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1 Introduction and motivation

Hamilton (1989) introduced the Markov-switching models (from now on MS)
to the business cycle researchers. He applied the MS model to the real
U.S. GDP and showed how good the probability of being in recession or
expansion generated by his model matched the NBER dating. Since then,
the studies on business cycles that exploited the MS model have grown ex-
ponentially. Nevertheless, the basic MS model, when used to model the
business cycle, has at least two theoretical weaknesses: (i) it is univariate,
(ii) it does not allow duration dependence. Since business cycles are fluc-
tuations of aggregate economic activity, which express themselves through
the comovements of many macro variables, point (i) is not a negligible lim-
itation. The multivariate generalization of the MS model was carried out
by Krolzig (1997), in his excellent work on the MS-VAR model. As far as
point (ii) is concerned, some authors, such as Diebold, Rudebusch and Sichel
(1993), Watson (1994), have found evidence of duration dependence in the
U.S. business cycles, and therefore, as Diebold et al. (1993) point out, the
MS model results miss-specified.

In the present paper a duration dependent MS-VAR model is presented
and applied to the four macroeconomic time series that the NBER uses to
date the U.S. business cycle. Bayesian inference on the unknown quantities
of the model is carried out using Markov chain Monte Carlo methods, which
outrun some limitation of the maximum-likelihood approach to such models.

1



A similar, although univariate, model was used by Kim and Nelson (1999,
section 10.3.1) to test duration-dependence in the U.S. business cycle, but
their inference on the state variable was carried out using a single move Gibbs
sampler, which, in our experience, has a too slow convergence to the invariant
distribution to be feasible in such a problem. In the next section it will be
shown how to reformulate the inhomogeneous Markov chain used by Kim
and Nelson in a homogeneous way, so that the fast converging multimove
Gibbs sampler can be exploited.

2 The Model

The duration-dependent MS-VAR model is defined as follows:

Y = Moty Si AL (Y — o=y St1)+ ALY~ o~ 1S p) e (1)

where y, is a vector of observable variables, S; is a binary (0-1) unobservable
random variable following a Markov chain with varying transition probabili-
ties, Aq,..., A, are coeflicient matrices of a stable VAR process, and ¢, is a
gaussian (vector) white noise with covariance matrix X.

In order to achieve duration dependence for S;, a Markov chain is built
for the pair (S;, D), where D; is the duration variable defined as follows:

o thl + 1 lf St - St,1 X
Dy = { 1 IS, £ S, 2)

an example of a possible sample path of the Markov chain (S;, D;) is shown
in table 1). A maximum value, 7, for the duration variable D; must be fixed,

t ‘ 123 4 5 6 7 8 9 10 11 12
Si1 11100010 0 0 O
D3 4 5 6 1 2 3 11 2 3 4

Table 1: A possible realization of processes S; and D;.
so that the Markov chain (S;, D;) is defined on the finite state space

{(0,1),(1,1),(0,2),(1,2),...,(0,7),(1,7)},



with finite transition matrix!

0 popn(1) 0  pop(2) 0  pop(3) ... 0O popu(r)
pio() 0 pp@2) 0 ppB) 0 ... po(r) 0
pop(1) 0 0 0 0 0 0 0
0 pp(1) 0 0 0 0 0 0
p_| o© 0 pop(2) 0 0 0 0 0
0 0 0 pp@ 0 0 0 0
0 0 0 0 0 0 ... pgp(r) 0

0 0 0 0 0 0 ... 0 ppu@)

where p;|;(d) = Pr(S; = i|Si-1 = j, D=1 = d).

When D, = 7, only four events are given non-zero probabilities:

(St:i,Dt:T)l(St_l:i,Dt_lzT) 2:0,1
(Si=4,Dy=1)|(Sic1 =4, Dia=71) i#j, 4,5=01"

with the interpretation that, when the economy has been in state 7 at least 7
times, the additional periods in which the state remains ¢ influence no more
the probability of transition.

As pointed out by Hamilton (1994, section 22.4), it is always possible to
write the likelihood function of y,, depending only on the state variable at
time ¢, even though in the model a p-order autoregression is present; this can
be done using the extended state variable Sy = (Dy, S¢, Si—1, . . ., St—p), which
comprehends all the possible combinations of the states of the economy in
the last p periods. In table 2 the state space of non-negligible? S; when p = 4
and 7 = 5 is shown. If 7 > p the maximum number of non-negligible states
is given by u = >"" | 2" 4+ 2(7 — p). The transition matrix P* of the Markov
chain S} will usually be a (u x u) matrix, although rather sparse, having a
maximum number 27 of non-zero elements.

