. It is well known
that the 3-Max Cut problem is APX-hard, for our purposes,it is most
important to note that the latter implies that there existsa real > 0 sud
that no polynomial-time appraximation algorithm can nd a cut sud that
the number of edgesthat are NOT cut is within an additive constart of k
of minimum.

Given a cubic graph G = hV;Ei with k vertices, we de ne a 2k-tuple

tS = htq; 10 tod of sequencess follows: EnumerateV = fvy;:::;vg, E =
fep;:::;e 10. Eadch sequencd; will have length 2(k* + d ke'), where is
a constart that will be de ned below. Intuitiv ely speaking,for 1 i Kk,

the sequence; will encale the vertexv;. Edgee, = fv;;v,g will be encaled

precisely we de ne t;[j], the j -th characterin t;, asfollows. For1 m °,
en = fvy;vig, h < i, d kem < j < d ke(m + 1) we put: ty[2j] = A,
ti[2]= T, and t,[2)] = C for p 2 fi; hg.

The sequencey.; will act as a \mirror image" of t;. The purpose of
mirror imagesis to neutralize the e ects of unbalancedcuts on the scoresof
alignmerts. Forl i kandd ke + ik®<j < d ke + (i + 1)k® we put:
tilg]= A ti[g]=T,tp[2]= Clorp2fi k+ ig.

For all p;j, weletty,[2) 1]= C. Let usillustrate this construction with
a picture. In Fig. 3.5 we exhibit a situation wheree, = fvq;Vvig.

Let us de ne a \b endimark alignmert" of the above sequencesWe will
de ne this alignmert by partitioning the sequencesnto two setsL and R
and inserting one spaceto the left of eaty sequencan L and one spaceto
the right of eath sequencan R. Let hV;;V,i be a cut of G. We will show
how to assaiate a bendimark alignmert to sud cut. Foreach 1 | Kk we
let t; 2 L if and only if ty+; 2 R. Moreoverforeahh 1 i kwelett; 2 L
if and only if v; 2 V;.

Note that the scorefor the bendmark alignmert is 4k>+ kU, whereU
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is the number of edgeghat are not in the cut hVy; V,i. Moreover, the bendh-
mark alignmert is a gap-0-lalignmert, and henceboth a gap-0alignmert
and a space-lalignmert.

We will show that there existsa xed > 0 sud that if an alignmert a
of the above sequencess found that scoreswithin a factor of (1+ ) of the
bendimark alignmert, then it will be possibleto reconstruct, in polynomial
time, from this alignmert a partition of the vertex set that inducesa cut
whosesizeis within a additive constart of k of maximum. Supposewe have
any alignmert athat scoreswithin 1+ of our bendhmark alignmert, where

issu cien tly smalland will be determinedlater. Let ussay that a sequence
pair h,; tgi is static in aif there is no spacein the inducedpairwisealignmert
Hoty; btyi. Being static in a is easilyseento be an equivalencerelation. Let T,
and T, denotethe two largestequivalenceclasse®f the \static" relation, and
let T3 denotethe setof sequenceshat are neither in T, nor in T,. Note that
none of the sequencepairs h;;ty+ii canbe static in a, otherwisethe cost of
the alignment of it;;tx.ii is too large. Thusthe sizeof T, and T, is at most
k. Let jTyj = k kq, jToj = k ko, ThenjTs) = ky + k,. Sinceead pair of
sequencedrom di erent equivalenceclassesadds at least 4 to the SP-score
of a, we have

4((k ko) (k  ka) + (kK ky)(ki+ ko) + (k k2)(ky + k2)) =
= 4(K* + kiko + k(kp + K2) (Ko + k2)?) = 4(k* + kikp + (K jT3))j Taj):

Thus the numbers k; and k, must be sud that kik, + (kK  jT3))jTs <

k?+ kU, whereU is the number of edgeghat are not cut by the partition
usedin the bendymark alignmert. Notethat U 3k. Wewill choose < 5.
It followsthat aslongas issu cien tly small, we canassumethat jTsj < Kg.
Now let , beasabove, andlet V; bethe setof all verticessud that t; 2 T;
for i 2 f1,2g. Considerthe partition hV;;VnVii. Let W be the number of
edgesof G that are not cut by hV;;VnVii. Note that this number di ers
from the number Z of edgesfvi;v;g sud that h;;t;i is static by at most
3jTsj, sinceevery edgein the di erence must have an endpoint in T3 and the
degreeof the graphis 3. If the SP-scoreof the alignmert is within a factor
of (1+ ) of that of the bendimark alignmert, then we have:

4%+ kW 4k%+ k(Z+k§) (1+ )(4k*+ kU)+ Ek2:

By the choiceof andsinceU 3k, we get

kW kU< 4 k?®+ KkU+ ék2:
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Assuming, as we may, that 1, and noting that U 3k, our choice of
gives:

O

3.6 Maxim um Trace Alignmen t is APX-hard

The formulations of Mul tiple Sequence Alignment that have beenpre-
serted previously have somedrawbads, namely the cost of two symbols is
the samein the whole alignmert, sinceit is de ned asthe weigh assigned
to ead pair of synmbols of the alphabet. Consequetly it is not possibleto
have di erent costswhen the samealphabet symbols are aligned with dif-
ferent occurrencesof sud symbols. Moreover it is not always true that the
SP alignmert of maximum costis the onethat is more interesting from the
biological point of view. For exampleit is well known that in DNA sequences
the encaling part (exons)are relatively short and sparsewith respectto the
non-encaling parts (introns), henceit seemsnatural to penalizedi erences
betweenencaling regionsmore than onesin non-encaling regions,while the
fact that exonsrelatively short and sparsewith respect to introns makesthe
latter onesmore relevant in determining the optimum alignmert.

In this sectionwe study a di erent formulation of Mul tiple Sequence
Alignment that hasbeengiven by Kececioglu[68] as Maximum Tra ce
Alignment , wherethe setof k sequencess represered asa k-partite graph
(see[96] for another application of k-partite graphsto sequencealignmert),
and the edgesconnecttwo symbols in di erent sequences.The edgesare
weighted and the goal is to compute an alignmert maximizing the sum of
the weights of the edgesconnectingtwo verticesin the samecolumn. Even
though the problem is NP-complete, somealgorithms for computing an op-
timal solution have been described [68, 69], but sud algorithms still can
require exponertial time in the worst cases.

This formulation of multiple sequencealignmert allows to model situa-
tions where alignmerts of sggments are taken into accoun. A segmeh is
a substring of a sequenceand we would like to have segmets completely
aligned with ead other, while aligning only partially the two segmets has
the samecost as not aligning the two segmets at all (seeFig. 3.3, in the
ellipsesthere are the two segmets we want to align perfectly). This can
be viewed as a more generalscoring shhemewhere the distanceis not only
betweensymbols, but betweensubstringsof the given sequencesThere is an
increasingtrend in usingthesescoresdhemegq3, 77] for computing alignmert
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Figure 3.3: Example of trace alignmert

of biological sequences.

In this section we focus on appraximation complexity of the problem
proving that Max Tra ce Alignment is APX-hard, henceruling out the
possibility of polynomial time approximation scheme([9].

In the following we will introducethe formal de nitions of the problems
with which we will dealin this section.

The Max Weighted Tra ce Alignment problem (MT A, Pb. 19) [68]
asksfor maximum weight trace alignmert, given an alignmernt graph G =
hv;E;Fi. The Max Tra ce Alignment problemis the restriction of MT A
when all edgeshave weight one.

The Max 2 Satisfiability B-Bounded problem (Max2Sat-B ) is
a restriction of Max Sat (Pb. 9), and has as instance a set of clauses
fcp;:ii; g over the variablesvy;:::; v, sud that ead variable appearsin
at most B clausesand ead clausecortains 2 variables (possibly negated)
and asksfor a truth assignmen of the variablesthat maximizesthe number
of satis ed clauses.The problem Max2Sat-Bis APX-hard for B 5[78, 79|.

Givenaninstanceof Max2Sa t-B , we will build a correspndinginstance
G=<V,E;F > of MTA.

Max2Sa t-B . Pleasenote the in an instanceS of the problem Max2Sa t-B
k  Bn, and henceOpt(S) Bn from the boundednessof the problem.
Moreover ead clausec, canbe expresseds

rexp(1)
rvar(l)

lexp(l)

Xyvar(ly — X

with 1 Ivar(l) < rvar(l) n and lexp(l);rexp(l) 2 ftrue, falsey, and
where x[#s¢ stands for : x; and x/"® stands for x;, this meansthat we can
descrike a clausec, asafourtuple hvar(l); rvar(l); lexp(l); rexp(l)i. The graph
obtained in the reduction has vertex set fT;;Fi; X; : 1 i ng[ fDj; :
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Figure 3.5: the encaling of the clausex; _ : X;

1 n, 1 i 2B + 1g[ fLj;R; : 1 i kg, moreover we will
call a pair of vertices L,; R, the pair of clause vertices of ¢;. The set F
is f(Ti;F) : 1 [ ng[ f(Fi;Tis1) @ 1 [ n 1g[ f(Xi;Xis) :
i n 29[ f(Li;R):1 1 kg
The setE of undirected edgescortains the assignmentedgesf (Di; ; Ti) :
1 i nml j 2B+1g[ f(Dy;T):1 i n;1 j 2B+ 1g, the
setof internal edgesf(X;;Di;):1 i nml1 | 2B+ 1g. Moreover to

ead clausec, we assaiate two right edgesand two left edges,all of weight
one. The right edgesare (L; Xvarg)) and (L;; P(rvar(l); rexp(l))), and the
left edgesare (R; Xvary) and (Ry; P(lvar(l); lexp(l))) whereP(i;j) = T; if
j = true, otherwiseP (i; j) = Fi. The two edges(L; Xary) and (Ry; Xar(y)
are called upper edgeswhile the other onesare called lower edges.

In Fig. 3.6t is represeted the encaling of the set of n variables, while
in Fig. 3.6t is represeted the encaling of the clausec = X; _ : Xj.

The following results are fundamertal in proving the correctnessof our
reduction.

Lemma 3.6.1. Let G = hV;E;Fi be a graph obtainel reducing an instance
of Max2Sa t-B , let x; be a variable of suchinstance and let G; = hV; E4;Fi
be a trace alignmentof G. Thenin G; there cannot be both assignmentedges



40 CHAPTER 3. HARDNESS OF ALIGNING

(Dij;Ti) and (Dy; ; Fi)

Proof. An immediate consequencef the fact that hT;; (T;; Fi); Fi; (Fi; Dij );
Dij;(Dij; T):Tii is a special cyclein G. ]

Lemma 3.6.1allows us to reconstruct an assignmen from a trace align-
ment; in fact we can assignto x; the value true if D;.; is adjacert to T; in
the trace alignmert, while we assignto x; the value falseif and only if D;.;
is adjacert to F;. We still have to prove that D;; is adjacern to T; or to F;,
and to shav how we canrelate the costof the trace alignmert to the number
of satis ed clauses.

Given a clausec = (x;;x;), BX;;(Xj;Li), Li;(Li;R), Ri;(Ri; Xi;); Xi,

]
L); Li; (Li;R), Ry, (Ry;P(lvar(l);lexp())), :::; Tivr, (Ti+r; Fi+1), Fisg, 100,
(T, wFy 1), oi5, P(var(l); lexp(l)), (P(lvar(l);lexp(l));F;), F;i aretwo cy-
clesin G, hencethe following Lemma holds:

Lemma 3.6.2. Let G = hV;E;Fi be a graph obtainel reducing an instance
of Max2Sa t-B , let ¢, be a clauseof suchinstance and let G; = hV;E4;Fi
ke a trace alignment of G. Then in G; there are not both upper edgesand
there are not both lower edges.

An immediate consequences that in a trace alignmert there are at most
2 edgesadjacen to the verticesencaling eat clause.

Lemma 3.6.3. Let G = hV;E;Fi a graph obtained reducing an instance of
Max2Sat-B , andlet G, = hV;E;Fi be a trace alignmentof G. Then it is
possibleto compute (in polynomial time) a trace alignment G, = hV; E;; Fi
suchthat weigh(G;) weigh(G;) and for each variable x; exactly2B + 1
internal edgesand 2B + 1 assignmentedges(D;; ; Ti), (Dj;;Fi) are in E,.
Moreover for eachi, either all D;; are adjacentto T; or all D;; are adjacent
to F;.

Proof. Let G; = hV;Eq;Fi beatrace alignmen, let C(i) be the setfX;g|

fD(;j):1 j 2B+1g,andletl bethe setofall i sudthat C(i) doesnot
satisfy the Lemma. Then repeat the following procedurefor eati 2 |. Let k
be an index sud that the subgraphof G, inducedby the setf X;; Dix; Ti; Fig
has the maximum number of edgesamongall fX;;D;;; Ti; Fig, for 1 j

2B + 1. Then (Xi;Di;j ) 2 E, [ (Xi;Di;k) 2 Eq, (Di;j ;Ti) 2 E> if and onIy if
(Di;k;Ti) 2 Eq, (Di;j F)2Esi (Di;k;Fi) 2E,forl | 2B + 1, that is
in G, the setsf X;; Dj; ; Ti; Fig are all isomorphic, while all other edgesof G,
are the sameasin G;. Note that G, cannot contain any special cycle, and
that in G, there are either 2B + 1 or no internal edgeswhile, by Lemma3.6.1
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there are either 2B + 1 or no assignmenh edges.If G, has2B + 1 internal and
2B + 1 assignmeh edgeghen the lemmais proved, otherwiselet E, be the set
obtained from E; removing all edgesincidernt on X;, on F; or on T;, adding
all internal edgesand all edges(D;; ;T;) foreadr1 j 2B + 1. Note that
all subgraphsinduced by the setsfX;;D;;;Ti;Fig for 1 ] 2B + 1 are
iIsomorphic, hencethere is no path from X; to T; or to F; in G, otherwise
there would be 2B + 1 internal edgesand 2B + 1 assignmenh edges.. The
number of edgesncident on X, F; or T; is at most 2B from the boundedness
of Max2Sat-B , henceweight(G,;) weight(G;). It is immediate to note
that all cyclesin hv;E,; Fi arealsoin h;Eq;Fi, sincein G, there cannot
be any special cycle including edgesin C(i). This is due to the fact that
when we add someinternal or assignmen edges,we remove all other edges
incidert on T; or F;. Sincewe have not created new cycles,the nal graph
G, is atrace alignmert of G = hV;E;Fi. O

From Lemma 3.6.3 we can always get a truth assignmenh from a trace
alignmert.

Lemma 3.6.4. Let G = hV;E;Fi be a graph obtainel reducing an instance
of Max2Sat-B , and let G; = hV;E4;Fi be a trace alignment of G such
that all verticesD;; are adjaent to T; or are all adjacentto F;. Thenit is
possibleto compute (in polynomial time) a trace alignment G, = hV; E;; Fi
suchthat weight(G;) weight(G,) and for each clausec, there is at least an
undirected edgeincident on one of the vertices enading suchclause.

Proof. Let G; = hV;E,;Fi beatrace alignmert, and poseinitially E, equal
to E;. For eat clausec sud that the correspnding clauseverticesare not
incidernt on any undirected edgesadd the left lower edgeto E,. Sincethereis
only oneedgeincidert on L; and no edgeincident on R;, there are no cycles
including L; or R;. O

Lemmata 3.6.3,3.6.4allow us to take into accour only trace alignmerts
whereall verticesD;; are adjacert to T; or to F;, and eat pair of vertices
T; Fi hasat leastan undirected edgeincident on sud pair. In the following
we will call such a trace alignment a canonical alignmert. An immediate
consequencef sudh Lemmatais that there existsan optimal alignmert that
is canonical. We have already stated that a canonicalassignmenh encalesa
truth assignmen in the following we will prove that a clausehave two undi-
rectededgesncident on the verticesencaling it only if sud clauseis satis ed
by the assignmen In order to prove that we needtwo useful properties of
canonicalalignmerts.
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X;

Figure 3.6: Cycle of the proof of Lemma3.6.5

Prop osition 3.6.5. Let G = hV;E;Fi be a graph obtainal reducing an in-
stane of Max2Sat-B , andlet G; = hV;Eq;Fi be a canonical trace align-
ment of G. Let g be a clausewhosecorrespnding pair has two undirected
edgesincident on it in G;. Then such edgesare hoth left edgesor are both
right edges.

Proof. Assumeto the contrary that ¢ is a clausesud that L, and R, are
both adjacert to an undirected edgein G;. By Lemma 3.6.2 sud edges
cannot be both upper edgesor both lower edges. W.l.0.g. we can assume
that (Li; Xwar)); (Ri; Tvargy) 2 E1. SinceG; is a canonicalalignmert then
(Drvar(l);l;TIvar(l)) 2 El or (Drvar(l);l;Flvar(I)) 2 El- If (Drvar(l);l;Tlvar(l)) 2
E1, iy (Lis Ri); R (R Tvaray)s Tvararys (Tvar(tys Divar@y:1); Divar(y:1s (Dvar(iy:1;
lear(l)): lear(l)a :::;erar(l)1 (erar(l);l—l)y L|| is a CyCIe in Gy, otherwise
hLi; (Li; Ri); R (R Twvaray); Tivararys (Tvarqrys Fvary)s Fvar(ys (Fivary; Divariy:1);
Dvar(iy:1, (Dwvar(iy;1s Xivar(y)y Xwvar(lys + 55 Xwar(lys (Xwary; L1), Lii isacyclein
G3; in both casescortradicting the assumptionthat G; is an alignmert. [

Prop osition 3.6.6. Let G = hV; E; Fi agraphobtained reducingan instance
of Max2Sat-B , and let G; = hV;E;;Fi be a canonical trace alignment
of G. Let ¢ be a clausewhoseleft edgesare in Gi. Then (Dary.1; P(I;

lexp(1))) 2 E;.

Proof. Assumeto the cortrary that (D nary.1; P (I; rexp(l))) 2 E;. Whenewer
P(Iirexp(l)) = true, then MRy (Ri; Twar(y); Tvarays (Tvartys Fivar(y)s Fivar);
(Fivar(ly; Dwvar(i):1); Dwvar(y:1, (Dwvargy:1; Xvar()), Xwary, (Xwargy; Ri), Rii is a
cycle, otherwise P (I;rexp(l)) = false In sud caserR;; (Ri; Xwar()), Xwarqy,
(Xiwar(tys Dwar(y:); Dwar(tyizi (Xwar(tys Tvary)s Tivar(ty: (Tvartys Fivar(y)s Fivar(y:s
(Fvar(y; Ri); Ryi is a special cycle. n
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Along the samelinesit is immediate to prove that if both right edgesof
a clauseg arein Gy, then (Xyary; P(I;rexp(l))) 2 E;.

Prop. 3.6.6relatesthe cost of the trace alignment with the truth assign-
mert. More preciselyit says that for ead clausethat hastwo undirected
edgesincidert on its vertices, sinceby Lemma 3.6.5sud edgesare incidernt
on one of the two clausevertices, sud vertex encalesa variable that makes
sud clausesatis ed.

From Prop. 3.6.6and Lemma 3.6.1follows a fundamertal corollary:

Corollary 3.6.7. Let x; be a variable that appears positive and negative in
an instance of Max2Sat-B , let G = hV; E;Fi be the ass@iated instance of
MT A and let G; be trace alignment for G. Let ¢;; ¢, be two clausessuch
that x; appears positive in ¢; and negative in c¢,. Then there cannot be two
undirected edgesincident on both verticesenading the two occurrences of x;.

This allows us to state that the cost of the trace alignmert implies an
upper bound over the number of clauseghat are satis ed by the assignmenh
From Corollary 3.6.7it is immediate to prove that

Opt(Gy) = 2(2B + 1)n+ k+ opt(S) (4B + 9)Opt(9) (3.1)

where the equality, together with the fact that G, is optimal, follows from
Lemma3.6.6and the inequality follows from the fact that Opt(S) k=2 and
n k=2.

The next step is to reconstruct a truth assignmet  from a feasible
solution of MT A. By Lemmata 3.6.3,3.6.4we can assumethat sud feasible
solution is a canonicaltrace alignmert. Let G; = hV;E;;Fi be a canonical
trace alignmert of G = hVv;E; Fi, we will construct an assignmeh for S.
SinceG; is a canonicaltrace alignmert D;.; is adjacer eitherto T; or to F;.
Then (x;) = true if and only if D;.; is adjacent to T;. By Lemma 3.6.6,
it is immediate to prove that for ead clausepair sudh that both left edges
or both right edgesare in E;, the correspnding clauseis satis ed by the
assignmeh . It follows directly that

Opt(S) cost() Opt(G) cost(G,) (3.2)

To prove that our reduction is an L-reduction we have to prove that

Opt (S) cost( ) Opt (G) cost(G1) :
~opt(S ~opG) for a certain constart

From (3.1) and (3.2) posing = 4B + 9 su ces.



44

CHAPTER 3. HARDNESS OF ALIGNING



Chapter 4

Comparing Seguences:
Appro ximating the Alignmen t

4.1 Intro duction

In Chapter 3 we have shovn somenegative results on the possibility of de-
signinge cien t exactor approximate solutionsto the Mul tiple Sequence
Alignment  problem. In this chapter we will instead focus our attention to
a restricted versionof the problem which has strong biological relevanceand
we will describe a polynomial-time approximation schemefor suc problem.
In [58], Jiang et al. ask whether a particular restriction of the Mul tiple
Sequence Alignment problem, namely the caseof metric scoringmatrix
that we proved to be NP-hard, is in PTAS. In this chapter we will give a
positive answer to a closelyrelated questionby shawing that a restriction of
Space-L Mul tiple Sequence Alignment doesadmit a polynomial-time
appraximation scheme; more precisely sud a polynomial-time approxima-
tion sdhemeexists when the ratio of the costsbetweenead pairwise align-
mert isin a xed interval.

Since Theorem 3.5.1 states that the Space-L Mul tiple Sequence
Alignment is APX-hard, we needto introduce a restriction in order to
descrite a PTAS.

De nition  4.1.1 (Variabilit y). Let | = hhgy;:::;tki;(dy;g)i be an in-
stanceof the Space-L Mul tiple Alignment problem,then the variability
of I, denotedby v(I), is

n M)+Lg .

v(l) = maxf
d(l\)llp;tL (ti;ty)

i<j kg

45
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where (M) is the maximum value dy, (a;; &) betweentwo di erent symbols
a ;a2 [ o

Pleasenote that the value v(I) of the instance |l can be computed in
polynomial time. The Space-L Mul tiple Alignment ( ) problemis the
restriction of the Space-L Mul tiple Alignment problem to instancesl
with s(I)

A fewcommers arein order. The mostcommonmultiple alignmert prob-
lem in Molecular Biology is the alignmert of homologousprotein sequences
from di erent species.For a pair ht;;t;i of sud sequenceshe correspnding
aligned sequencedua(i; j )ti; a(i; j)t;i will be small only if the original se-
quenced;;t; are very similar, which usually happensonly if the two species
of origin have a relatively recent (in the time scaleof ewlution) common
ancestor,and will be closeto the averagedistanceof random sequences the
speciesdivergeda long time ago, or if the optimal alignmert requiresmore
than L spaces.For scoringmatricesusedin practice, the averagedistanceof
random sequencess usually a number of about the sameorder of magnitude
asn (M). The algorithms usedin practice for multiple sequencealignmert
tend to perform well if all sequencesre closelyrelated to eat other, while
our rst theoremcoversoneofthe caseghat aredi cult in practice and quite
common,namely the casewherenone of the sequencesare closelyrelated to
eadt other.

4.2 The Appro ximation Scheme

The main results of this sectionis the following:

Theorem 4.2.1. The Space-L Mul tiple Alignment ( ) problemhasa
ptas for all constants .

Note that in the above theorem,the scoringscheme(dy ; 9) is considered
part of the input, thus the theoremworks for all a ne scoringsdemes,no
matter whether the scoring function is a metric and the gap penalties are
xed or variable. This doesnot cortradict the results about APX-hardness
from [60] though, sincethe variability of the instancesusedto obtain the
latter results was not bounded.

Theorem4.2.1will be proved by reformulating it asa kind of facility loca-
tion problem. To seethe connection,supposea commnunication network is to
be setup in a courtry that consistsof k regions. In ead region, there should
be one switchboard of the network, and ead switchboard is to be connected
by expensiwe, high quality cableto ewvery other switchboard. If in ead re-
gion there are se\eral possiblelocations for the switchboard that are equally
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good for the operation of the network within this region, then the locations
of switchboards should be chosenin sud a way asto minimize overall cost
of cable betweenthem. The question of choosing optimal locations for the
switchboards can then be formalized asfollows. The Switchbo ard Loca-

regions aswell as a distancefunction d betweenall pairs of points x;; X; in
Ri| [ Rk. The distancefunction givesstrictly positive valueswheneer
the two points are distinct. A feasiblesolution is a sethx; :::;xxi of points
sud that x; 2 Bi forl1 i k. The problem asksfor a feasiblesolution
that minimizes | | d(xi;X;j).

While facility location problemswith objective functions similar to those
of Switchbo ard Location have beenstudied for regionsof the real line
(seee.qg. [93],[6]), we are not aware of any published results concerningthe
generalformulation of Switchbo ard Loca tion given above.

We will discusslater how instancesof Space-L Alignment ( ) canbe
mappedto suitableinstancesof Switchbo ard Loca tion in orderto havea
(1+ ) appraximation algorithm. But rst we have to introducea restriction
of Switchbo ard Location similar to the one introduced for Space-L
Alignment . Let | = fRy;:::;Rg;dg be an instanceof the Switchbo ard
Loca tion problem. We de ne the spread s(I) of I as

maxfd(xi;x;): 1 i<j KX 2Ri;x; 2Rjg.
minfd(xi;x): 1 i<j kX 2Ri;x2Rg’

s(1) =

It isimmediatefrom the de nition that s(i) 1. For any pair of constarts
P; , the Switchbo ard Location p( ) problemisthe Switchbo ard Lo-
cation problem restricted to instancesof spreadat most and whereeadh
region cortains at most P points.

Theorem 4.2.2. The Switchbo ard Location p( ) problemadmits a ptas
for all constantsP;

Proof. Now let bea xed constart, and supposewe have an instancel of
the Switchbo ard Location p( ) problem,wherefR;: 1 i kgarethe
regionsof |, andR; = fx;; : 1 j Pg. (Sinceonecanalways add dummy
points to the regions,we do not lose generality by assumingthe regionsto
be exactly of cardinality P.) Let D be the value minfd(x;; ;Xn:) : 1 i<
h k;1 j;° kg Now we canformulate the Switchbo ard Loca tion
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problem as PIP:

X X
minimize wym Yh: (4.1)
%(h<i ki1 j; k
subject to Kyij =k i=1::5k
i
yij 2 10;1g =Lk j=L00P

Pleasenote that the total number of variablesis at mostkP. Sinces(l) ,
all coe cien ts of the objective functions are betweenl and . Thusthe PIP
is -smaoth.

Now supposewewant to nd a solution to the Switchbo ard Loca tion
problem that is within a factor of (1 + ") of minimum. Setting = 2P_2 and
running the algorithm of [8] on the PIP de ned above, we nd ebozl solution
that satis es all constraints within an additive error of O( = kP logkP).
Sincefor 0=1 solutionsthe left hand sidesof our side constraints are multiples
of k; for suciently large k we can assumethat these side constrairts are
satis ed exactly. But then for eat regionR;, exactly oneof the numbersy;;
isequalto 1. Thusthe correspndingXx;; 's form afeasiblesolution of instance
| of the Switchbo ard Loca tion problem, and the sum of the distances
is within an additive error of D" '; . By the choice of D, the minimum
value for the sum of all distancesin any feasiblesolution of instancel of the
Switchbo ard Location problem cannot be lessthan D '; , and thus we
have found, in polynomial time, an appraximation within a factor of (1 + ").

(]

Now let us shov how Theorem 4.2.2 implies Theorem 4.2.1. Suppose

ment ( ) problem,and let " > 0. Wewant to nd a spacek multiple align-
mert of thesesequencethat scoreswithin (1+ ") of optimum. Let N = d%—e
and note that N is a constant. Let n be the length of the longestamongthe

First assumehat n K. In this casewelet R; be the setof all sequences

Xjj that are obtainable by inserting L spacesnto t; (at the beginning, end,
or betweensymbols). This set cortains at most “'" elemets. Note that

K:L is a constart that does not depend on the number of sequencek.
Thus the family fR; : 1 i kg together with the distancesd(X;; ; Xjo;o)
de ned by the scoringsdhemeis an instance of the Switchbo ard Loca-
tion problemwherethe cardinality of all regionsis boundedby the constart

K+L  Feasiblesolutions of the Switchbo ard Loca tion problem are ex-
actly all spacek alignmerts of our sequencesand the objective function of
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the Switchbo ard Loca tion problemis exactly the SP-scoreof the align-
mert. Sincethe variability of the Space-L Alignment problemis bounded
by , the spreadof the correspnding Switchbo ard Loca tion problem
that we constructedis alsoboundedby . Thusthe ptas for Switchbo ard
Loca tion (K:L)( ) nds a solution within (1 + ") of optimum.

Now assumethat n > K. In this casewe partition ead sequencd; into
consecutie chunkshsiy, : 1 h  Ni, wherethe length of ead chunk di ers
fromlﬁ by no morethan 1. With ead function f :f1;:::;N +1g! N sucth
that , , . f(i) L weasswiate a sequence;; by inserting f (h) space
symbols to the left of ead chunk s;,. In other words,

tie = f(1)si'1 f(2)si'2::: f(N)Si'N f(N+1)
Now we let Bi be the set of all tiy for functionsf : f1;:::;N + 1g! N

that satisfy |, , ., f(i) L. Werun the approximation algorithm for
Switchbo ard Location y.i( ) that nds asolution within (1+ 3) onthe

sequencestq;:::;txi. We want to prove that the alignmert hqif ;00 tesr,
scoreswithin (1 + ") of optimum. Let haty;:::;ati denote the spacekt
multiple alignmenrt with optimal SP-score.For eadh i, let g : f1;:::;N +
1g! N be the function such that foreahh1 1 kandl h N, g

is equal to the number of spacesin at; inserted immediately to the left of
the chunk s;, or betweencharactersof s, . Instead of t;.;, we will write bt;.
Sincebt, 2 R; for ead i, we have

Sincel+ " > (1+ "=2)(1+ "=3) whenewer" < 1, it now su ces to show
that '

Let us split the sequencest;, bt into N + 1 chunks at;,, bt.;, forl h

N + 1 wherebt, = 9Mgy, sy 41 is the empty string, and jbtnj = jatinj,
sothat at; = at;.;at.,  atiy+1 and bt = bt.;bt.,  btn+1. From the de -
nition of g, wheneer g;i(h) = g;(h) = 0, the pairwise alignmert hat;y, ; atj.,i
is the sameas Hbt;, ; btj.ni. Sinceat most L spacesare inserted into eah
sequencd;, and sincethe maximum penalty on ead chunk (excluding the
newly insertedspacesj)s equalto the length of the chunk (i.e. at most -+ 1)
multiplied by (M), and there are globally only L extra spaceswe get the
inequality

du (B4;bY) i (ati;ah) + (MIL@+ 1)+ Lg;



50 CHAPTER 4. APPROXIMATING THE ALIGNMENT

Sincen > 2N + &&= and (M) 2L (M) + Lg, we get

(M)
2L
dv (bti;bt)  dv (ati;atj) + (M)nW:
By the choiceof N, the latter yields
(M)n"

du (bt;bt) du(at;;at;) +

Since the spread of our instance was assumedto be at most , we have
du (ati;at) M1 and we get

dw (bt;bt) du(ati;at;)(1 + 5);

asrequired.
The following resultson hardnessof Switchbo ard Loca tion problems
are not coveredby Theorem3.5.1.