In order to reduce the number (27) of non-zero elements in P* to be
estimated, a more parsimonious probit specification is used. Consider the
linear model

St = [B1 + BaDi1]Se1 + [B3 + BaDi1](1 = Sp-1) + & (3)

IThe transition matrix is here designed so that the rows, and not the columns, sum to
ones.

2“Negligible states” stands here for ‘states always associated with zero probability’.
For example the state (D; = 5,5 = 1,5;-1 = 0,S;_2 = s2,5;_3 = 83, 5t—4 = 54), where
s2, S3 and s4 can be either 0 or 1, is negligible as it is not possible for S; to have been 5
periods in the same state, if the state at time ¢ — 1 is different from the state at time t.




| Dy S¢ Sic1i Si—a Siz Sia|| [ De St Sie1 Sica Sies Sis
1 1 0 1 0 0 0 17| 2 0 0 1 0 0
2 1 0 1 0 0 1 18 | 2 0 0 1 0 1
3 1 0 1 0 1 0 19| 2 0 0 1 1 0
4 1 0 1 0 1 1 20| 2 0 0 1 1 1
) 1 0 1 1 0 0 21| 2 1 1 0 0 0
6 1 0 1 1 0 1 22 | 2 1 1 0 0 1
7 1 0 1 1 1 0 23 | 2 1 1 0 1 0
8 1 0 1 1 1 1 24 | 2 1 1 0 1 1
9 1 1 0 0 0 0 25| 3 0 0 0 1 0
10| 1 1 0 0 0 1 26 | 3 0 0 0 1 1
1] 1 1 0 0 1 0 271 3 1 1 1 0 0
12 1 1 0 0 1 1 28 | 3 1 1 1 0 1
13 ] 1 1 0 1 0 0 291 4 0 0 0 0 1
141 1 1 0 1 0 1 30| 4 1 1 1 1 0
15 ] 1 1 0 1 1 0 31| 5 0 0 0 0 0
16 | 1 1 0 1 1 1 32| 5 1 1 1 1 1

Table 2: State space of S} = (D, Sy, Si—1,...,S1—p) for p=4, 7 =5.

with €; ~ N (0,1), and S? latent variable defined by

PI‘(S; Z O’Stfl, Dt,1> = PI‘(St = 1‘515,1, thl) (4)
PI'(S; < 0|St_1, Dt—l) = Pr(St = O‘St_l, Dt—l)- (5)

It’s easy to show that it holds

p1|1(d) = PI’(St = 1|St_1 = 1, Dt—l = d) = (6)
=1—®(—f1 — fd)

popp(d) = Pr(S; =0[S;—1 =0,D;1 = d) = (=85 — fud) (7)

where d = 1,...,7, and ®(.) is the standard normal cumulative distribution

function. Now the four parameters 3 completely define the transition matrix
P*.

3 Bayesian Inference on the Model’s Param-
eters

Bayesian inference on the model’s unknowns (u, A, 3, 3, {(S;, D;)}_,), where
p=(pj, ) and A = (A4,...,A,), will be carried out using MCMC meth-
ods.



It will be used the prior distribution

p(, A3, B, (S0, Do) = p()p(A)p(X)p(8)p(So; Do),

where
| S 2 N(m07M0)7 (8)
VGC(A) ~ N(ao,Ao), (9)
p(E) = [Batee, (10)
B ~ N(bg,By), (11)
(12)

and p(.Sp, Dy) is the ergodic probability function of the Markov chain {S;, D;}.

Let 0;, « = 1,...,I, be a partition of the set 8 containing all the un-
knowns of the model, and 0_; represent the set @ without the elements of ;.
In order to implement a Gibbs sampler to sample from the joint posterior
distribution of all the unknowns of the model, it is sufficient to find the full
conditional posterior distribution p(6;|0_;,Y), with Y = (y,,...,yy) and
1 =1,...,1. A Gibbs sampler iteration is a generation of random numbers
from p(0;|0_;,Y), i = 1,...,I, where the elements of 8_; are substituted
with the most recent generated values. Since, under mild conditions the
Markov chain defined for 89, where 8 is the value of 8 generated at the i
iteration of the Gibbs sampler, converges to its stationary distribution, and
that this stationary distribution is the “true” posterior distribution p(0|Y),
it is sufficient to fix an initial burn-in period of M iterations, such that
the Markov chain may “forget” the starting values 6 (furnished by the
researcher), to sample form (an approximation of) the joint posterior distri-
bution. The samples obtained for each element of 8 are samples from the
marginal posterior distribution of each parameters.

Gibbs Sampling Steps
Step 1. Generation of {S;}L,

We will use an implementation of the multi-move Gibbs sampler originally
proposed by Carter and Kohn (1994), which, suppressing the conditioning
on the other parameters from the notation, exploits the equality

T—1
p(S5.. ., Sp Y ) = p(S;IYr) [] p(S; 1S54, Yo, (13)
t=1

with Yi = (yq1,---,¥)-



Let étﬁ be the vector containing the probabilities of S} being in each state
(the first element is the probability of being in state 1, the second element
is the probability of being in state 2, and so on) given Y; and the model’s
parameters. Let 1, be the vector containing the likelihood of each state given
Y, and the model’s parameters, whose generic element is

1 1

(27) /2|52 exp {——<yt _y)E

5 (v —S’t)},

where

Vi =t + S+ Ar(y,y — o — 1 Si1) o+ Ay — Bo — 11 Sip)

changes value according to the state of S;.
The filtered probabilities of the states can be calculated using the Hamil-
ton’s (1994, section 22.4) filter

€t+l|t = PEt|t

with the symbol © indicating element by element multiplication. The filter
is completed with the prior probabilities vector é1|07 that, as already said,
will be set equal to the vector of ergodic (or stationary) probabilities.

To sample from the distribution of {S;}? given the full information set
Y 7, it can be shown that it holds

A1)
pi|k€t|t
m £(5)7
Ej:l pjlkftft

where p;);, indicates the transition probability of moving to state j from state

Pr(S) = i[Si, =k, Yy) =

k (element (7, k) in the transition matrix P*) and £ t(‘]t) is the j-th element of
vector &§;,. In matrix notation the same can be written as

Ple) © &
Py 1€y
where Py, | identifies the A-th row of the transition matrix P.

Now all the probability functions in equation (13) have been given a form,
and the states can, thus, be generated starting from the filtered probability

§ul(sz, 1=k Yr) = (14)



éT|T and proceeding backward (N —1,...,1), using equation (14) where k is
to be substituted with the last generated value (s}, ;).

Once as set of sampled {S;} has been generated, it is automatically avail-
able a sample for {S;} and {D;}.

The advantage of using the described multi-move Gibbs sampler, com-
pared to the single move Gibbs sampler that can be implemented as in Car-
lin, Polson and Stoffer (1992), or using the excellent software BUGS, is that
the whole vector of states is sampled at once, improving significantly the
speed of convergence of the Gibbs samper’s chain to its ergodic distribution.

Step 2. Generation of (A,X)

Conditionally on {S;}_, and p equation 1 is just a multivariate normal
regression model for the variable y; = y,—p,—p,S;, whose parameters, given
the discussed prior distribution, have the following posterior distributions,
known in literature. Let X be the matrix, whose t"" column is

*
Y
*
Yia
Xt = . )

yt—p

fort=1,...,T,and let Y* = (y7,...,y%).
The posterior for (vec(A), X) is, suppressing the conditioning on the other
parameters, the normal-inverse Wishart distribution

plvec(A), TIY,X) = plvec(A)[Z, Y, X)p(Z[Y, X)
p(X]Y, X) density of a ZWy(V,n —m)
p(vec(A)|X,Y, X) density of a M (a;, Ay),
with
V — Y*Y*/ o Y*X,<XX/)71XY*/
A=A+ XX
a; = Al[Aalao + (X & Eil)VeC(Y)].
Step 3. Generation of u
Conditionally on A and X, by multiplying both sides of equation (2) times

A(L)=(I-AL—...—A,LP),



where L is the lag or backward operator, we obtain
A(B)y, = moA(1) + p A(B)S; + &,

which is a multivariate normal linear regression model with known variance
3., and can be treated as shown at step 2., with respect to the specified prior
for w.

Step 4. Generation of 3

Conditionally on {S;}L,, B contains the parameters of the porbit model
described in section 2. Albert and Chib (1993) have proposed a method based
on a data augmentation algorithm to simulate values for the parameters of
a probit model. Given the parameter vector 3 of last iteration of the Gibbs
sampler, generate the latent variables {S;} from the respective truncated
normal densities

St.|(St = 07 Xty /6) ~ N(X;,B, 1)}1(700,0) (15)
S;|<St = ]_, Xt, ,3) ~ N(Xgﬂ, 1)}1[0,00) (16)
(17)

with

B = (41, B2, B3, B1)’
x¢ = (Si—1, D1, (1 — Si21), (1 — Dy—y))’

and [, indicator variable used to denote truncation.
With the generated S;’s the probit regression equation (3) becomes,
again, a normal linear model with known variance.