Theorem 4.2.3. The Switchbo ard Location ,( ) problemis NP-hard
for each xed constant > 1.

Proof. Let > 1. Sincethe number of instancesof Switchbo ard Lo-

cation ,( ) increaseswith , we may without loss of generality assume
that 2. We prove the theorem by reducing the Max-Cut problem
to Switchbo ard Location (2( ). Givenagraph G = hVv; Ei with vertices

follows: For i 6 j, we let d(xi;X;) = d(yi;y;) = 1. If fvi;vyg 2 E, then
dixi;y;) = 5 if fvi;vig 2 E, then d(X;;y;) = 1. (Note that for our choice
of , the distancefunction is actually a metric.) For 1 i Kk, the region
R; is de ned asfx;;y;g. This givesus an instancel of the Switchbo ard

Loca tion (2( )) problem. Every solution x of | inducesa partition hVy; Wi,
whereVy = fv; 1 x; 2 xgand Vy = fv; : y; 2 xg. If ¢, denotesthe size of
the cut induced by the partition hvy; Vyi, then the measureof x is equal to
Ko+ ( 1)(E] <), and the theorem follows from NP-hardnessof the

2
Max-Cut problem. O

Theorem 4.2.4. The Switchbo ard Loca tion , problemis APX-hard.

In view of our obsenation that Gap-0-1 Alignment is a special caseof
Switchbo ard Loca tion , Theorem4.2.4is a corollary of Theorem 3(c) of

[60.



Chapter 5

Comparing Sequences:
Appro ximating Sub- and
Sup ersequences

5.1 Intro duction

The problemsof computing the Longest Common Subsequence (LCS)
and the Shor test Common Supersequence (SCS) of a setof sequences
are two well-known NP-hard problem [75]. The problem of computing the
longestcommonsubsequencef two sequence$ias beendeeply investigated
(seethe survey in [8(]), and a number of algorithms have been proposedin
order to improve the running time for typical instances|[5, 81, 56, 83], but
all these algorithms still have a O(n?) time complexity in the worst case.
The only algorithm that has broken this barrier is the one by Masek and
Paterson[76] basedon the Four Russians'technique [7]; their algorithm has
O(n?=logn) time complexity.

Let us now considerthe generalproblem of computing the longestcom-
mon subsequencef k sequence®f length n; even this problem has been
studied by se\eral authors, proposingalgorithms basedon the dynamic pro-
grammingtechnique [54, 49|, but they werenot ableto substartially improve
the O(n¥) time and spacecostin the worst case. Theserequiremerts however
are unacceptableeven for small k in most situations, sincethe parametern
is usually extremely large in practice (e.g. text-editing, analysis of biologi-
cal sequenceswheren can be greaterthan 500). Consequetly peoplehave
moved their interest towards the seart for heuristic algorithms to nd an
approximate solution for the LCS problem. But, alsoin this framework,
negative results have beenprovided for the LCS problem over an arbitrary

51
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alphabet: Jiang and Li [59 proved that the problem hasno polynomial time
approximation algorithm with performanceratio n , for any constant < 1,
unlessP = NP. Despitethe discouragingresults, it hasbeenprovedthat the
LCS problem over a xed alphabet can be indeed very well approximated
on the averageby using a simple algorithm called Long Run [59]: it gives
as a solution of the LCS for a set S of sequencesthe sequence !, suc
that ! is the longestcommonsubsequencef S of the form !, for 2 .
The Long Run algorithm works quite well in practice sinceit can provide a
solution which has a length closeto the optimum. More precisely in [59],
Jiang and Li proved that given n input sequencegeneratedrandomly ac-
cording to the uniform probability distribution, all of the samelength n and
over xed alphabet, then the Long Run algorithm approximates the longest
common subsequencavith an O(n'*?* ) expected additive error (the addi-
tive error is given as the di erence betweenthe length of the optimum and
of the appraximation) for any > 0. Anyway this doesnot imply that Long
Run performswell on instancesmade of a relatively small number (e.g. less
than 30) of long sequencegmore than 100 charactersead). Moreover, even
though Long Run gives a solution whoselength is a good approximation of
the optimal one, it is quite evidert that this algorithm preserts somedeep
shortcomingsthat are more relevant in the molecular biology setting. In
fact the Longest Common Subsequence problem is usedto model the
comparisonof biological sequence$48| and the actual longestcommonsub-
sequenceof a set of biological sequenceshould represeh someregionsthat
arecommonto all sequencedhencethe longestcommonsubsequences likely
to point out somehighly consered regions. Anyway it is not hard to realize
that the subsequencgiven by Long Runseldomhasany biological meaning,
asit cortains only onedistinct symbol.

Another drawbadk of using Long Runto compute a subsequenceés that
it doesnot give the optimal solution even when the instance cortains only
one sequencdthe optimal solution is trivially the sequencen the instance).
Moreover it is possibleto prove that there are instancesconsisting of one
sequencewvhere Long Run givesa subsequencevhoselength is 15 | of that
of the actual longestcommon subsequencewherej j is size of the alpha-
bet . Actually, it is not dicult to provethat j j is alsothe guararteed
performanceratio of LongRun

The Shortest Common Supersequence (SCS, in short) allows to
model di erent computational problemsand henceit hasse\eral applications
in various areas,mainly sdeduling [43], data compression91], query opti-
mization [86], text-editing and DNA sequenceasserbly in Computational
Biology [85).

The problem SCS of a set S of sequencesonsistsin the computation
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of a common supersequenceof S that has minimum length; whene\er the
instancescan cortain at most k sequence®f maximum length n, then the
problem can be solved in O(n¥) time and spaceby dynamic programming.
Anyway this approad is not feasiblein practice, exceptfor small valuesof n
and k. Just asfor Longest Common Subsequence sud approad canbe
improved by exploiting the Four Russians'technique, resulting in a O(logn)
speedup.

When the instancesare not required to cortain only a constart number
of sequencesthe problem is intractable even in the restricted caseof bi-
nary alphabet, as proved by Maier [75): this result has shifted the attention
towards the investigation of appraximation algorithms for the problem. In
this direction, Irving and Fraser [55] analyzedthe quality of the solutions
returned by two appraximation algorithms called Tournamentand Greedy
proving some negative results. More precisely they have shavn that sud
algorithms cannot match the worst-caseapproximation ratio of a trivial al-
gorithm which achieves| j-appraximation ratio over a xed alphabet . In
fact, aj j-approximation for the SCS problem over an instanceconsistingof
sequencesf length at mostn over the xed alphabet =f ;; ; ggcan
be achieved simply by producing the commonsupersequenced ; » )"
such algorithm is called Alphabket. More recert resultsby T. Jiang and M. Li
point out that the SCS problem is also hard to approximate whene\er the
alphabet is not xed, while the sameauthors proved that the averageper-
formanceratio of the Alphalet algorithm is quite satisfactory asymptotically.
After the work by Timkovsky [94] that proposeda smallimprovemert to the
trivial appraximation factor j j achieved by Alphatet, to our knowledgeno
new approximation algorithm with a guararteed factor has been proposed.
Getting any improvemert in this direction appearsto be a challengingques-
tion, mainly becausehe known appraximation algorithms are not very useful
in practice for two reasons:the answer that Alphaket producesdependsonly
on the alphabet size and on the maximum length of a sequencen the in-
stance,andit is not really dependen onthe setS of sequencesf the instance,
consequetly it is unableto get closeto an optimum solution in all cases.On
the other hand the heuristics proposedby Irving and Fraser can produce
a solution whosesizeis very far from the the optimal one (more precisely
there are instanceswhere Tournamentand Greedyproduce a solution whose
appraximation ratio over binary alphabet is not boundedby any constart).
In this chapter we will descrike an appraximation algorithm for LCS and
onefor SCS. Both algorithms are improvemerts of an algorithm over binary
alphabet that hasbeendescriked in [23]. The main ideais that the optimal
commonsupersequencean be thought asbuilt of blocks, whereead block is
a substring containing only onedistinct symbol of the alphabet. If we knew
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the alphabet symbol in ead block of the optimal solution then it is likely
that somestrategy for computing the appraximate lengths of the blocks may
lead to a good solution. In particular in the caseof binary alphabet it is
possibleto restrict the possiblechoicesfor sud alphabet synbols to a set
whosesizeis polynomial in the size of the input, moreover sud set can be
easily computed. How to compute sud set and the strategy to expand or
reducethe lengths of the blocks is the core of our algorithms.

The algorithm for the LCS problemis called Expansionand hasa guar-
anteed performanceratio j j, hence matching the one of Long Run ewen
though sudh bound is not tight for our algorithm. Moreover we will shov
experimertally that the averageperformanceof our algorithm is de nitely
better than the one of Long Run The algorithm is basedon a technique
similar to the oneinitially proposedfor the Shor test Common Superse-
guence problemin [23.

The experimerts have beenexecutedon two main groupsof instances:one
consistingof sequencesf length between90 and 100and the other consisting
of sequence®f length between400and 500.

The goalsof the two experimerts are di erent. In the rst onewe have
instances containing random sequencesand we compare the approximate
solution with the optimum one, so that we can compute exactly the per-
formanceratio of the algorithm on these instances. The instancesof the
secondexperimert cortain a greater number of longer sequencesmoreover
the sequencesare fairly homologousin order to point out the behavior of the
algorithm over biological sequenceslin fact ead instancecortains sequences
generatedfrom a random sequencesimulating an ewolution accordingto the
Jukes-Carnor [74 model of ewlution, henceare su cien tly represetative
of the sequencesisually found in practice. Instancesgeneratedin this way
cortain sequence®f at least 400 symbols, thus ruling out the possibility of
comparingthe appraximate solution with the exactsolution, sincea dynamic
programming algorithm for sud instanceswould not be feasible. Nonethe-
lesswe are able to provide an upper bound on the performanceratio of the
algorithm, basedon the fact that a common subsequencef a set S of se-
guencescannot be longerthan the shortestsequencen S. Sincesud bound
is trivial we expect that the performanceratio of our algorithm is de nitely
better than the onewe have obtained.

A comparisonbetweenthe results obtained from the two main experi-
merts has allowed to con rm that the Expansioralgorithm achievesan av-
erageperformanceratio lessthan 1:08, while the Long Run has an average
performanceratio which is at least 1:34.

In this chapter, we propose a new approximation algorithm (Reduce-
Expand for the SCS problem over a xed alphabet (binary and of arbitrary
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size) that has the same guararteed appraximation of the trivial one, but
overcomedts negative limits. Sincethe practical useof such an algorithm is
the main issue,we compareexperimertally our newalgorithm with Alphalet,
giving particular attention to instancesrepreseting real-world cases.

In this direction oneof the objectivesis to ched if the performanceof the
algorithm doesnot degradefor sequencethat have morethan 100characters,
asthis is the usual size of sequence®ccurring in practice when we have to
deal with biological sequenceslin fact we tested our algorithm for sequences
up to 500 characters,and we have got quite satisfactory results.

In all our experimerts it hasnot beenpossibleto computethe exact solu-
tions; in fact, aspointed out previously, the dynamic programmingapproad
is not feasiblein practice due to time and spaceconstrains. Consequetly
we had to usea lower bound on the length of the optimal solution, in placeof
the optimum, in orderto computean estimatedapproximation ratio achieved
by the algorithms examined.

5.2 Preliminaries

In this sectionwe will introduce somefundamerntal notions that will be used
in this chapter.

De nition 5.2.1 (Basic Sequence). A basic sequene of length k over
is a sequence ; wwwith ;2 foralll i kand ;6 ;4 foralli,
1 i<k

Pleasenote that therearej j(j j 1) ! basicsequencesflength k over
an alphabet .

De nition 5.2.2 (Substream). Let S be a set of sequencesthen a sub-
stream of Sis a basicsequencehat is a commonsubsequencef S.

Analogously we de ne a superstream as a basic sequencehat is a com-
mon supersequencef S. When S cortains only a sequences, by substream
(superstream) of s we meanthe substream(superstream) of f sg.

De nition  5.2.3 (Factorization). Let s be a sequencethen factoriza-
tion into blocks of s is the 2k-tuple h ;j1; , kilkl, where Kk Is a
substreamofs, j; > 0,for1 | kand I =,

The sequence ' introducedin Def. 5.2.3is calledthe ith black of s, while
the run of a sequences the maximum length of one of its blocks.

The following set of instanceswill be used as an example. Let S be
the set f aabbaabch¢ abbbbcbbabbaa bcabbbaly, then the factorizations
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of the sequencesn S are respectively f (a;2)(b;2)(a; 2)(b;1)(c;1)(b;1)(c;1),
(a;1)(b;4)(c;1)(b;1)(a; 1)(b;2)(a; 2), (b;1)(c;1)(a;1)(b;3)(a; 1)(b;1).

The basicsequencesf length 2 over the alphabet f a; b; cg are ab, ac, ba,
bc, ca, cb, moreover ab is a substreamof S while ca is not. Note that the
sequenced S haverun 2, 4 and 3 respectively.

We introduce now the formal de nitions of the two problemsstudied in
this chapter.

Problem 4 (Longest Common Subsequence).

Instance a setsS of sequences.

Solution a common subsguene of S, that is a sequences sud that s can
be obtained from ead sequencen S by removing somecharacters of suth
sequence.

Goal to maximize the length of the subsequence.

Problem 5 (Shortest Common Supersequence).

Instance a setsS of sequences.

Solution a common sugerseuene of S, that is a sequences sud that s can
be obtained from eat sequencen S by inserting some characters of sud
sequence.

Goal to minimize the length of the subsequence.

It is possibleto solve in polynomial time both LCS and SCS problems
for instancescortaining a constart number of sequencewia dynamic pro-
gramming [85, but it would require O(n¥) time and space,wheren is the
length of the longestsequencen S. Hencethis algorithm is feasibleonly for
small valuesof n and k. An improvemen of sud algorithm basedon the
Four Russians'technique [7] is possibleand the time complexity would be
O(nk=logn), but the hidden constarts would not make such an algorithm
more appealing than the onein [85] for practical cases.

In [53] Hirschberg described a linear spacealgorithm for computing the
length of an optimal solution to the LCS problem over 2 sequencessut
algorithm can be generalizedo computethe optimum value of the objective
function our problems, leading to an O(n*) time and O(nk 1) spacealgo-
rithm, but with atime complexity which is roughly twice asmuch asthe one
of the dynamic programming algorithm described in [85].

When the number k of sequencess not xed, but it is a part of the
instance, the time complexities of the algorithms before mentioned are not
polynomial. In fact it is known from [75, 82] that in sud casethe decision
versionof the LCS problemis NP-completealsoover binary alphabet. Hence
the subsequen step is to look for e cient appraximation algorithms; an
exampleof sud an algorithm is the Long Run
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It is rather straightforward to describe the Long Run algorithm. Given
a set S of sequencesver the alphabet , let occur (s) be the number of
occurrencef in a sequences. Then, for ead symbol 2 , letc bethe
minimum value of occur (s) over all sequences 2 S. LongRunreturns ¢
where is the symbol of maximizing c .

While the Long Runalgorithm over xed alphabet givesan appraximate
commonsubsequencevith a guararteed performanceratio of j j, it is easy
to note that sud subsequenceortains only one synmbol of the alphabet |,
soit is rather uselessn practice.

Now we can descrile the Alphalet for the SCS problem. Let S be a set
of sequencesf maximum length n over the alphabet = f 4;:::; 49 then
a commonsupersequencef Sis ( 1 2 ¢)". The algorithm that returns
suc a commonsupersequenceés called Alphalet, it is immediateto note that
it achievesaj | appraximation ratio.

Two more appraximation algorithms for the SCSproblem have beenpre-
serted in literature and are usedin this chapter, eventhough sud algorithms
cannot have a constart approximation ratio on xed alphabet: these are

be a set of sequenceswhere we assumethat mx= 2°, with p integer. Then
Tournamentreturns the sequencelournameng :;’“:2 SCS6;, 1;S2)), com-

puted recursively until there is only one sequencen the set.

5.3 The Algorithm for the LCS

In this section we proposea new approad for computing an approximate
solution of the LCS problem. Our algorithm is basedon the following main
obsenation: a longest common subsequencef a set S of sequencedas a
number b of blocks, with 1 b B, for B the length of a substreamfor S
of maximum length. A strategy to obtain a good approximation consistsof
expandingsubstreamsof di erent lengths, sothat we obtain a solution with
factorization similar to the one of a longestcommonsubsequenceSincethe
number of possibleexpansionsof a stream (that is assigningan exponert
to ead synmbol of the stream) is exponertial in n, we dewelop a polynomial
time strategy which takesinto accour the variation in the sizeof the blocks
inside the factorizations of the sequencesn S: this behavior is realized by
the Expandprocedure.

The Expandprocedurereceivesasinput a setS of sequenceand a stream
e. It scanse from left to right, block by block, and at ead time it tries
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to obtain a new common subsequencef S by doubling the length of the
examined block. Then, it cortinuesto expand the sequencefrom left to
right in this way, until no block of the sequencecan be doubled. Finally, it
examinesagain the sequencedrom left to right, trying ead time to enlarge
the sizeof ead block, until the sequencecannot be further expanded,since
otherwisethe property of beinga commonsubsequencef Sis violated.

ExpandRo;:::;Rm;t)
Input: A setS of sequencesind a basicsequencee= jei
Forl j jedo
ki =
EndFor
Repeat
test := false
Forl j jegdo
If jZk" J_Izje,- is a subsequencef S then
kj =2 kj
test := true
Endif
EndFor
Until test = false
ki:= maxf g sud that '1‘1 J- jﬁf" is a commonsubsequencef S
k Kjej
Return( ;' j ey

Figure 5.1: An outline of the Expandalgorithm

Computing the longest size of a block can be implemerted with a bi-
nary searti. A simple example will help the readerin understanding the
procedure. Let S be the set f a*b*a*b?a; ab*a*b3g, then the sequence®f
the expansionsof the stream abab computed inside Expandis: abab, a’bab,
a’b?ab, a?b?a’h, a?b?a’b?, a?b?a*h?, alb?a*b?, a®b3a’b?. The latter sequence
is the onereturned by the procedure.

The Expandproceduregivesa way to obtain a commonsubsequencéom
a stream. The basic idea on which the Expansionalgorithm reliesis com-
puting the longestcommon subsequenc®f a set S of sequence$rom a set
T of streamsof S, where eat sequencex in T is expandedby the Expand
procedure. At the end, a set C of common subsequencefor S is obtained:
then the sequenceof maximum length in C is the solution returned by the
algorithm.
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Computing a set of streamsrequirestwo di erent approadhesdepending
onthe sizeof the alphabet; in fact the setof all streamsover a binary alphabet
is polynomial in the sizeof the instance, henceit is possibleto compute all
of them. This is not true in the caseof arbitrary alphabets, where we have
to usesomesort of heuristic to compute a subsetof all possiblesubstreams.

5.3.1 Binary alphab et

Let us rst illustrate the main body of the algorithm in the caseof binary al-
phabet: all substreamsof the instanceare computed, successigly the Expand
procedureexpandssud substreams.The best sequenceamongall returned
by the various callsto Expandis the output of the algorithm.

ExpansionBing(S)
Input: A set S of sequences.
Let B be the minimum length of a stream of S.
Forl t B do
z .= ExpandS; ; > t), where ;= 0and ; ¢ iIs a streamof S
w; ;= ExpandS; ; » t), where ;= 1land ; ¢ iIsa streamof S
EndFor
Let cs bethe longestsequencen fz;:1 t Bg[ fwy:1 t Bg
Return(cs)

Figure 5.2: An outline of the Expandalgorithm over binary sequences

Note that giventhe instanceS = fa*b’a’t’a; a*l*a*b’g of the examplein
the previoussection,the Expansioralgorithm computeson input San approx-
imate solution of length at least 12, while LongRunreturns the subsequence
a’.

5.3.2 Arbitrary alphab et

As stated previously, in the caseof an arbitrary alphabet there is an addi-
tional dicult y with respect to the binary casein applying the technique
of the Expandprocedure,which is given by the fact that the number of the
streamsof the instance may be exponertial in the length of the sequences
in the instance. Thus we needto dewelop a heuristic to choosea subsetof
streamsthat will be expandedby the Expandprocedure. The heuristic we
give consistsof two steps: given a set S of sequencesye initially compute
all streamsof S of maximum length 2. Then we apply a greedy algorithm to
S to obtain a stream st of S. All substringsof st are streamsof S that are
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expandedby the Expandprocedure. The algorithm is stated below, where
we assumethat an exact longest common subsequencef two sequencess
computed by the dynamic programming algorithm in [30].

GreedyS)

If S contains only one sequencdhen
Returnthe sequencen S
EndlIf
If j§ = 2then
Ics:= LCYs:;s2)
Returnthe longeststream of Ics
EndlIf
Foreah s; 2 Sdo
Replaces; with the longeststream of f s;jg
EndFor
Foreathi;j sudhhthat 1 i<j [j§do
Sij = jGreed{fsi;s;g)j
templi; 1 := js; j
EndFor
Let i; ) bethe pair of indicesthat maximizestempli; j ]
Return(GreedyS fs;;sig[ sij)

Figure 5.3: An outline of the Greedyalgorithm

5.4 Theoretical Analysis

Given a set S of k sequence®f length n, testing if a sequencas a common
subsequencef Scanbedonein O(nk) time. A carefulimplemertation of Ex-
pandrequiresexactly 1 unsuccessfulest and at most O(log n) successfutests
for ead block of the streame. Consequetly the total time to compute the
exponert of eat block is O(logn), asthe last stepis a binary seart. Since
there are at most n blocks, the time complexity of Expandis O(kn?logn).

The ExpansionBing algorithm cortains at most 2n callsto Expand con-
sequetly the algorithm has O(kn®logn) time complexity.

The analysis of ExpansionArbitny is slightly more involved. A careful
implemertation of the Greedyprocedurehas O(k?n?) time complexity when
it receives as input the set S of sequenceswhile it requires O(n?) when
it receives 2 sequence®f maximum length n asinput. The substrings of
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ExpansionArbitna/(S)
Input: A setS of sequences.
Streams:= fs:sisastreamof Sof length 2g
Add to Streams all substringsof Greed{S)
Initially csis the empty word;
For eath z 2 Streamsdo

w = Expands,; z)

If w is longerthan csthen

csS:= W

EndlIf
EndFor
Return(cs)

Figure 5.4: An outline of the Expandalgorithm over arbitrary alphabet

the output of GreedyS) are at most n?, as suc output must be a com-
mon subsequenc®f S, consequetly the streamsthat are expandedare at
most j j2+ n?. It follows that the time complexity of the algorithm is
O((j j?+ n?)(kn?logn) + n%k?) = O(((j j>+ n?)logn+ k)kn?), forj j> 2.
Consequetly whenn > kandn > j |, asin the instancesof our experimerts
the time complexity is O(kn“logn).

Obsene that we can descrite the Long Run algorithm as a restricted
caseof the Expansioralgorithm, thus showving that the solution computed by
such algorithm over a set S of sequencesannever be better that the solution
computed by our Expansioralgorithm.

LongRun(S)
Input: A setS of sequences.
Initially lcsis the empty word;
Foreahhz2 do

w = Expands,; z)

If w is longerthan csthen

CS:=w

EndIf EndFor

Return(cs)

Figure 5.5: An outline of the Long Runalgorithm

Sincethe set of streamsexpandedby Long Runis a subsetof those ex-
panded by Expansionit is immediate to note that the value of the solution
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returned by Expansions always at leastasgood asthe onereturned by Long
Run

Corollary 5.4.1. The Expansioralgorithm hasj | guarntead performance
ratio.

5.5 Exp erimen tal Analysis

In this section,we descrike the results of two di erent groupsof experimerts
we have deweloped to study the averagecasebehavior of our algorithm. The
rst group cortains instanceswith 4 random sequence®f length between
90 and 100, wherethe runs of the sequencesre generatedaccordingto the
uniform distribution. For theseexperimerts we have beenable to compare
the appraximate solution computed by the Expandalgorithm with the one
returned by LongRunand an exact longestcommonsubsequenceomputed
by the dynamic programmingalgorithm. Besidesa natural comparisonbased
on the lengthsof the solutions, we proposea measurerepreseting how much
the approximate solution resenbles an optimal one. To adieve this goal
we introduce a new parameter, called similarity, which is de ned by the
following formula relating the number N (S) of blocks of a longestcommon
subsequencever the set S of sequenceso the number A(S) of blocks of the
approximate solution: =~ E((N(S) A(9)?), whereE() is the expectation.
Pleasenote that it is desirableto have an algorithm which achievesa small
similarity index.

The secondgroup of experimerts consistsof instanceswith 5, 10 or 20 se-
guencesvhoselengthsrangefrom 400to 500. Moreover the sequences eath
set S are generatedfrom a random sequencéas€S) on which we simulated
an ewlution processaccordingto the Jukes-Carior model [74]. Moreover in
our simulation only deletions and substitutions were allowed. In this way
we can easily generateinstancesthat are represemativ e of the onesusually
found in practice. It hasnot beenpossibleto compute the exact solution of
the LCS over sud instances,due to both time and spaceconstrairts®, hence
we have comparedthe length of our appraximate solution with that of the
shortest sequencen S, which is an upper bound on the length of a longest
commonsubsequenceConsequetly the ratios stated in Tables5.5,5.5,5.5
are upper bounds of the actual ones. Sincewe did not compute an actual
longestcommonsubsequencat did not make sensdo computethe similarity

1The space constraints are especially demanding, as a careful implemertation of
Hirschberg's algorithm for instances of 5 sequencesf length 400 still requires at least
16Gbytes of memory



5.5. EXPERIMENT AL ANALYSIS 63

index, hencein this casewe only dealt with the performanceratio. A fun-
damertal parameterin all experimerts is the maximum run of the sequences
in the instances.

The resultsof the rst group of experimerts are summarizedin Table5.1,
wherethe the averageperformanceratio, the standard deviation of the per-
formanceratio and the similarity index achieved by Expansioralgorithm and
LongRunarerepreseted. The sequencesf the experimerts are over binary
alphabet and are obtained by generatingsequencesf integer valuesaccord-
ing to a uniform distribution in the rangebetweenl and the maximum run:
eadt of sud sequenceaivesthe lengthsof the blocks. In particular this group
of experimerts cortains input sequencesvith length between90 and 100.

| Max Run | 2| 6| 12| 18|
AverageR, | 1.0715 1.063| 1.0496| 1.0416
Expansion Std. Dev. | 0.0205| 0.0299| 0.0374| 0.0412
Similarity | 6.2914| 3.3651| 2.2081| 1.531
AverageR, | 1.6224| 1.4176| 1.3717| 1.3456
LongRun  Std. Dev. | 0.0428| 0.0742| 0.1083| 0.1366
Similarity | 50.779| 15.9346| 7.3655| 4.5989

Table 5.1: Experimerts over sequencesf length between90 and 100

In Table5.1it is possibleto note that the Expansioralgorithm hasoutper-
formedthe LongRunalgorithm for ead value of the maximum run parameter
giving, on the average,a better solution both in terms of the length of the ap-
proximate solution and in terms of the number of blocks of the approximate
solution with respect to the number of blocks of an actual longestcommon
subsequence.In fact the Long Run algorithm has an average performance
ratio which is always at least 1:34, while the Expansioralgorithm has never
achieved an averageperformanceratio greater than or equalto 1:08. The
analysis of the similarity index shows clearly that the Expansioralgorithm
compute an approximate solution which is more similar to an actual longest
commonsubsequenceas the similarity index of LongRunis always at least
three times asthe one of Expansion

The secondgroup of experimerts have beenrun over sequence®f maxi-
mum length 500and alphabets of sizes4 and 20, that is usingthe alphabet of
DNA and protein sequencesespectively. The resultsthat we have obtained
arevery encouragingsincethe Expansioralgorithm hasnewer had an average
performanceratio larger than 1:16.

Studying how the performanceof our algorithm dependson the size of
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Min. Max Run
length 8 | 16 | 32
400 1.15024| 1.08671| 1.05411
450 1.04483| 1.0266 | 1.0171
480 1.00787| 1.00409
20 sequencesalphabet size4
Min. Max Run
length 8 | 16 | 32
400 1.15664| 1.08485| 1.05187
450 1.04413| 1.02766| 1.01634
480 1.00757| 1.00397| 1.00209
20 sequencesalphabet size 20

Table 5.2: Results of the experimert over 20 sequence®f maximum length
500

Min. Max Run
length 8 | 16 | 32
400 1.13848| 1.07975| 1.04457
450 1.03437| 1.0206 | 1.0117
480 1.00565| 1.00333| 1.00124
10 sequencesalphabet size4
Min. Max Run
length 8 | 16 | 32
400 1.13308| 1.08091| 1.04814
450 1.03421| 1.02097| 1.01232
480 1.00508| 1.00231| 1.00129
10 sequencesalphabet size20

Table 5.3: Results of the experimert over 10 sequence®f maximum length
500
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Min. Max Run

length 8 | 16 | 32

400 1.11052| 1.05749| 1.03417

450 1.01994| 1.01274| 1.00692

480 1.00361| 1.00154| 1.00074
5 sequencesalphabet size4

Min. Max Run

length 8 | 16 | 32

400 1.10212| 1.05383| 1.03377

450 1.02046| 1.01149| 1.00786

480 1.00271| 1.05383| 1.00067

5 sequencesalphabet size 20

Table 5.4: Results of the experimert over 5 sequence®f maximum length
500

the alphabet has been one of the goals of this thesis. While it is obvious
that the algorithm should perform better on alphabets of smaller size, we
found out that the performanceof the algorithm smaoothly get worse when
alphabet sizeincreasedrom 4 to 20 (seeTable 5.5).

Another goal of our experimerts has beendetermining how the perfor-
manceratio is in uenced by the number of sequencesn ead instance. In
this casethe degradation of the performancewith respect to the sizeof the
instancesis noticeable, but it is still smooth. The Fig. 5.6 reports only
part of the results shavn in Table 5.5, pointing out the dependenceof the
performanceof the algorithm with respect to the minimum length of the se-
guencesand the number of sequences the instance. Sud results are from
experimerts over sequencesvith maximum run 16 and alphabet size 4 are
represeted. Anyway, the trends of the results we have obtained for di erent
maximum runs and di erent alphabet sizesare similar to the onesreported
in such gure.

The third goal of the experimerts hasbeento determine how the perfor-
manceratio of the algorithm dependson the maximum run of the sequences.
An interesting fact that it is possibleto devisefrom the results of the exper-
iments is that the performanceof the algorithm improves as the maximum
run increases.This may seemquite surprising, but the Expandprocedureis
designedsothat it is ableto adapt its behavior accordingto the distribution
of the runs in the sequencesin Table 5.5, which summarizesthe results of
this group of experimerts we have not stated the standard deviation, since
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Figure 5.6: Experimerts with maximum run 16

the valuesfound are along the samelines asthosein the rst experimert.

5.6 The Algorithm for the SCS

In this sectionwe are goingto describe our algorithm called Reduce-Expand
shortly RE The algorithm cortains four procedures:Half ReduceAuxiliaySet

and Expand The rst procedureis called Half, it receivesasinput a set S of

sequencesand for ead s 2 Swith factorization (1) (k)XK) it returns

a sequence (1)®b=2e (k)dAk)=2e

Half(S)

Input a set S of sequences

LetR = ;.

For each s2 Sdo
Let (1) (k)™¥) be the factorization of s.
R = R[ f (1)db(1)=2e (k)db(k)=2eg_

EndFor

Return(R).