4 Application to the Analysis of the U.S. Busi-
ness Cycle

The model proposed in the previous section has been applied to 100 times the
log-difference of the four time series, on which the NBER relays to date the
U.S. business cycle: industrial production (IP), total nonfarm-employment
(EMP), total manufacturing and trade sales in million of 1996$ (TRADE),
personal income less transfer payments in billions of 1996 (INCOME).



The model®, with 7 = 60 and p = 2 did not work too well, when the
VAR component was present, while the results in absence of the VAR part
(1 = 60, p = 0) are rather encouraging?. Summaries of the marginal posterior
distributions, based on a Gibbs sample of 11000 points, are shown in the table
below, while figure 1 compares the probability of the U.S. economy being in
recession resulting from the estimated model with the official NBER dating
of the business cycles: the signal “probability of being in recession” extracted
by the model here presented matches rather well the official dating, and is
rather less noisy than the signal extracted by Hamilton (1989). Figure 2
shows how the duration of a state (recession or expansion) influences the
transition probabilities: while the probability of moving from a recession
into an expansion seems to be influenced by the duration of the recession,
the probability of falling into a recession appears to be independent of the
length of the expansion.

Figure 1: (Smoothed) probability of recession (line) and NBER dating (gray
shade)

) ) ‘J

L L L L
1960 1965 1970 1975 1980 1985 1990 1995 2000

3All the calculations in this study have been done in Aptech Gauss, using the library
MSARGIBB, written by the author to carry out Bayesian MCMC inference for a large
class of dynamic models. The msargibb library and the programs used in the paper are
available upon request.

4This is probably due to the fact that the duration dependent MS model is a stationary
process, which, therefore, can be approximated with an autoregerssive model: so the
duration dependent switching part and the VAR part try to “explain” almost the same
features of the series, and the model is not too well identified.



Figure 2: Probability of moving a) from a recession into an expansion after
d months of recession b) from an expansion to a recession after d months of
expansion
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Prior Posterior
Parameter mean var | mean sd.  2.5% 50% 97.5%
o IP -0.300 1.000 | -0.708 0.145 -0.987 -0.707 -0.435
o EMP -0.300 1.000 | -0.200 0.036 -0.269 -0.200 -0.132

1o TRADE | -0.300 1.000 | -0.417 0.132 -0.688 -0.413 -0.167
po INCOME | -0.300 1.000 | -0.111 0.056 -0.224 -0.111  0.004
w1 IP 1.500 1.000 | 1.130 0.146 0.853 1.129 1.410
w1 EMP 1.500 1.000 | 0.440 0.034 0.376 0.439 0.504
11 TRADE 1.500 1.000 | 0.795 0.139 0.527 0.792 1.076
w1 INCOME | 1.500 1.000 | 0.449 0.056 0.341 0.449 0.562

51 0.000 5.000 | 2.224 0.358 1.591 2.203 2.982
B2 0.000 5.000 | -0.003 0.007 -0.018 0.003 0.010
B3 0.000 5.000 | -1.698 0.478 -2.708 -1.672 -0.839
B4 0.000 5.000 | 0.075 0.067 -0.032 0.066 0.232

5 Conclusions

The model proved to have a good capability of discerning recessions and
expansions, as the probabilities of recession tend to assume very low or very
high values. Our probabilities of recession (between Jan-1960 and Aug-2001)
have a correlation of 0.83 with the NBER classification, and using a 0.5-rule
to determine the state of the economy, only 4.2% (21 out of 499) of our
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Figure 3: Kernel density estimates of some parameters of the model.
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states differ from the NBER states. It also interesting to notice how the last
recession is picked up by our model, with a perfect synchronization to the
NBER classification, with data until August 2001, while the official NBER
announcement of the peak of March 2001 dates November 26, 2001°.

The results on the duration-dependence of the business cycles are similar
to those of Diebold and Rudebusch (1990), Diebold et al. (1993), Sichel (1991)
and Durland and McCurdy (1994): recessions are duration dependent, while
expansions seem to be not duration dependent. Some authors® have have
argued that the value of the maximum cycle duration used in our application
(60 months) is sufficient for a duration-dependence analysis of the recessions,
which in the U.S. economy hardly reach two years of duration, but are too
few for the same analysis on the expansions. Our failure to detected such
a duration could, thus, be due also to a too low 7 in our model. We will
definitively try the same analysis with a higher value of 7.

An analysis of the forecasting performance of our model will follow in
future papers.
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