Figure 5.7: An outline of the Half procedure

The procedure Reducereceives as input a set of sequencesand exploits
Half to compute a set of instancesof the SCSproblem.
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Reducé€S)

Input a set S of sequences

Let maxrun be maxfrun(s) : s2 Sg;
m := dog,(maxrun)e;

Ry =S

Fori := m downto 1 do
Ry 1:= Half(Ri);
EndFor

Figure 5.8: An outline of the Reduceprocedure

Pleasenote that all sequencen Rq are basicsequenceshenceit is likely
that we are ableto give a good approximate solution for sud instance(in fact
we can solve exactly the SCSproblem for basicsequencesver binary alpha-
bet). The main idea of our algorithm is to exploit an appraximate solution
for the instance R; ; to compute an approximate solution of the problem
with instance R;. Sud computation is guided by an additional sequence
(called auxiliary sequence}hat is addedto all setsR;. In our algorithm
all auxiliary sequencewill be basic sequencesand common supersequences
of Rp. Sincethe computation of the appraximated solution is dependert on
the auxiliary sequencea fundamenal questionis whether trying di erent
auxiliary sequencesnay help in getting a better solution to the problem.
In fact one of the main stepsof the algorithm, the procedure AuxiliaySet
computesa set of auxiliary sequenceswhile the procedureExpandusesead
sud auxiliary sequenceo compute an approximate solution to the problem.

Assumenow that thereis only oneauxiliary sequence for a giveninstance
S of the SCSproblem, and we recall that t is a basicsequencend a common
supersequencef Ry as computed by Reduce The main property that holds
for ead call to Expandis that the output of sud procedureis a sequence
whosefactorization into blocks hast asbasic sequence.

The main property of the Expandprocedure,together with the fact that
Expandreturns acommonsupersequencef R, followsfrom the construction
of the Reduceprocedure. We are now able to state the whole RE algorithm,
which basically consistsof applying Reduceand AuxiliaySetto computea set
of instancesand a set of auxiliary sequencedp call Expandfor ead auxiliary
sequencen the setand to return the shortestsupersequenceeturned by the
various calls to Expand

We have not descriked the procedureAuxiliaySetyet, becausemore than
onestrategy can be iderti ed to compute a set of auxiliary sequencesFrom
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Let (1) (jtj)™M% be the factorization of t;
Forl i mdo
Forl i jtjdo
b(i):=21(i);
EndFor
Forl j jtjdo
While (1)XY (jtj)™% is a commonsupersequence
of R; d_O
b(j) == b(j) 1;
EndWhile
b(j) == b{j) + 1;
EndFor
EndFor
Return( (1)"" (itj)>;

Figure 5.9: An outline of the Expandalgorithm

one hand it is desirableto have a fast procedure even though this implies
that a small number of auxiliary sequenceare computed,on the other hand
computing a larger set is likely to lead to better solution; consequetty it
does not seempossibleto nd an implemertation of the procedurethat is
de nitely the best solution to the problem.

Overthe binary alphabet = fa;bgit is possibleto computeall auxiliary
sequencesvhosefactorization into blocks is the sameasthat of an optimal
solution in polynomial time. In fact the only two basic sequence®f length
| are (abP=2ca 2972 and (bg)”=>°d 22 and j jn is an upper bound on
the length of any shortest common supersequenceof a set of sequence®f
maximum length n over the alphabet j j. The procedureAuxiliaySetBinay
is stated as follows:

In the caseof arbitrary alphabet the setof all possibleauxiliary sequences
is not polynomial in the dimensionof the input, henceit is necessaryo design
someheuristicsto computea set of auxiliary sequencesAs stated previously
ead auxiliary sequencanust be a commonsupersequenc®f Ry and a basic
sequence.The heuristic we have deweloped consistsmainly of computing a
supersequence of Ry, to compute the basic sequenceof s and posethe set
of all auxiliary sequencess the set of sequenceshat can be obtained from
sud basic sequencey inserting up to k symbols, for a certain constart k.
It is immediate to note that the set of auxiliary sequencesomputedin this
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Reduce-Expari®)
Input: a set S of sequences.

T = AuxiliaySe(Ry);
T := T[ fAlphatet(S)g;
Foreaht 2 T do

EndFor
Returnthe sequencdemp(t) of minimum length;

Figure 5.10: The Reduce-Expandlgorithm

Let | be the maximum length of a sequencen Ry;
T:=5;
Forl i I+ 1do
T := T[ f(ab bi=2cai 2bi=2eg;
T := T[ f(ba)bi=2cb' 2bi=2eg;
EndFor

Remove from T ead sequencehat is not commonsupersequencef Ry;
Return(T).

Figure 5.11: An outline of the AuxiliaySetBinay algorithm

way is polynomial in the dimensionof the instance.

5.7 The Exp eriments

The main goal of the experimerts has beento ewaluate the performance
(represened by the approximation ratio) of RE with respect to the length
and the number of the sequenceshe maximum ratio betweenthe lengths of
the sequencegvariability) and the maximum run of the sequences.

In order to compute preciselythe appraximation ratio achieved by our
algorithm it would have beennecessaryto computethe exact solution on all
instancesconsideredby using one of the dynamic programming algorithms
preserted in literature: this cannotbe donein practice dueto time and space
constrairts. Consequetly we had to computea lower bound on the length of
the SCS of a set S of sequencesGivena subsetS, S, clearly the length of
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Parameters Heuristic: the heuristic usedto compute a supersequence
of Ry, can be Greedyor Tournament : the maximum number of

symbols that are inserted.

S :=Heuristi¢Ry);

T = f basicsequencef sg;

Add to T ead basicsequencehat can be obtained from t

by inserting at most  symbols of ;

Return(T);

Figure 5.12: An outline of the AuxiliaySetalgorithm

SCS(S,) is alower bound on that of SCS(S). The lower bound on j]SCS(9)]
that we have exploited is obtained by determining all subsetsof S on which
we can computethe exact solution by dynamic programmingand taking the
maximum over the lengthsof sud exactsolutions. From someexperimerts it
turned out that the lower bound is about 10%to 20%lessthan the optimum.

All experimerts have beenrun on somePentium 11/ Linux workstations
owned by the bioinformatics group of our departmert.

5.8 The Results

In this sectionwe will presen the results of our experimertal analysis. Our
rst experimert wasaimedat determining the relation amongthe number of
sequencef the instance,the variability of the instance(that is the ratio be-
tweenthe minimum and maximum lengths of the sequence# the instance),
the maximum run of the sequencesn the instance and the approximation
ratio achieved by the algorithm. For ead value of the parameterswe have
generated1000random instancescortaining sequence®f maximum length
300 over binary alphabet: we have run our algorithm on sud instancesand
we have comparedthe result with the lower bound descriked in the previous
section. The results of sud experimert are represeted in Table 5.5.

The experimert hasshown that the averageerror of the algorithm slightly
worsensas the number of sequencesncreases,but for a moderate number
of sequenceshe averageerror ratio is still very encouraging.The variability
parameter does not seemto be very relevant, while the algorithm outputs
better approximate solutionsasthe maximum run increases.The analysisof
the worst-caseerror ratio is basically the same,exceptfor the fact that the
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\ Alphabet size: 2| Maximum length of sequencesBOO\

Number of | Max Variability Average Worst
sequences| run error error
64 9 1.197 1.346
5 .95 1.205 14
128 9 1152 1.344
.95 1.159 1.366
64 9 1.293 1.425
10 .95 1.301 1421
128 9 1.229 1401
.95 1231 1422
64 9 1.354 148
20 .95 1.365 1481
128 9 1272 1.465
.95 1273 1.461

Table 5.5: Results of experimert on binary alphabet

number of sequencesloesnot seemto a ect signi cantly the output of the
algorithm.

The results of Table 5.5 suggestedus to extend our algorithm to deal
with sequencesver arbitrary alphabet and to extend our experimertal anal-
ysis. Sinceone of the main applications of the SCSproblemis in the eld of
DNA sequenceassemnly, it is of fundamenal relevancethat the algorithm is
able to cope with instancesrepreseting biological sequenceshencewe have
concerrated our experimerts on alphabets of size4 and 20 (modeling re-
spectively DNA and protein sequences)Sinceour study on binary alphabet
has pointed out that variability doesnot seemthe in uence signi cantly the
quality of the solution returned by the algorithm, we have decidedto x the
variability parameterto the value 0:95 for all of the following experimerts.
One additional goal of our experimerts is to determineif the algorithm can
e ectively deal with biological sequencesvhich, in practice, can have some
hundredsof characters,hencewe decidedto analyzealsothe behavior of the
algorithm with respectto the lengthsof the sequence the instanceand to
enlargeto 500the maximum length considered.

In the following by RE+g we will denotethe RE algorithm where Greedy
has beenusedin the AuxiliaySetBinay procedure. Analogously RE+t will
denote the RE algorithm where Tournamenthas beenusedin the Auxiliay-
SetBinay procedure.
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The results of the experimerts over sequencef length 4 (DNA se-
guences)are represeted in Table 5.6. Eadch sud experimert consistedof
100instancesof random sequences.

| Alphabet size: 4 |
Number of | Max | Max Min Averageerror
sequences run | length | length | RE+g | RE+t | Alphaket
32 300 285 2205 2.176 2.448
300 285 1509 1.499 2444
64 400 380 1525 1.528 2519
500 475 1527 1.536 2546
32 300 285 1908 1.907 2.508
10 64 300 285 1871 1.856 2.353
400 380 1872 1.859 2409
32 300 285 2205 2.176 2.448
64 300 285 2137 2.095 2.267

20

Table 5.6: Results of experimert on alphabet size4

Both versionsof our algorithm clearly outperform Alphatet on all cases,
moreover we have got anotherevidencethat the quality of the solution output
by RE improves as the maximum run increases,while the improvemen of
Alphalet is not aslarge asthe one adcieved by RE

For instanceswith 5 sequencesand maximum run 64 it hasbeenpossible
to push the maximum length of the sequencedgo 500 characters, showing
that the performanceof the algorithm degradesvery slonvly asthe maximum
length increases. As analyzing the behavior of our algorithm in this case
was one of the main goalsof our experimerts, we summarizessud result in
Fig. 5.13,whereit isimmediateto note that the two variants of REconsidered
are basically indistinguishable,and de nitely better than Alphaket.

The last experimert performed has beenon sequencesver alphabet of
size 20 (protein sequences)Eadc experimerts consistsof 50 instancescon-
taining 5 random sequencesthe results of sud experimernt are summarized
in Table5.7.

The results for the caseof alphabet size 20 are along the samelines as
the onesfor smaller alphabet. In this caseit is immediate to note that the
gap betweenthe appraximation ratio achieved by RE and that of Alphatet is
ewven larger than the onefor alphabet size4, pointing out the practicality of
our algorithm for sud sequences.
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Figure 5.13: Performancewith respect to the maximum length of the se-
quences

| Alphabet size: 20

Number of | Max | Max Min Averageerror
sequences| run | length | length | RE+g | RE+t | Alphatet
32 2018 2.013 10693
° 64 300 285 1979 1.981 10204

Table 5.7: Results of experimert on alphabet size20
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Chapter 6

Comparing Phylogenies

6.1 Intro duction

Evolutionary treesare treeswhere ead leaf is labeled by a distinct elemen
in a set S of speciesand whereall internal nodeshave degreeat leastthree.
They are frequently usedby biologiststo represen classi cations of species.
More precisely ead edgeis weighted with the estimated (temporal) distance
betweenthe two speciesrepresered by its endpoints. A number of methods
to infer ewlutionary treeshave beenproposed[32, 39, 25, 37, 38,42, 84, 13,
12, 67,32 92, soit is quite usualto compute more ewlutionary trees over
the sameset of speciesapplying di erent methods, henceobtaining various
trees, motivating the compelling needto comparedi erent treesin order to
extract a common history. The Maximum Agreemen Subtree method is a
basic approad that allows to reconciliate di erent ewlutionary trees over
the sameset of species: it computesa subsetof the extant speciesabout
which all trees\agree"”. A generalway to de ne an agreemeh subtreefrom
asetT;; Ty of S-labeledtrees has beenformalizedin [4]. This method
assumeghat ead edgeis labeled by an interval weight (a range of time to
measurethe duration of the ewlution process)and looks for a subsetS of
the extant speciesS sud that:

eat edgeof the subtreeinducedin ead tree of the given setis labeled
by a value belongingto the giveninterval,

for ead pair of extant speciesin S , the distancebetweenthem is the
samein all trees.

The problem stated above is the Maximum Inter val Weight Agree-
ment Subtree (MIWT ), and is a very generalformulation of the problem

75
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of comparing phylogenies. In order to obtain more e cien t algorithmic so-
lutions, somerestrictions have beenintroducedto MIWT . A rst natural
restriction requiresthat ead interval reducesto a singlevalue; suc problem
is called Maximum Weight Agreement Subtree (MWT ). A dierent
restriction of MIWT isthe onewherean agreemen subtreeis homeomorphic
to a subtree of ead tree in the instance, sinceit is equivalernt to require all
intervalsto be of the form [1;n 1], wheren is the number of extant species
considered. This problem is called Maximum Homeomorphic Agree-
ment Subtree (MHT ). Note that this problem is sometimesreferred to
as Maximum Agreement Subtree and is abbreviated by (MAST ). A
third restriction of MIWT is the one where all intervals are of the form
[1; 1], and is called Maximum Isomorphic Agreement Subtree (MIT ),
asall subtreesinduced by a feasiblesolution must be isomorphic. The MIT
problem s alsoa restricted caseof the maximum isomorphicsubgraphprob-
lem, investigatedin [63]. SinceMIT and MHT are the two more restricted
problemsamongthe oneswe have mertioned, most of the e orts to dewelop
e cien t algorithms have beenconcenrated on them.

E cien t algorithms for the MHT problem for instancesof two treeshave
beenwidely investigatedin literature. While someheuristicshave beenfound
[40, 70], the rst polynomial time algorithm hasbeendescribed only in 1993
by Steeland Warnow [9(0]. Afterwards further improvemeris have appeared
in literature [34, 64, 71]. To our knowledgethe most e cien t algorithms for
the problem are due to Farach and Thorup which deweloped a O(n3*?logn)
algorithm for rooted trees of bounded degree[35, 36], to Cole and Hariha-
ran [29, 28] for the caseof rooted trees of unbounded degree,which gave a
O(nlogn) algorithm, andto Kao, Lam, Przytycka, Sungand Ting [65] which
descriked a technique allowing to match the time complexity of the two previ-
ously cited algorithms alsoin the caseof unrooted trees. The problemsMHT
and MIT over a set of trees, where at least one of the trees has bounded
degree,can be solved in polynomial time [4], even though the time complex-
ity is exponertial in the bound for the degree.Moreover both problemsare
NP-hard for instancescortaining three treesof unboundeddegree henceit is
necessarnto focus on designingpolynomial time appraximation algorithms.
The approximation complexity of the MHT problem hasbeendeeplyinves-
tigated in [51], wheresomestrong negative results have beenobtained. Since
the MIT is adierent restriction of the MIWT , it seemsatural to investi-
gateif the negative resultsfor MHT hold alsofor MIT or the latter problem
is easierto appraximate than the former one. In this chapter we shawv that
the negative results of [51] hold alsofor the MIT problem, asa consequence
of a nontrivial application of the self-improvemen technique. Applying self-
improvemert usually leadsto a result of the form \either problemP admits a
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ptas or P cannot be appraximated within a constart factor unlessNP=P (or
another unlikely collapsebetweencomplexity classesoccur). This idea has
beenexploited in [44] to prove that Max Independent Set either hasa
ptas or no constart factor polynomial-time approximation algorithm (unless
NP=P) and has beensuccessigly pushedfurther by Karger et. al. in [66]
to prove that the Longest Path cannot be approximated within O(logn)
unlessP=NP. In the latter paper the inapproximability result has beenob-
tained by combining the self-improvemern technique and an L-reduction (to
prove that the problemis APX-hard). Consequetly the \easy" way to prove
that MIT ishard to approximate seemgo rely onthe APX-hardnessproof by
Amir and Keselman[4] and on the application of the self-improvemert tech-
nique to the problem. Unfortunately the MIT problem seemsto lack some
of the properties that in [51] have been exploited implicitly in the proofs.
Hencein this chapter we dealwith arestriction of MIT , calledR-MIT , that
hasthe desiredproperties, but beforeapplying self-improvemen to R-MIT
we have to prove that the latter problemis APX-hard.

As a consequencef our resultsachieving a constart error ratio is an NP-
hard problem, even for instancesconsistingof only three trees. Moreover we
have strengthenedsud negative results in the caseof instancescortaining
an arbitrary number of trees (in the restricted casewhere ead tree in the
instance has depth 2), aswe showv that MIT sharesexactly the sameinap-
proximability properties of Max Clique [50], implying that there cannot
exist a polynomial time n! ratio approximation algorithm for each > 0,
unlessNP=ZPP (see[79] for a de nition of ZPP). A similar, but slightly
wealer, negative result on the appraximability of MHT has beenobtained
in [45], showing that sudh problem cannot be approximated within factor n
forany O < % sinceapproximating MHT within factor n in polynomial
time implies a polynomial-time approximation algorithm for Max Clique
with n3*°®) guararteed approximation ratio.

6.2 Preliminaries

All treeswe will dealwith in this chapter are rooted, that is we distinguish a
special vertex of the tree T and we call such a vertex root, denotedby r(T).
All results presened in this chapter are referredto rooted trees, but they
can be generalizedto the unrooted case.

ead onelabeledwith a distinct elemen of S; sinceead label identi es un-
ambiguously a leaf of the tree, in the following of the chapter we will write a
label x meaningthe leaf of the tree with label x. The Maximum Isomor-
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phic Agreement Subtree Problem (shortly MIT ) is de ned formally as
follows:

Problem 6 (MIT).

Solution an S -labeledtree T , with S S, sud that T isisomorphicto
a subtreeof all treesin T.
Goal to maximize|S j.

The Maximum Homeomorphic Agreement Subtree (MHT ) is:

Problem 7 (MHT).

Solution an S -labeledtree T , with S S, such that T doesnot contain
any internal node (with the possibleexception of the root) of degree2 and,
foreadhtreeT; 2 T, T is homeomorphicto a subtreeof T;.

Goal |S j, to be maximized.

It is immediate to note that the NP-completenesgproof given by Amir
and Keselmanin [4] is an L-reduction for the MHT problem, as pointed out
in [51]. Similarly it is possibleto prove that MIT is APX-hard, that is there
is no polynomial time approximation schemefor it, unlessP=NP.

Anyway, di erently from [5]], we have to deal with a restricted version
of the problem in order to prove our inapproximability results, hencesud
APX-hardnessproof is not adequateto our purposes. More precisely we
consideronly instancesconsistingof treeshaving leavesall at the samedepth
in ewery tree. Formally dv,(a;r(Ti)) = dr, (b;r(T;)) for all a;b 2 S and
ewvery pair of trees T;; T; in the instance. We will say that trees in sud
instancesare restricted. This new problemwill be called R-MIT . Clearly all
inapproximability results for this problem hold alsofor MIT .

The following Lemma, proved in [88], characterizesall feasiblesolutions
of ead instanceof R-MIT .

Lemma 6.2.1. Let T be a setof S-lakeled trees,andletS  S. Then there
existsa S -labeled tree T that is isomorphicto a subtree of eachtree in T if
and only if for each pair of lakelsa;b2 S , a and b havethe samedistance
in all treesin T.

As a consequenceave can identify a feasible solution of an instance of
MIT as a subsetof its label set. The following property of trees, whose
straightforward proof is omitted, will be usedin the remainingof the chapter.

Prop osition 6.2.2. Let a;b be two leavesof a S-lakeled tree with root r.
Then dr(a;b) = dr(a;r) + dr(b;r) 2dr(r;lcar(a;b).
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6.3 R-MIT is APX-hard

In this sectionwe are goingto prove that the R-MIT problemis APX-hard.
This results is necessaryto prove that MIT is hard to appraximate even on
instancesconsistingof only three trees.

The rst stepis to rule out the possibility of having a ptas for R-MIT
by describing an L-reduction (see Def. 2.1.6) from the Tridimensional
Bounded Matching problem (shortly 3DM-B ) to R-MIT , de ned asfol-
lows:

Instance : three pairwise disjoint setshX ;X ,; X3i and a setM of distinct
triples whereM  X; X, Xgzandewryelemenin X;[ X,[ X3 occurs
in at leastoneand at most B triples of M.

Solution : asubsetM; of M, sud that no two triples in M ; sharea common
elemer.

Measure : jM3j, to be maximized.

The general3DM-B problem is APX-hard [62].

Let M = hXy;X,; X3;Mi be an instance of the 3DM-B problem, with
M X1 Xz Xz Xi=fXi1; X2, Xi;jx,j9. Then we will asswiate to M
an instancehly; T,; Tzi of MIT . Eacdh tree T; consistsof the following nodes
and edges:a root labeledr;, a node connectedto the root for eat elemen
Xi; of X, and ead triple (X1;;X2;;X3) 2 M is aleafof T; connectedto xi; .
Consequetly ead tree T; is M -labeled.

In Fig. 6.11t is represeted the instance of R-MIT assaiated to the in-
stanceof 3DM-B whereX; = fXy.1; X1:2; X1:39, X2 = fa;cg, X3 = fb;dg and
M = f(x11ab); (X11€d); (X12€d); (X1,3€0) .

x.ab - x,cd x,cd  x,cd x,ab  x, cd x,cd  x,cd

Figure 6.1: Example of instance of R-MIT assaiated to an instance of
3DM-B

Since the distance from ead node to the root is 2 in all trees of the
instanceof MIT assaiated to an instanceof 3DM-B, sud set of treesis an
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instance of R-MIT . The following Lemma is an immediate consequencef
sud fact.

Lemma 6.3.1. LetM = hX{; X,; X3;Mi be an instance of 3DM-B and let
hTq; To; T3i bethe asseiated instance of MIT . GivenatreeT, with1l i 3,
and given two distinct leavess;t of T;, then the distana between s and t in
Tiis2or 4.

Note that the distanceof two leavess andt in atree T; is 2 if and only
if sandt arelabeledby triples of M that sharethe sameelemer in the set
Xi.

Lemma 6.3.2. Let M = hX{;X,; X3;Mi be an instance of 3DM-B , let
hTy1; T,; Tsi be the asseiated instance of R-MIT andletS M. ThenS is
a feasiblesolution of hTy; T,; Tsi if and only if each pair s;t of distinct triples
in S hasdistance 4 in all treesT,;.

Proof. By Lemma6.2.1S is a feasiblesolution if and only if ead distinct
pair s;t of triples in S have the samedistancein all treesT;, which is, by
Lemmas6.3.1either 2 or 4. Let usassumehat there existsa pair s;t that has
distance2 in all trees. Then by construction s is equalto t, cortradicting the
fact that all triples in M are distinct, hencefor eat pair the distance must
be 4, asstated. The other direction followsimmediately by Lemma6.2.1. [

From Lemmata 6.3.1 and 6.3.2 the reduction from 3DM-B to R-MIT
that we have described can be thought as a polynomial-time computable
function r that assaiatesto ead instanceM of 3DM-B an instancer (M)
of R-MIT and a polynomial-time computable function s that assaiatesto
ead feasiblesolution Apx of r(M) a feasiblesolution s(Apx) sud that the
costsof Apx and of s(Apx) are the sameand the optima of M and of r(M)
are the same. This implies that our reduction is an L-reduction, henceR-
MIT is APX-hard. The following theoremfollows from the resultsby Arora
et. al. givenin [9].

Theorem 6.3.3. There doesnot existsa ptasfor R-MIT unlessP = NP.

6.4 Product of Trees

The inapproximability result over instancesof three trees is obtained by
meansof the self-improvementtechnique. In [5]] sud technique has been
exploited to prove a similar result for the MHT problem. Sud technique
requiresa careful de nition of a product betweeninstancesof the problem,
which is de ned asfollows:
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De nition 6.4.1. Let T, be a S;-labeledtree, T, a S,-labeledtree and, for
a givenleaf s of Ty, T, is the tree obtained from T, relabeling ead leaf s,
with the sequencess,. Then the product T; T, is the tree obtained from T,
replacing ead leaf s with the tree T,.

ad ae cd ce

bd be

Figure 6.2: Product of trees

Let T be a S-labeledtree,then T2=T TandT'=T' 1 T,i > 2.
Note that the label of a leaf of the tree TX is a sequencss; : : : s, of k symbols
over the alphabet S. An immediate property of the product of treesis stated
below:

Prop osition 6.4.1. Let T,, T, be two restricted trees. Then T; T, is alsoa
restricted tree.

The following Lemmapoints out the motivation for our de nition of prod-
uct.

Lemma 6.4.2. Let T1; T, be two restricted S-labeled trees, let a; b be two la-
belsin Sandlet , betwostringsofk 1symimlsoverS. Then dle( a;, b
= dek( a; b)if andonlyif dr,(a;b) = dr,(a;b) and dle i( ;)= dek ()

Proof. SinceT; and T, arerestrictedtrees(that isin T, and T, all leaveshave
the samedepth), and by Prop 6.2.2,in order to prove the lemma, it is su -
ciert to shaw that drx(Icarx (& b);r(Ty)) = dyg(lcars( a; B);r(Ty)) if and
only if dr, (Icar, (a;0); r (T1)) = dr,(Icar,((a;b); r(T2)) anddrx :(lcarx 2( ; );
r(Te ) = dr s(lcaps 1 ; );r(TX 1) . Assumeinitially that = , then,
by de nition of product, dle(Icale( a; b);r(Tf) = dr, (car, ( a; b);
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r(T: )) + depth(T¥ ) and dry (lcars( & b); r(T¥) = dr, (car, ( & b);
r(Tz )) + depth(T; %), hencedry(Icarx( & B);r(Tf)) = drx(car( & b);
r(TX)) if and only if dr, (Icar,(a;b);r(Ty)) = dr,(Icar,((a;b);r(T2)). Assume
now that 6 , then Icale( a, b = Icale 1( ;) and |Ca-|-2k( a, b =
IcaTzk 1( ;). Consequetly drx(lcarx( a; b);r(TF) = drx(Icarx( a; b);
r(TX)) i dle 1(Icale (5 ) (TR YY) = dek 1(|Ca-|-2k (5 ) r(TX YY), This
su ces to prove the Lemma. O

The following lemmarelatesa feasiblesolution of hT4; T,; Tsi with a fea-
sible solution of hTK; TX; TXi.

Lemma 6.4.3. Let hly; T,; T3i be an instance of R-MIT , and let F be a
feasiblesolution with cost cost(F) of suchan instance. Then it is possibleto
computein polynomial time a solution of HT¥; TX; TXi whosecost is cost(F ).

Proof. Let F¢ be the set of strings of labelsff; f:fi2 F; 1 i kg,
then for ead pair of strings of labelsf , f ., f, f L in Fy, their
distance is the samein all trees Tf;TX;TX, since for eathh 1 | K
dr,(f ;f ) = d,(f ;f ) = d(f ;f ), asallf ;f, arein S and from

Prop. 6.2.2. l

Lemma 6.4.4. Let hT{;TX; TXi be an instance of R-MIT and let S¢ ke a
feasible solution of HT}; TX; TXi, then it is possibleto computein polynomial
time a feasiblesolution S; of HTy; T,; Tsi suchthat cost(S,)  cost(Sy)X.

applying Lemma 6.4.2 iteratively we can obtain k feasible solutions F; of
hTy; T,; Tsi, where ead solution F; cortains exactly the symbols f | of S
that are in the i-th position of a string in S¢. Let F be the largestsud F;
and let F, bethe setof stringsffq,:::f :f; 2F ;1 j Kkg. Justasin
the proof of Lemma6.4.3it is possibleto prove that F, is a feasiblesolution
of HT[; TX; TXi. An immediate courting argumen and the fact that F is

the F; of maximum cardinality imply that jSij jF.j = jF j . O

In the following, given an instance hly; T,; Tsi of R-MIT and an ap-
proximation algorithm for R-MIT , we will denote by apx(hTy; T,; Tsi) the
solution returned by sud algorithm for the instance hTy; T,; Tsi, while the
optimum solution is denoted by Opt(hTy; T,; Tzi). The basic idea of the
proofs of the main resultsin this sectionis sketched in the following: given
an instancehTy; T,; Tsi of R-MIT we expandit (by Lemma6.4.3)to another
instancehTy; TX; TXi to which we apply an hypothetical appraximation algo-
rithm. By Lemmaé6.4.4we are ableto infer from the approximate solution of



6.4. PRODUCT OF TREES 83

hTX; T, T an appraximate solution of apx(hTy; T; Tsi) whoseapproxima-
tion factor is \much better" than the onewe have got for apx(HT}; TX; TXi).
We now state our main results, whereall logarithms have natural bases.

Theorem 6.4.5. There deesnot existsa polynomial-time constant-ratio ap-
proximation algorithm for R-MIT unlessNP=P.

Proof. Assumethat there existsa -approximation algorithm with polyno-
mial time complexity for R-MIT . Posek = dog e, consequetly €
Then, by Lemmata 6.4.3,6.4.4,

Opt(HTy; Toi Tai) “ _ Opt(HTL; T5; Ti) o
apx(hTy; T2 Tai)  apx(HTE; T )

hence(%) e. Pleasenote that computing hTX; TX; TXi from

hT1; To; Tai can be donein O(n9°9 €) time, hencewe have described a ptas
for R-MIT . By Theorem6.3.3NP = P. O

Corollary 6.4.6. There exists > 0 suchthat R-MIT cannot be approxi-
mated within factor log n in polynomialtime, unlessNP ~ DTIME [2Poogn],

Proof. Assumethat for all > 0 there exists a log n-approximation poly-
nomial-time algorithm for R-MIT , we will prove that there exists an e-
approximation polynomial-time algorithm. Posek = dog(log n)e, conse-
quertly € log n. Just asin the proof of Theorem 6.4.5we will denote
with apx(hTy; T,; Tsi) the solution returned by the appraximation algorithm
for the instancehly; T,; Tsi, while Opt(hTy; T,; Tsi) denotesthe optimum so-
lution. Then, by Lemmata 6.4.3,6.4.4,

Opt(HTy; T2, Tsi) * _ Opt(HT{; T THi)
apx(HTy; T2; Tai)  apx(HTY; TX; TXi)
taking the logarithms of both sides

Opt(hTy; To; Tai)
apx(hTy; Ty; Tai)

log n

klog log(log n)

Consequetly

Opt(hTy; To; Tai)

dog(log n)elog anx(FTy: Ty Tal)

log(log n)

i i Opt(hry;T2;Tsi Opt(nry;T2:Tsi .
implying that |09(W) 1. Hencem e. It isimme-
diate to note that that computing HT; TX; TXi from HTy; T,; Tsi canbe done
in O(ndoglog ney = apolylogn time  Thusthe claim followsfrom Thm. 6.4.5. [
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6.5 MIT over Unbounded Num ber of Trees

The inapproximability result proved in the previoussectioncan be strength-
enedwheninstancesare not requiredto cortain exactly three trees, but can
cortain an arbitrary number of trees (even in the caseof all trees of depth
2). This canbe proved by a simple L-reduction from Max Clique (Pb. 11).
Since sud reduction presenes the optimum and the cost of approximate
solutions,MIT with unboundednumber of treesinherits the sameinapprox-
imability resultsof Max Clique , which cannotbe approximated within n?
for each > 0, unlessZPP=NPJ[50. Informally the Max Clique problem
asksfor a maximum cardinality subsetK of the verticesof a graph F, sud
that K inducesa completesubgraphof G.

The reduction is quite simple: let G = hV;Ei be a graph with E 6 ;.
The instanceof MIT cortains the V-labeledtreesin the setf Tegee[ T :
] 2V, (i;]) 2 Eg, whereTeqge hasroot r and ead leafv of Teqge hasp, as
parert and p, isachild of r. Eadh tree T; consistsof aroot r, anodep; that
is the parert of both leavesv;, v; anodep, foreahrz2 V fv;;v;gandead
p, is the parert of the leaf v,. Moreover p; andall p, with z2 V  fi;jg
are the children of the root.

Tedge T12
®e— 0
Y \Y
1 2
o o
\% Vv
v3 v4 V1 V2 V3 4 Vl Vz V3 4

Figure 6.3: Example of reduction from Max Clique .

An exampleof application of sud reductionis represeted in Fig. 6.3. The
following Lemma points out the structure of all feasiblesolutions considered
in our reduction.

Lemma 6.5.1. Let G = hV;Ei be an instance of Max Clique , let T be
the set of V-lakelal trees asseiated to G, and let T be a feasible solution of
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MIT (T). Letvy; Vv, be two distinct leavesof T. Then the distance between v,
and v, in T is four.

Proof. Let v4, Vo be two distinct leavesof T. Sincev,; and v, are both in a
feasiblesolution T of T, by Lemma6.2.1their distance must be the samein
all treesin T. Sincedr,,,(v1;V2) = 4 then dr(vi;Vv2) = 4. O

We will shav how to compute a feasiblesolution of MIT from a feasible
solution of Max Clique and vice versa,sothat the costsof both solutions
are the same.

Let T be the instance of MIT , assiated to the instance G = hV;Ei
of Max Clique , andlet V; V be a feasiblesolution of T. Pleasenote
that, by Lemmata 6.2.1and 6.5.1a subsetV, V is a feasiblesolution of
T if and only if dr(vq;Vv2) = 4 for ead pair of distinct elemens v;;v; 2 Vi
and ead tree T 2 T. We will prove that V; is a clique of G. Assumeto
the cortrary that V; is not a clique of G, that is there exist two vertices
Vi;V; 2 Vq sudh that (vi;vj) 2 E. By constructionin T there is the tree T ,
and dr; (vi;Vv;) = 2. Consequetly by Lemma®6.5.1v; andv; cannotboth be
in a feasiblesolution of T. To compute a feasiblesolution of T from a clique
of G is trivial, hencethe following theorem follows:

Theorem 6.5.2. MIT overan unboundal numter of treescannot be approx-
imated within n*  for each > 0, unlessZPP=NP.
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Chapter 7

Reconstructing Phylogenies

7.1 Intro duction

Recen advancesin Molecular Biology [16] has lead to the availability of a
hugeamourt of biological sequence$DNA, RNA, proteins) allowing to solve
some of the most intriguing problemsin ewlution [46, 95]. As stated in
the previous chapter, biologists now agreeto represen the ewlution of a
set of speciesby meansof an evolutionary tree, which is an edge-veighted
rooted tree whoseleaves are labeled by sequence®f extant speciesin sud
tree, the internal nodesrepresen the (possibly unknown) ancestorsand the
weight on the edgesrepresen the distancein the ewlution betweenspecies.
Anyway the size of the datasetsinvolved makes exhaustive methods, sut
as Maximum Likelihood [38] and Maximum Parsimory [4Z], not feasiblein
practice.

In orderto overcomesud infeasibility a number of quartet basal methods
have beenproposedin literature, gaining much popularity [12, 13, 24, 32, 67,
92] amongresearbersin the Computational Biology commnunity thanks to
its capability of giving, in most of the casessensibleewlutionary treesin a
short time. In this chapter a quartet is a set of four speciesand a quartet
topology is a partition of a quartet into two subsets,wherein ead setthere
are the two speciesthat are more closelyrelated.

The quartet paradigm divides the phylogery inferenceprocessinto two
steps:

1. Giventhe sequence®sf the datasetsapply a quartet topology inference
method [42, 38, 84,67] to reconstructthe (supposed)quartet topologies;

2. Givenall quartet topologiesapply a quartet recombination method [13,
32,97 to reconstructan ewlutionary tree topology.

87



88 CHAPTER 7. RECONSTRUCTING PHYLOGENIES

At the endof this two-stepprocesghe tree is rooted and weights are assigned
to the edges.

The secondstep is better understood than the former one, but still the
possibility of reconstructingan erroneoustopology;, if the quartet topologies
inferred in the rst step cortains even a small amourt of errors, can lead to
disappointing results, and it is consideredone of the main drawbadks of suc
method.

Hencea natural problem may be to ask for the ewlutionary tree that is
morelikely to \agree over" a given set of quartet topologies. This can be for-
malized as an optimization problem (Maximum Quar tet Consistency ),
whosedecisionversionis, unfortunately, NP-complete[14].

Soalternative ways, sud as Quartet Cleaning[57)], to improve the accu-
racy of quartet basedmethod are to be sough. The main ideais to modify
the two-step method for reconstructing ewlutionary treesinto three steps:
more preciselya new step is introduced betweenthe two mertioned above.
This newstep exploits the fact that quartet errorsmay be sparsewith respect
to the number of quartet topologies,henceit may be possibleto nd sud
errors and replacethem with the correcttopologies. Consequetly in the re-
construction processthe topology inferencegivesa set of raw topologiesthat
are cleanedby a quartet cleaningalgorithm to obtain a set of \error free"
topologies.Finally a quartet reconbination method is applied to reconstruct
an ewlutionary tree topology.

More precisely the main obsenation is that eat error aects only a
certain part of the (still unknown) tree, in suc casewe will write that a
guartet is across a vertex (or an edge): seeFig. 2.3 for an example. It is
possibleto compute the exact number of quartets that are acrossan edge
or a vertex, and the quartet cleaningtechnique allows to correct a number
of errors that is bounded by xed fraction of the number of quartets that
are acrossa vertex (or an edge). The quartet cleaningalgorithms preseried
in literature [14] can be split into two classes:global and local algorithms.
The former onesassumethat the bound on the number of errors holds for all
vertices (or edges)of the tree, while the local algorithms allow the presence
of a large number of errors acrosssomevertices (edges)and still reconstruct
all vertices (edges)for which the error bound is satis ed.

In this chapter we will describe two optimal local vertex quartet cleaning
algorithms, that is we will descrike how to reconstruct all vertices of the
tree for which a certain error bound holds. The only local vertex algorithm
previously preserted is in [14],and it allowsto cleana number of errorsthat
is at most 1=4 of the total number of quartets acrossa vertex, and hastime
complexity O(n’), wheren is the number of species.Our rst algorithm runs
in linear time, while the secondone cleansan optimal number of errors in
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O(n’) time.

Since the methods descriked in [13, 32, 92] are known to output the
correct phylogery provided that they are given a consisten set of quartet
topologies,the e ciency of the reconstruction processis greatly improved.
Experimental evidenceof sud improvemert is given in this thesiswherewe
summarizethe results of somesimulations.

In the chapter the bounds on the quartet errors acrossa vertex v will
always be of the form £((jAyj 1)(iBvj+jCyj 1)+ (jBvj 1)(A+iCij 1)
+ (G D(AV+ By 1))

In the following we will describe somealgorithms for local vertex cleaning
[57, 14, that is we will shov how to compute a phylogery which cortains
all verticesv sud that the number of errors acrossv is boundedby a given
value.

De nition 7.1.1 ( -bounded bipartition). Let T be anewlutionary tree
overasetS, and let PA; Bi be a bipartition of S. Then bA; Bi is -boundel
if the number of quartet errors acrosssud bipartition is strictly lessthan
(GAj  1)(Bj 1)= .

De nition  7.1.2 ( -bounded tripartition). Let T be an ewlutionary

tree over a setS, and let PA; B; Ci be atripartition of S. Then bA; B;Ci is

called -boundel if all bipartitions PA;B [ Ci, B;A[ Ci, hC;A[ Bi are
-bounded.

7.2 Local vertex cleaning algorithm

A quartet cleaning algorithm has local vertex bound alpha if it correctsall
quartet errorsacrossany vertex whoseinducedtripartition is -bounded[14].
Note that a local vertex algorithm doesnot require the bound to hold for all
vertices, hencesud algorithms are more robust than thosethat require the
bound to hold for all edgesof the tree.

In our paper we will descrike two cleaningalgorithms with di erent local
vertex bounds. A local vertex cleaningalgorithm hasbeeninitially presened
in [14], wherethe following fundamertal result hasbeenproved:

Lemma 7.2.1. Let hA;;B;;C;i and bA;; B,; Cyi be two 2-bounde trip arti-
tion of asetS. Then hA;;Bq; Cii and bA,; B,; Coi are compatible.

The proof stated in that paper is for the caseof 4-boundedtripartitions,
but it holds alsofor the caseof F -boundedtripartitions, with F 2. Hence,
to describe a local vertex cleaningalgorithm, it su ces to compute a set of
2-boundedtripartitions containing all F-boundedtripartitions.
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Both algorithms that are described in our paper rely on the following
procedureAssaiateRartition, which assaiatesa tripartition to atriplet, that
is a set of three speciesa;b;c2 S.

AssaiateRartition(a; b;c)

Input : Three speciesin S.

Let A:=fag; B := fhg; C := fcg.

Foreahhs2 S fa;b;cg do
If (a;sjb;c) 2 Qthen A= A[ fsg
If (s;ha;c) 2 QthenB := B[ fsg
If (a;bc;s) 2 QthenC := C[ fsg

EndFor

Return the tripartition bA; B; Ci

Given a tripartition hA; B; Ci assaiated to the triplet a;b;c we will say
that all quartets (a;b;c;s) with s 2 S fa;b;cg witness the tripartition
hA; B; Ci; clearly if the number of witnessesof a tripartition is large, then it
is likely that sud tripartition is correct.

In particular if there are no quartet errorsin Q then the setof withessesf
a tripartition bA; B; Ci is exactly the set of quartets acrosshA; B ; Ci, which
cortains jAjjBjjCj(jSj 3)=2 elemerns, consequetly correcttripartitions are
likely to have a number of withessesthat is closeto the maximum value.

Lemma 7.2.2. Let (a;b;c;d) be a quartet of speciesin S. Then (a;b;c;d)
may witnessat most 4 tripartitions.

Proof. By construction (a;b;c;d) may witnessonly tripartitions assaiated
to atriplet in the setfa;b;c;dg. Sincethere exist exactly 4 sud triplets the
claim follows. O

Note that Lemma7.2.2implies that there are at most O(n*) tripartitions
that have at least one witness.

Lemma 7.2.3. Let bA;B;Ci be a tripartition of the set S induced by the
removal of a vertex in the tree, and let (a;b;c;s) be a quartet error with
a;S2 A, b2Db c2C. Thenat most2jSj 7 missingwitnessesof hA; B; Ci
are dueto sucherror.

Proof. By constructionthe setof withessess constructedfrom atriplet where
eat speciebelongsto a distinct set of the tripartition. Moreover the only
triplets whoseassaiated partition may be incorrectly computed due to an
error (a;b;c;s) are the triplets contained in the setfa;b;c;sg. W.l.o.g. we
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canassumethat a;s2 A, b2 B, c2 C, then only the partitions asseiated
to the triplets (a;b;c) and (s;b;c) may beincorrectly di erent from MA; B; Ci
due to the error (a;b;c;s). The quartets consideredin the computation of
the partitions assaiatedto sud triplets areexactly 2jSj 7 since(a;b;c;s) is
commonto both computationsand the witnessedor the triplet (a;b;c) is the
setf(a;b;c;z) :z2 S fa;b;cgg. The sameideasapply alsofor (s;b;c). O

Lemma7.2.3suggestshat a -boundedpartition must have asu cien tly
large number of witnesses;in the next sectionwe will prove that result for
the caseof = 9.

7.3 Prop erties of -bounded tripartitions  (
9

In this section we will descrite a linear (i.e. O(n*) time algorithm that

computesall -boundedtripartitions for d 9. This algorithm exploits the

fact that -boundedtripartitions must have a certain number of witnesses.
The following lemmaestablisheghe relationship between and the number
of witnesses.

Lemma 7.3.1. Let hA;B;Ci be a -bounda tripartition, 9 eisa

constant suchthat e -, and jAj + jBj+ jCj (¥ 2_%)e, then there

are at least jAjjBjiCj(jS] 3)=e witnessesof this tripartition

Proof. Let Qerr( ) = *((JA]  1)(Bj+jCj 1)+ (iBj 1)(jAj+iCj 1)+
(Cj 1D(Aj+Bj 1)) bethe maximum number of possibleerrors acrossa

-boundedtripartition for 2. By Lemma 7.2.3the number of withnesses
of a -boundedpartition is at least

EJAJJBJJCJ(JSJ 3) Qerr( (&S] 7). (7.1)

In orderto show that a -boundedpartition hasat leastjAjiBjjCj(jS] 3)=e
witnessedor someconstart e, we needto prove the following inequality holds
whenjAj 1,jBj 1,jCj 1:

. 1 1
Qerr(y(2i1S]  7) (5 é)JAJJBJJCJ(JSJ 3) (7.2)
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When all terms are expanded,this inequality becomes
a(4JAJZ(JBJ + jCj) + 4iBj?(jAj + jCj) + 4Cj*(jAj + jBj) + 1JAjjBjjCj+
27(Aj+iBj+jCj) (26(AjiBj+jAjiCj+]BjiCj)+ 6(jAj*+]Bj*+jCj?)+21))
(5 é)(JAJZJBJJCHJAJJBJZJCHJAJJBJJC12 JAjiBjiCj) (7.3)
Since27(Aj + jBj+ jCj) (26(AjjBj + jAjjCj + |BjjCj) + 5(jAj2 + ij2 +

jCj?) + 21) is always lessthan zero, it su ces to prove that the following
inequality holds:

a(4JAJ2(JBJ + jCj) + 4iBj*(jAj + jCj) + 4Cj*(jAj + jBj)+
12AjiBjiCj  (jAj* + jBj* + jCj?)
5 6)(JAJZJBJJ Cj + jAjiBj%Cj + jAjiBjiCj*  3jAjiBjiCj) (7.4)

We will prove (7.4) by determining whenthe following four inequalities hold:

4 1 20
—(IA%(iBj + iCj)  jAj?) (5 E)JAJZJBJJ Cj (7.5)
4 o o1 2o
—(Bj°(jAj + ICj) ]Bj9) (5 E)JBJ jAjiCj (7.6)
4 o 1 20
—(iCj?(jAj + jB])  |Cj?) 5 E)JCJZJAJJBJ (7.7)

120 L 1 1
EJAJJBJJCJ EJAJJBJJCJ(JAJ+JBJ+JCJ) (5 6)(3JAJJBJJCJ) (7.8)

Note that the rst three of theseinequalities cannot hold whenif < 8;

hence, 9. Givenavalid valuefor , theseinequalitiesimply that e —;
by the following reasoning:
4 1 2 4 1 2 8 2 4
T2 2 e 2 e g U9

Givenvalid values and e, the fourth inequality is true under the assump-
tions that jAj] 1,jBj 1,jCj 1landjAj+ jBj+|Cj e+ 2£2) by
the following reasoning:
ZjAjiBiiCj %JAJ'J'BJ'J'CJ'(JAJ' +JBi+iCi) (3 3Z@EIiABIiCj))
o (UATIBIHIC) 3G D)
=t = sUAj+Bj+]C)))

e
(2+ %86 jAj+iBj+ C]

(7.10)
This completesthe proof. O
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The readercan verify that lower valuesof weaken the boundson both the
number of required withessesand the sizeof S. For example,if d= 9,e= 36
and jSj = 99; howeer, if d= 11,e= 12and|Sj = 29.

The rst step of our algorithm is to compute the tripartition assaiated
to ead triplet (a;b;c), by abuseof languagewith AssiateRartition(a; b;c)
we will alsodenotethe partition returned by the algorithm. Pleasenote that
after the rst step is completed, it is possibleto accessto AssaiateRarti-
tion(a;b;c) in constart time.

merts in S, then we canrepresenm a tripartition with a sequencef n integers

10 pnl Wherep = 1if 552 A, pp=2if 552 B,andp = 3if s 2 C.
For instancethe tripartition fa;;asQ;fay;asg;fazgis storedashi; 2;3;1;2i,
while the partition ff a;;a,g;fas; asg; fasgg is stored as hl; 1;2; 3;2i. Sud
encaling allows to examinea partition in O(n) time.

By Lemma7.2.2ead quartet can witnessat most 4 tripartitions, more-
over in our algorithm all tripartitions consideredare assaiated so some
triplets. Consequetly we will use a data structure, called w(g) sud that
w(qg) = f(a;b;c) : q withessesAssaiatedRartition(a; b;c)g.

Since eadt call to AssiateRartition requires O(n) time, the total time
spert in the rst For loop is O(n#). Computing the number of witnessesof a
partition P canbedonein O(nt) time, wheret is the number of tripletes sut
that P=AssaiateRartition(t), by exploging the array w and keepinga list of
the witnesseof the partition P. Since  jft: P = AsswiateRartition(t)gj =
O(n?), the total time spert in the secondFor loop is O(n%). As for the nal
loop, note that the set P prior to that loop cortains only partitions with
the property that the number of its witnessess at leastjAjjBjjCj(jS] 3)=e
times the number of quartets acrosseat partition. By Lemma 3.2., the
total number of witnessessummed over all partitions is O(n*), Hencethe
total number of quartets acrosspartitions that needto be examinedin that
loop is O(n*%) and this nal loop runs in O(n%) time. This leadsto a O(n%)
time complexity of the whole ConstructRutitions procedure.

To derive the tree assaiate with set P. produced above, note that by
Lemma 3.1, there is a tree compatible with the tripartitions in P_, and
moreover, this tree can be computedin O(n#) time by a standard algorithm

[25).

7.4 Prop erties of 2-bounded partitions

A simple algorithm to compute a set of tripartitions from a set of quartets
is the following:
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ConstructRurtitions(Q); d)
Input A set Q of quartets over the speciesS.
output The list P. of -boundedtripartitions of S inducedby Q.
P =
e:=dHd 8)
size:= ¢((12=d) + ((3e 6)=(2¢)))
If |S] < size Then

Get P, from lookup table

Returr(P._)
EndIf
Initialize partition-table Pr to be an empty table with jSj3=6 rows,
indexed by ead triplet.
For ead triplet a;b;c2 S do

Pt (a;b;c):= AssaiateRartition(a; b;c)

Foreahhs2 S fa;b;cgdo

w(a;b;c;s):=w(a;b;c;s) [ fPr(a;b;c)g

EndFor
EndFor
Sort the set of triplets f(a;b;c)g usingthe Pt (a;b;c) askeys.

/* In the sorted list, only streamsof consecuti triplets can have the
sameassaiated tripartition.*/
Scanthe sorted list of triplets and For ead streamt;;:::tj.x of conse-
cutive triplets that have the sameassaiated tripartition do
Add P to the set P. of computed partitions
Compute the number of withnessesof P.
EndFor
For ead partition P = bA; B;Ci in P_ do
Remove P from P, if P haslessthan
JAJiBJiCj(jAj + jBj + JC]  3)=ewitnesses.
EndFor
For ead partition P = PA; B;Ci in L do
Remove P from P, if P is not 2-bounded
EndFor
Return(P.)
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ClearfQ; S)
Input: A setQ of quartets over the speciesS.
Output: A setP of compatible tripartitions.
L :=;
For ead triplet a;b;c2 S do
P := AssaiateRartition(a; b;c)
underlinelf P is 2-boundedthen
L:=L[ fPg
Endif
EndFor
Return L

If there exists a triplet (a;b;c;) with P=AssaiatedRurtition(a;b;c), the
Cleanalgorithm is guararteed to output a list L of partitions including P.
Consequetly we only have to ensurethat we include also the 2-bounded
partitions that are not assaiated to any triplet. exaclty P. Consequetly
we now have to deal only with the casewhereall tripartitions assiated to
the triplets a2 A, b2 B, c2 C areincorrect.

Let us considera 2-bounded tripartition hA; B;Ci, by Def. 7.1.2 the
number of quartet errors acrosssud tripartition is lessthan %(2jAjij +
2JAjiCj + 2BjjCj 3jA] 3Bj 3ICj+ 3). Let err(a;b;c) be the set
Qr Q)\ ffajbc;wg - w 2 S fa;b;cgg; intuitiv ely err(a;b;c) con-
sists of all quartet errors amongthe quartets consideredinside a call to the
procedure AssaiateRartition(a; b;c). Since a single quartet error in uences
only the tripartitions assaiated to two distinct triplets, (a proof of this re-
sult can be found in [14]), for a 2-boundedtripartition hA; B; Ci the sum of
jerr(a;b;c)j over all triplets (a;b;c) with a2 A, b2 B, c2 C is lessthan
2JAjiBj + 2JAjCj+ 2BjiCj  3JA] 3Bj 3Cj+ 3. Sincethe number of
triplets (a;b;c) is jAjjBjjCj we can study the averagenumber of errors per
triplet which is equalto the following expression:

2IAjiBj + 2JAjiCj + 2iBjiCj 3jAj 3jBj 3jCj+ 3
JABC]

(7.11)

Clearly wheneer such averagevalue is strictly lessthan an integer avg
there is a triplet (a;b;c) whoseassaiated tripartition hasat mostavg 1
quartet errors acrossit. Assumeinitially that jCj = 1, then the number of
errorsis 2JAjjBj jAj jBj, hence

ZAjiBj JAj jBj

s <2 7.12
JAJIB] (7:12)
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Assumenow that jCj = 2, then
ZAjBj+jAj+]Bj 3
ZAjiBj

<2 (7.13)

Consequetly if JCj < 3 there is a triplet whoseassaiated tripartition
has at most one error. Sincethe above inequalities hold for all jAj;jBj, and
for simmetry of (7.11), we can now assumethat jAj > 2, |Bj > 2,|Cj > 2.
We will prove that the averagenumber is lessthan 2 alsoin this new case.

2AjiBj + 2AjiCj + 2BjiCj  3jA] 3iBj 3JCj+ 3< ZAjjBjiCj)
2AjiBj(1 )+ 2Ajcia Y+ 2BjiCj(
1 %)< 3Aj+3Bj+ 3Cj 3

SincejAj;Bj;jCj are all greaterthan or equalto three, all terms in the
left hand side of (7.14) are not greater than zero, while the right hand side
is strictly positive.

Now assumethat all setsA; B;C cortain at least six elemerts, in this
casewe will prove that the averagenumber of errorsis lessthan one.

AjiBj + ZAjiCj + ZJ'BJ'jCC_J' 3A] 3iBi_B_ 3iCj + 3< jAjiBJiCj)
JAiIBj2  BhH+jAjiCi(2 3+ iBjiCj(
2 %)< 3Aj+ 3Bj+3Cj 3

Just asin the previouscasesincejAj; jBj; jCj areall greaterthan or equal
to 6, then the left hand sidecannotbe greaterthan zero,while the right hand
side is strictly positive. Consequetly all tripartitions hA; B; Ci sud that
all setscortain at least 6 elemens are already computed by the procedure
Cleandescriked at the beginning of this section, while all other 2-bounded
tripartitions have at most one error acrossit. A brute force procedurecan
correct sud error, giving a set of tripartitions including the correct one.

The algorithm computing the set of all 2-bounded tripartitions follows
directly.

To determine the time complexity of the algorithm note that the most
expensiwe stepis to ched all tripartitions for 2-boundedness.The algorithm
computesthe O(n3) tripartitions asseiated to any triplet. Hence O(n’)
time su ces to ched all sud tripartitions. An additional set of tripartitions
can be computed by the procedure CorrectError. Sud procedurereceies
a tripartition as input and can output O(n) tripartitions, hencethe total
number of additional tripartitions is O(n?), sincefor ead triplet at mostone
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CarectErra(hA; B; Ci)
Input: A tripartition hA; B;Ci of S haslessthan 7 elemerts.
L:=:
Foreathh s2 S do
L:=L[ fhA[ fsg;B;Cig
L:=L[ fhA[ ;B[ fsg;Cig
L:=L[ fhA[;B;C[ fsgig
EndFor
For ead partition P in L do
Remove P from L if P is not 2-bounded
EndFor
Return(P)

ClearfQ; S)
Input: A set Q of quartets over the speciesS.
L:=;,P:=;
For ead triplet a;b;c2 S do
P:=AssociatePartition( a; b;c)
If JAj< 6orjBj< 6o0rjCj< 6then
L := L[ CarectErras(P)
else
L:=L[ fPg
Endlf
EndFor
For ead partition P = PA; B;Ci in L do
Remove P from L if P is not 2-bounded
EndFor
Return (L)

97
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call to CorrectError is made. Anyway thesetripartitions are not completely
general,sincethe tripartitions givenasinput areall sud that onesetcortains
at most 6 elemerts; by construction of CorrectError the tripartitions returned
as output dier from the one given as input by at most one elemen, this
implisethat all tripartitions returned by CorrectError have onesetcortaining
at most7 elemerts. Consequetly the number of quartets acrossa tripartition

returned by CorrectError is O(n®). Hencethe algorithm Clean computesall

2-boundedtripartitions in O(n’) time.



App endix A

List of Problems

In the following we will give the formal de nitions of all problemsthat have
beenmertioned in the thesis, stating the most relevant known results, prior
to this thesis, regardingthe computational complexity of sud problems.

Problem 8 (Max Cut).

Instance a edge-veighted undirected graph G = hV; Ei.

Solution a bipartition (Vi;V,) of V.

Goal to maximize the total weight of the edgeswith exactly one endpoint
in V.

This problem is APX-hard [78], even on unweighted cubic graphs, that
is over graphswhere ead vertex is incident on exactly 3 edgesand all edges
have weight 1 [2].

Problem 9 (Max Sat). W

Instance a weighted set of clausesof the form: ~ x; ' wherex}! standsfor x;
and x? standsfor 6;.

Solution atruth assignmenh to the variablesx;.

Goal to maximize the total weight of the clausesthat are satis ed by the
assignmenh

In [78 it has been proved that Max Sat is APX-hard even when all
clauseshave weight 1, all clausescortain 2 variablesand all variablesappear
exactly 5 times in the clausesin the instance. Both Max Cut and Max
Sat admit a ptas on denseinstances|[8].

Problem 10 (Min Vertex Cover).

Instance an unoriented graph Ghv; Ei.

Solution a cover of G, that is a subsetC V sud that C cortains at least
one of the endpoints of ead edgee 2 E.

Goal to minimize the cardinality of the cover.

99
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The problem is APX-hard even on bounded degreegraphs [78], and in
particular on cubic graphs[62].

Problem 11 (Max Clique).

Instance an unoriented graph GhV; Ei.

Solution a clique, that is a subsetK V sud that the subgraphof G
inducedby K is complete(all pairs of verticesare an edge).

Goal to maximize the cardinality of the clique.

Problem 12 (Min Indep endent Set).

Instance an unoriented graph Ghv; Ei.

Solution an independert set, that is a subsetl V sud that the subgraph
of G inducedby | corntains no edge.

Goal to minimize the cardinality of the independert set.

Since a clique of a graph G is an independer set of the complemen
graph of G, the two last problems share the same (non-)approximability
results. They cannot be approximated within factor O(n* ) forany > 0
in polynomial time, unlessNP = ZPP.

Problem 13 (Max Tridimensional Matc hing).

Instance three disjoint sets X ;X ;X3 and a set M X1 Xo X3 of
triplets.
Solution a matching that is a subsetM; M sud no triplets in M, share
a commonelemert.
Goal to maximize the cardinality of the matching.

The problem is APX-hard [62].

Problem 14 (Longest Common Subsequence).

Instance a sets S of sequences.

Solution a common subsguene of S, that is a sequences sud that s can
be obtained from ead sequencen S by removing somecharacters of such
sequence.

Goal to maximize the length of the subsequence.

Problem 15 (Shortest Common Supersequence).

Instance a setsS of sequences.

Solution a common sugersagjuene of S, that is a sequences sud that s can
be obtained from eat sequencen S by inserting some characters of sud
sequence.

Goal to minimize the length of the subsequence.
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Both problemsare NP-hard on binary alphabet and APX -hard on general
alphabet. Moreover LCS is ashard to appraximate asMax Clique , while
SCS cannot be appraximated within O(log n) factor in polynomial time,
unlessNP  DTIME [2rolylogn],

Problem 16 (Multiple Sequence Alignmen t with SP-score).
Instance a sets S of sequencesver alphabet , a scoring function d :

([fo9 ([fg!N

Solution an alignment of S, that is a matrix of j§ rows, wherein the rows

there are the sequencedn S, evertually with spaceq ) inserted.

Goal the costof a column of the alignmert is the sum of d(a; b) over all pairs

(a;b) of distinct cellsin the column. The cost of an alignmert is the sum of

the costsof all columns,to be minimized.

This problem is NP-hard for a scorefunction that is not a metric [97].

Problem 17 (Gapp ed Multiple Sequence Alignmen t with SP-score).

Instance a sets S of sequencesver alphabet , a scoring function d :
([fo9 ([f9P!N
Solution an alignment of S, that is a matrix of j§ rows, wherein the rows
there are the sequences S, eventually with spaceq ) inserted.
Goal the costof a column of the alignmert is the sumof d(a; b) over all pairs
(a;b) of distinct cellsin the column. The cost of an alignmert is the sum of
the costsof all columns,to be minimized.

The versionof Gapped Mul tiple Sequence Alignment with SP-
score whereall gapsare restricted to be either at the beginningor at the
end of the aligned sequencess called Gap-0 Alignment . The restriction
of the latter problemwhereonly onespacecan be insertedis called Gap-0-1
Alignment

Problem 18 (Min Space-L Multiple Alignmen t).

Instance a set of sequence$t;;:::;tyg and a scoringscheme(dy ; 9).
Solution a spacek multiple alignmert A of hty;:::;tki.

Goal the costof a column of the alignmert is the sumof d(a; b) over all pairs
(a;b) of distinct cellsin the column. The cost of an alignmert is the sum of
the costsof all columns,to be minimized.

Problem 19 (Maxim um Weighted Trace Alignmen t).

Instance an alignmert graph G = hV; E; Fi and a weight for ead ead edge
in E.

Solution atrace graph G; = hVv;Eq;Fi, with E;  E, that is a graph with
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no cycle cortaining an edgein F.
Goal to maximize the sum of weigltts of all edgesin E;

The problemis NP-hard [6§].

Problem 20 (Maxim um Quartet Consistency ).

Instance a set Q of quartet topologiesover a speciesset S
Solution an ewlutionary tree T with leavesS.

Goal to maximize the quartets inducedfrom T that are alsoin Q.

The problemis NP-hard, but admits a ptas, whenQ cortains all quartets
over S [57, 14]. It is APX-hard in the generalcase[89.

Problem 21 (Maxim um Isomorphic Agreement Subtree).

Solution an S -labeledtree T , with S S, suc that T isisomorphicto
a subtreeof all treesin T.
Goal to maximizejS j.

The problem is APX-hard [4].

Problem 22 (Maxim um Agreement Subtree).

Solution an S -labeledtree T , with S S, sud that T doesnot contain
any internal node (with the possibleexception of the root) of degree2 and,
foreadtree T; 2 T, T is homeomorphicto a subtreeof T;.

Goal to maximizejS j.

The problem cannot be approximated within log n factor in polynomial
time, unlessNP  DTIME [2Po¥1o9n] [51].

Problem 23 (Maxim um Weighted Agreement Subtree).

labeledwith a positive weight.

Solution an S -labeledtree T , with S S, sud that, for ead pair of
leavess;;s; 2 S, the distance (as sum of weights) betweens; and s; is the
samein all trees.

Goal to maximizejS j.

Problem 24 (Maxim um Interv al Weighted Subtree).

labeledwith an interval [a; b].
Solution an S -labeledtree T , with S S, whereead edgeis labeled by
a weight sud that, for ead pair of leavess;;s, 2 S, the distance (as sum
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of weights) betweens; and s, belongsto the interval (as sum of extremal
points of all intervals in the path) in all trees.
Goal to maximizejS j.

The last two problems are more general versionsof MIT and MHT ,
hencethey inherit their inapproximability results.

Problem 25 (Switc hboard Lo cation).

Instance a set of disjoint setsfR;:::;Rxg and a function d : (R [ [
R«) (Ri[ [ Re)! Qsudithat x; 6 x; ) d(xi;%;) > 0.

Solution asethxli:;:;xki of points such that x; 2 R forl i k.

Goal to minimize ; d(xi;X;).
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